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Reminder and notation

Hecke algebra

G is a complex, connected, semisimple algebraic group.
B is a Borel subgroup. T is a maximal torus.
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Reminder and notation

Hecke algebra

G is a complex, connected, semisimple algebraic group.
B is a Borel subgroup. T is a maximal torus.

W = Ng(T)/T is the Weyl group.

S C W is the set of Coxeter generators defined by B.
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Reminder and notation

Hecke algebra

G is a complex, connected, semisimple algebraic group.
B is a Borel subgroup. T is a maximal torus.

W = Ng(T)/T is the Weyl group.

S C W is the set of Coxeter generators defined by B.

Definition (Hecke algebra of (W, S))
The Hecke algebra of (W, S) is

Hw = P Zit,t 7] Tu,
weWw

with the multiplication given by

T, - Tw=Tuw if {(vw) = £(v) + 4(w),
TsTw=(t>? - 1T, +t?Ts, ifs€ S andsw < w.
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Reminder and notation

KL basis and KL polynomials

Kazhdan-Lusztig involution i : Hy — Hw is the algebra involution
defined by the formulas

i(t)y=1t"Y i(Tw)=T 4.
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Reminder and notation

KL basis and KL polynomials

Kazhdan-Lusztig involution i : Hy — Hw is the algebra involution
defined by the formulas

i(t)y=1t"Y i(Tw)=T 4.

Theorem (Kazhdan-Lusztig)

For any w € W, there exists a unique element C,, € H, which
satisfies the following properties:
Q i(Cy)=Cu
Q C, =ttw ngw Qu,w(t) Tx, where Qu w =1 and for
x < w, Qqw € Z[t] is a polynomial of degree
< l(w) —(x)—1.
Moreover, for each x < w, there exists a polynomial Py ,, € Z[q]
(of degree < L(¢(w) — £(x) — 1)) such that Qxw(t) = Pxw(t?).
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Reminder and notation

Examples

@ Forw =1 we have C; = T;.

Simon Riche Perverse sheaves on the flag variety



Reminder and notation

Examples

@ Forw =1 we have C; = T;.
@ Fors €S we have Cs = t~}(1+ T,). Hence Phs= 1l
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Reminder and notation

Examples

@ Forw =1 we have C; = T;.
o Fors€ S we have Cs =t (1 + Ts). Hence Py s = 1.
@ Fors#tinS we have Ct = CsCr = t 2(1+ Ts+ Tt + Tat).
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Reminder and notation

Bruhat decomposition and Schubert varieties

Bruhat decomposition:

B:=G/B= || VY, with Y, :=BwB/B.
weW
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Reminder and notation

Bruhat decomposition and Schubert varieties

Bruhat decomposition:

B:=G/B= || VY, with Y, :=BwB/B.
weW
Schubert varieties:
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Reminder and notation

Bruhat decomposition and Schubert varieties

Bruhat decomposition:
B:=G/B= || VY, with Y, :=BwB/B.
weW

Schubert varieties:

X, = Y, = |_| Y,.

G-equivariant versions:

BxB= || 9w with 9, :=G-(B/B,wB/B),

weWw

Xy =Dy = Ll@v

v<w
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Reminder and notation

For any y,w in W and i € Z we have

HI(IC(Xw)(8/8,y8/8)) = HT™BN(IC(Xy),8/8).
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Reminder and notation

For any y,w in W and i € Z we have

HI(IC(Xw)(8/8,y8/8)) = HT™BN(IC(Xy),8/8).

We are interested in the computation of the dimension of these
vector spaces.
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Reminder and notation

For any y,w in W and i € Z we have

HI(IC(Xw)(8/8,y8/8)) = HT™BN(IC(Xy),8/8).

We are interested in the computation of the dimension of these
vector spaces.

SEE
o Ifw =1 we have X; = {B/B} hence IC(X;) = Q.-
Similarly, X1 = AB.
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Reminder and notation

For any y,w in W and i € Z we have

HI(IC(Xw)(8/8,y8/8)) = HT™BN(IC(Xy),8/8).

We are interested in the computation of the dimension of these
vector spaces.

SEE
o Ifw =1 we have X; = {B/B} hence IC(X;) = Q.-
Similarly, X1 = AB.
o Ifs€ S we have Xs = Ps/B = P!, hence IC(X;) = Q, [1].
Similarly, Xs = B xp, B.
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Reminder and notation

For any y,w in W and i € Z we have

HI(IC(Xw)(8/8,y8/8)) = HT™BN(IC(Xy),8/8).

We are interested in the computation of the dimension of these
vector spaces.

SEE
o Ifw =1 we have X; = {B/B} hence IC(X;) = Q.-
Similarly, X1 = AB.
o Ifs€ S we have Xs = Ps/B = P!, hence IC(X;) = Q, [1].
Similarly, Xs = B xp, B.
@ Fors#tin$S, Xs is smooth, hence IC(Xst) = Q,, [2].
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Reminder and notation

Bott-Samelson(-Demazure-Hansen) resolutions

Let we W, and let w = s1 - -- s, be a reduced decomposition.

85(517...75,1) = 'D51 XB P52 XB . XB Psn/B.
BS(s, ... s R B
w(s 5): (1: 7n)
vesn) S pyc e paB/Bl = pyeepaB/B
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Reminder and notation

Bott-Samelson(-Demazure-Hansen) resolutions

Let we W, and let w = s1 - -- s, be a reduced decomposition.

85(517...75,1) = 'D51 XB P52 XB . XB Psn/B.
BS(s, ... s R B
w(s 5): (1: 7n)
vesn) S pyc e paB/Bl = pyeepaB/B

G-equivariant versions:

586(517...7%) =B Xpsl s X”Ps,, B = 3651 XB- '+ XB xsn.

. ) { %6(517.”15,1) — B X B
(s1,+,5n) - (gOB/Ba ’gnB/B) — (gOB/B,gnB/B)
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Perverse sheaves on BB and the Hecke algebra

Perverse sheaves on B x B

D5(B x B): bounded derived category of sheaves of Q-vector
spaces on B x B, constructible with respect to the stratification S
by G-orbits.

Notation: Ay := A(g/B,wB/B)-
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Perverse sheaves on BB and the Hecke algebra

Perverse sheaves on B x B

D5(B x B): bounded derived category of sheaves of Q-vector
spaces on B x B, constructible with respect to the stratification S
by G-orbits.

Notation: Ay := A(g/B,wB/B)-

For A in D2(B x B), consider h(A) € Hw defined by the formula:

h(A) = > (O _dimH (Aw)t) - T

weW €Z

Simon Riche Perverse sheaves on the flag variety



Perverse sheaves on BB and the Hecke algebra

Perverse sheaves on B x B

D5(B x B): bounded derived category of sheaves of Q-vector
spaces on B x B, constructible with respect to the stratification S
by G-orbits.

Notation: Ay := A(g/B,wB/B)-

For A in D2(B x B), consider h(A) € Hw defined by the formula:

h(A) = > (O _dimH (Aw)t) - T

weW €Z

Convolution product: for Aj, A> in D2(B x B),

A1 x Ao = (p13)«(pioA1 ®g pisdz) € D3(B x B).
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Perverse sheaves on BB and the Hecke algebra

Perverse sheaves on B x B

D5(B x B): bounded derived category of sheaves of Q-vector
spaces on B x B, constructible with respect to the stratification S
by G-orbits.

Notation: Ay := A(g/B,wB/B)-

For A in D2(B x B), consider h(A) € Hw defined by the formula:

h(A) = > (O _dimH (Aw)t) - T

weW €Z

Convolution product: for Aj, A> in D2(B x B),

A1 x Ao = (p13)«(pioA1 ®g pisdz) € D3(B x B).
This product is associative, the unit is @361‘
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Perverse sheaves on BB and the Hecke algebra

Lemma (MacPherson, Springer)

Let A be in D2(B x B), with H'(A) = 0 if i is odd (resp. even),
and let s € S. Then Q, xA has the same property, and

h(Qy, *A) = (Ts+1)- h(A).
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Perverse sheaves on BB and the Hecke algebra

Lemma (MacPherson, Springer)

Let A be in D2(B x B), with H'(A) = 0 if i is odd (resp. even),
and let s € S. Then Q, xA has the same property, and

h(Qy, *A) = (Ts+1)- h(A).

Proof:

(Te+1)-h(A) = > O dimH(AL) - ((P=1) T+t Ta)

sw<w [EZ
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Perverse sheaves on BB and the Hecke algebra

Lemma (MacPherson, Springer)

Let A be in D2(B x B), with H'(A) = 0 if i is odd (resp. even),
and let s € S. Then Q, xA has the same property, and

h(Qy, *A) = (Ts+1)- h(A).

Proof:
(Te+1)-h(A) = > O dimH(AL) - ((P=1) T+t Ta)
sw<w [EZ
+ > O dimH (A - Tay + > (O _dimHI(AL)E) - T,
sw>w [€Z weW ieZ

Simon Riche Perverse sheaves on the flag variety



Perverse sheaves on BB and the Hecke algebra

Lemma (MacPherson, Springer)

Let A be in D2(B x B), with H'(A) = 0 if i is odd (resp. even),
and let s € S. Then Q, xA has the same property, and

h(Qy, *A) = (Ts+1)- h(A).

Proof:
(To+1)-h(A) = S (O dim H (A (2 ~1) T+ To)
+ 3 (> dim Hi;:yv;t;)e% Tow+ 3 (D_dimH'(AW)E) - Ty
SW>W: ’GZZ () (dim H'(Asu) + ZiemWHii(Aw))ti) Tw
swew iz
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Perverse sheaves on BB and the Hecke algebra

Lemma (MacPherson, Springer)

Let A be in D2(B x B), with H'(A) = 0 if i is odd (resp. even),
and let s € S. Then Q, xA has the same property, and

h(Qy, *A) = (Ts+1)- h(A).

Proof-

(Te+1)-h(A) = D (O dimH (Aw)t)- (1) T+t Taw)

sw<w [EZ

+ 3 (o dmH(AE) - Tay + Y (3 dim HI(AL)E) - T,

sw>w [€Z weW ieZ

= Y (O (dim H(Agy) + dim H2(A)t) - T,y
sw<w J[eZ
+ Z Z dim H'(A,,) 4 dim Hiiz(Asw))ti) “Tw.
sw>w eZ
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Perverse sheaves on BB and the Hecke algebra

So, we have to prove that

i [ dimHi(Asw) +dim H=2(A,) if sw < w,
dim H'((Qq, < A)w) = { dim H (A + dim H2(As,) if sw > w.
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Perverse sheaves on BB and the Hecke algebra

So, we have to prove that

i [ dimHi(Asw) +dim H=2(A,) if sw < w,
dim H'((Qq, < A)w) = { dim H (A + dim H2(As,) if sw > w.

Assume sw < w. Let C be the restriction of pj ,Q, ®q p53A4 to
Z;,:={(B/B,gB/B,wB/B), g € Ps} =~ P,

We have H"((Q, * A)w) = H"(Z5,.C).
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Perverse sheaves on BB and the Hecke algebra

So, we have to prove that

i [ dimHi(Asw) +dim H=2(A,) if sw < w,
dim H'((Qq, < A)w) = { dim H (A + dim H2(As,) if sw > w.

Assume sw < w. Let C be the restriction of pJ ,Q,. ®q p33A to
Z;,={(B/B,gB/B,wB/B), g € Ps} = P".
We have H((Q, * A)w) = H"(Z3.C).
We have (gB/B,wB/B) € Qs iff gB = sB. Let
i:{(B/B,sB/B,wB/B)} — Z,

be the inclusion, and let j be the inclusion of the complement.
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Perverse sheaves on BB and the Hecke algebra

. . . .. 1
Consider the exact triangle jij*C — C — i,i*C *1, and the
associated long exact sequence

- = HQ(J*C) — HL(C) — HE(iii*C) — HIFH(jy™C) — -+
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Perverse sheaves on BB and the Hecke algebra

. . . .. 1
Consider the exact triangle jij*C — C — i,i*C *1, and the
associated long exact sequence

- — HZ(jij*C) — HZ(C) — HZ(ini*C) — HITY(jy*C) — - -
We have
HI(Li"C) = H(Ag),  HE(C) = H™2(A,).

(Because j*C has constant cohomology, with fiber 4, and

H:(C,Q) = Q[-2])
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Perverse sheaves on BB and the Hecke algebra

. . . .. 1
Consider the exact triangle jij*C — C — i,i*C *1, and the
associated long exact sequence

- — HZ(jj*C) — HE(C) — HE(ii*C) — HITH(jij*C) — - -
We have
H(ini*C) = H™(Asy), HI(jij*C) = H™2(Ay).
(Because j*C has constant cohomology, with fiber 4, and
H(C,Q) = Q[-2].)
Hence the long exact sequence splits into short exact sequences,

and

dim H"((Q, < Aw ) = dim H"(Asw) + dim H"2(Ay).
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Perverse sheaves on BB and the Hecke algebra

. . . .. 1
Consider the exact triangle jij*C — C — i,i*C *1, and the
associated long exact sequence

- — HZ(jj*C) — HE(C) — HE(ii*C) — HITH(jij*C) — - -

We have
H(ini*C) = H™(Asy), HI(jij*C) = H™2(Ay).

(Because j*C has constant cohomology, with fiber 4, and
H(C,Q) = Q[-2].)
Hence the long exact sequence splits into short exact sequences,
and

dim H"((Q, < Aw ) = dim H"(Asw) + dim H"2(Ay).

The case sw > w is similar. (J
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Perverse sheaves on BB and the Hecke algebra

Computation of stalks

For w € W, we have

h(IC(%X,)) = t9mB.¢C,.

Hence for y < w and i € Z, dim(H'(IC(Xy)y)) is zero if i + £(w)
is odd, and is the coefficient of qUT¢")/2 jn P, ,(q) if i + £(w) is
even.

v
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Perverse sheaves on BB and the Hecke algebra

Computation of stalks

For w € W, we have

h(IC(%X,)) = t9mB.¢C,.

Hence for y < w and i € Z, dim(H'(IC(Xy)y)) is zero if i + £(w)
is odd, and is the coefficient of qUT¢")/2 jn P, ,(q) if i + £(w) is
even.

v

Proof. By induction on ¢(w).
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Perverse sheaves on BB and the Hecke algebra

Computation of stalks

For w € W, we have

h(IC(%X,)) = t9mB.¢C,.

Hence for y < w and i € Z, dim(H'(IC(Xy)y)) is zero if i + £(w)
is odd, and is the coefficient of qUT¢")/2 jn P, ,(q) if i + £(w) is
even.

v

Proof. By induction on ¢(w).
Let w = s1---s, be a reduced decomposition. Consider the
resolution

T(s1,5n) © BS(sy, 150) = Xw-
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Perverse sheaves on BB and the Hecke algebra

Now we have

(“(SV-7Sn))*@%e(sb...,5n) = stl Ko *@xs,,'
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Perverse sheaves on BB and the Hecke algebra

Now we have

(51, 50))* Qg = Qy

(517 »sn) — sy

'*@365,,'

Indeed,

%6( Sn) = %6(517... ) XB %Sn'

S1yts »Sn—1
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Perverse sheaves on BB and the Hecke algebra

Now we have

(51, 50))* Qg = Qy

% .
(s1,+*»5n) —*s QXSn
Indeed,

%6( sn) = %6(517,,_’5,171) XB %Sn'

S1,,

Hence

(Tr(slv"' 75n))*Q%6 = (Pl,n+1)* (@%G(SLM Sn_1) ><B®@@B"—1 x%sn)

(s1,++5n)
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Perverse sheaves on BB and the Hecke algebra

Now we have

(51, 50))* Qg = Qy

% .
(s1,+*»5n) —*s QXSn
Indeed,

536(517...75") =~ %6(517“_ ) XB%S,,'

»Sn—1

Hence

(Tr(slv"' 75n))*Q%6 = (Pl,n+1)* (@%G(SLM Sn_1) ><B®@@B"—1 x%sn)

(51, »sn)
= (p13)- ((pl’”v”"'l)*@%e(sl,... o_yxB 50 Qpyx,,)
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Perverse sheaves on BB and the Hecke algebra

Now we have

(“(SV-7Sn))*@%e(sb...,5n =Qy

*...* .
) s1 @335,,

Indeed,
536(517...75") = %6(517...’5,171) xB Xs,-

Hence

(7r(517,,, 75,,))*@%6(51’.” sn = (p1,n+1)- (@%G(SLW Sn_1) ><B®@@B"—1 x%sn)

)
= (,0173)* ((Pl,n,n—i—l)*@%g(sy” 5,_1)XB 220) @BX st)

= ((77(51,--- 75n71))*@%6(517m 15n—1)) * stH'
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Perverse sheaves on BB and the Hecke algebra

Now we have

(“(SV-7Sn))*@%e(sb...,5n =Qy

*...* .
) s1 @335,,

Indeed,
536(517...75") = %6(517...’5,171) xB Xs,-

Hence

(7r(517,,, 75,,))*@%6(51’.” sn = (p1,n+1)- (@%G(SLW Sn_1) ><B®@@B"—1 x%sn)

)
= (,0173)* ((Pl,n,n—i—l)*@%g(sy” 5,_1)XB 220) @BX st)

= ((77(51,--- 75n71))*@%6(517m 15n—1)) * stH'

The claim follows by induction.
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Perverse sheaves on BB and the Hecke algebra

Then, by the crucial lemma,

h((ﬂ'(sh... ,sn))*@%g )[n]) = t*”(l 4 Ts1) c.. (1 + Ts,,)

(51,“‘15n
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Perverse sheaves on BB and the Hecke algebra

Then, by the crucial lemma,

h((ﬂ'(sh... ,sn))*@%g )[n]) = t*”(l 4 Ts1) c.. (1 + Ts,,)

= Cy-- G

n

(51,“‘15n

In particular, this element of Hy is stable under /.
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Perverse sheaves on BB and the Hecke algebra

Then, by the crucial lemma,

h((ﬂ'(sh... ,sn))*@%g ’sn)[n]) = t*”(l 4 Ts1) c.. (1 + Ts,,)

= C51 "'Cs,,-

(51,

In particular, this element of Hy is stable under /.

By the Decomposition Theorem,

(7 (s, :s~>)*@%6(51,... ’sn)[n +dimB] = @ IC(X)) ®g Vy,

y<w

where the V,'s are graded finite dimensional Q-vector space, with
V, = Q.
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Perverse sheaves on BB and the Hecke algebra

Then, by the crucial lemma,

h((ﬂ'(sh... ,sn))*@%g ’sn)[n]) = t*”(l 4 Ts1) c.. (1 + Ts,,)

= C51 "'Cs,,-

(51,

In particular, this element of Hy is stable under /.

By the Decomposition Theorem,

(7 (s, :s~>)*@%6(51,... ’sn)[n +dimB] = @ IC(X)) ®g Vy,

y<w

where the V,'s are graded finite dimensional Q-vector space, with

Vi = Q.
This object is stable under D, hence dim(V)7) = dim(V,"").

Simon Riche Perverse sheaves on the flag variety



Perverse sheaves on BB and the Hecke algebra

It follows that

h((m(s, ) Qe In+dimB])
= h(IC(XW)) + Y @ (t)h(IC(Xy)),

y<w

where Q, is a Laurent polynomial such that Q,(t) = Q,(t71).
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Perverse sheaves on BB and the Hecke algebra

It follows that

h((m(s, ) Qe In+dimB])
= h(IC(XW)) + Y @ (t)h(IC(Xy)),

y<w
where Q, is a Laurent polynomial such that Q,(t) = Q,(t71).

By induction, h(IC(X,)) = t=9mBC, for any y < w.
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Perverse sheaves on BB and the Hecke algebra

It follows that

h((m(s, ) Qe In+dimB])
= h(IC(XW)) + Y @ (t)h(IC(Xy)),

y<w

where Q, is a Laurent polynomial such that Q,(t) = Q,(t71).

By induction, h(IC(X,)) = t=9mBC, for any y < w. In particular,
pdimB > y<w Qy(t)h(IC(X))) is stable under i.
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Perverse sheaves on BB and the Hecke algebra

It follows that

h((m(s, ) Qe In+dimB])

= h(IC(Xw)) + > Q(t)h(IC(X,)),

y<w

where Q, is a Laurent polynomial such that Q,(t) = Q,(t71).

By induction, h(IC(X,)) = t=9mBC, for any y < w. In particular,
pdimB > y<w Qy(t)h(IC(X))) is stable under i.

Hence t4mBh(IC(%,,)) is stable under i.
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Perverse sheaves on BB and the Hecke algebra

For y < w, we have
H=dmB(1C(%,,),) =0 if i ¢ [—4(w), —L(y) — 1]

by the support and co-support conditions on IC sheaves.
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Perverse sheaves on BB and the Hecke algebra

For y < w, we have
H=dmB(1C(%,,),) =0 if i ¢ [—4(w), —L(y) — 1]

by the support and co-support conditions on IC sheaves.

Hence t4mBh(IC(X,)) satisfies the conditions which characterize
Cw.
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Perverse sheaves on BB and the Hecke algebra

For y < w, we have
H=dmB(1C(%,,),) =0 if i ¢ [—4(w), —L(y) — 1]

by the support and co-support conditions on IC sheaves.

Hence t4mBh(IC(X,)) satisfies the conditions which characterize
Cw.

Hence h(IC(X,)) = t~4mBC,. O
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Perverse sheaves on BB and the Hecke algebra

For y < w, we have
H=dmB(1C(%,,),) =0 if i ¢ [—4(w), —L(y) — 1]

by the support and co-support conditions on IC sheaves.

Hence t4mBh(IC(X,)) satisfies the conditions which characterize
Cw.

Hence h(IC(X,)) = t~4mBC,. O

The coefficients of P, ,, are non-negative.
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Examples

Example: type B»

Consider w = s15ps1, and the resolution

T B8 (s 5,5) — Xw-
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Examples

Example: type B»

Consider w = s15ps1, and the resolution

T B,

s2,51) Xw.

7 is an isomorphism over X,, — X5, and the non trivial fibers are
isomorphic to P!. For example we have

= '(B/B,B/B) ={(B/B,gB/B,gB/B,B/B), g € Py, }.
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Examples

Example: type B»

Consider w = s15ps1, and the resolution

T B,

s2,51) Xw.

7 is an isomorphism over X,, — X5, and the non trivial fibers are
isomorphic to P!. For example we have

= '(B/B,B/B) ={(B/B,gB/B,gB/B,B/B), g € Py, }.

We have
H*(P') = Qe Q[-2].
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The stalks of m,IC(BE&) = 7. Qg [7] are given by:

|
\‘

dim(X,) v —6
515251
5251
5152
52

S1

OO O| O N

o Oo|o|o|lo|o

‘elfellellellelle]
@@OOOO(L_I
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The stalks of m,IC(BE&) = 7. Qg [7] are given by:

|
\‘

dim(X,) v —6
515251
5251
5152
52

S1

OO O| O N

o Oo|o|o|lo|o

‘elfellellellelle]
¢©¢©oooc>(|)_I

Hence
T IC(BG) = IC(Xgsys, ) B IC(Xs,)).

Moreover,
IC(~’£515251) =Q

7}:51 $251

[7].
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In terms of KL elements, we have

C51 CSz CS1 = t_3(1 + TS1)(1 + Tsz)(l + Tsl)
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In terms of KL elements, we have

C51 CSz CS1 = t_3(1 + TS1)(1 + Tsz)(l + Tsl)
= t_3(T515251 + Tos, + Tsysy + Ts, + (tz + 1)T51 + (t2 + 1)T1)
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In terms of KL elements, we have

C51 CSz CS1 = t_3(1 + TS1)(1 + Tsz)(l + Tsl)
= t_3(T515251 + Tos, + Tsysy + Ts, + (tz + 1)T51 + (t2 + 1)T1)
= C515251 + C51
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In terms of KL elements, we have

C51 CSz CS1 = t_3(1 + TS1)(1 + Tsz)(l + Tsl)
= t_3(T515251 + Tos, + Tsysy + Ts, + (tz + 1)T51 + (t2 + 1)T1)
= C515251 + C51

with

C515251 - tis(Ts15251 + T5152 + Tszs1 + Tsz + T51 + Tl)-
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Examples

Example: type As

Consider w = 515355351, and the resolution

B, )y = Xw.

53,52,53,51
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Examples

Example: type As

Consider w = 515355351, and the resolution

T 586(51,

53,52,53,51) Xw.

7 is an isomorphism over X,, — X s,, and all the non-trivial fibers
are isomorphic to P! x P!, For example, we have

= Y(B/B,B/B) =
{(B/B,gB/B,ghB/B,ghB/B,gB/B,B/B), g € Ps,, he Py, }.
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Examples

Example: type As

Consider w = 515355351, and the resolution

T 586(51,

53,52,53,51) Xw.

7 is an isomorphism over X,, — X s,, and all the non-trivial fibers
are isomorphic to P! x P!, For example, we have

= Y(B/B,B/B) =
{(B/B,gB/B,ghB/B,ghB/B,gB/B,B/B), g € Ps,, he Py, }.

We have
H*(P' x P') = Qo Q’[-2] & Q[-4].
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The stalks of m,IC(B&) = 7. Qg [11] are given by:

dim(%,) v —11[-10] -9 -8 -7
B2 -, 0 0 olo]o

11-7 | Xy — X4 | Q 0 olo]o

8 5153 Q| 0 [Q]0]Q

7 s1 Q 0 |Q*] 0| Q

7 s3 Q 0 [Q°] 0] Q

6 1 Q 0 [Q*| 0| Q
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The stalks of m,IC(B&) = 7. Qg [11] are given by:

dim(%,) v —11[-10] -9 -8 -7
B2 -, 0 0 olo]o

11-7 | Xy — X4 | Q 0 olo]o

8 5153 Q| 0 [Q]0]Q

7 s1 Q 0 |Q*] 0| Q

7 s3 Q 0 [Q°] 0] Q

6 1 Q 0 [Q*| 0| Q

Hence

mIC(BE) = IC(Xw) & IC(Xs,5;)[1] & IC(Xs;5)[—1]-
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Moreover, the stalks of IC(X,,) are given by:

dim(%,) v 1110 9
B> — %, 0 0 0

117 | X, Xsm | Q | 0 | O
8 5153 Q 0 | Q

7 s1 Q 0 | Q

7 s3 Q 0 | Q

6 1 Q 0 Q
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Moreover, the stalks of IC(X,,) are given by:

dim(%,) v 1110 9
B> — %, 0 0 0

117 | X, Xsm | Q | 0 | O
8 5153 Q 0 | Q

7 s1 Q 0 | Q

7 s3 Q 0 | Q

6 1 Q 0 Q

In particular, X,, is not rationally smooth, and 7 is not semi-small.
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Examples

Geometric realization of Hy,

Consider the subcategory D of D2(B x B) whose objects are the
semisimple complexes, i.e. the complexes of the form

P 1¢(x.) ®g Vi
xeW
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Examples

Geometric realization of Hy,

Consider the subcategory D of D2(B x B) whose objects are the
semisimple complexes, i.e. the complexes of the form

P 1¢(x.) ®g Vi
xeW

We have
h: Obj(D) — Hw.
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Examples

Geometric realization of Hy,

Consider the subcategory D of D2(B x B) whose objects are the
semisimple complexes, i.e. the complexes of the form

P 1¢(x.) ®g Vi
xeW

We have
h: Obj(D) — Hw.

One can check that D is stable under the convolution, and that
h(.Al *.Az) = h(.Al) : h(.Az)

for any Ay, Ay in D.
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D is stable under shifts, and
h(A[1]) = t‘lh(A)
for A in D.
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D is stable under shifts, and
h(A[1]) = t‘lh(A)

for Ain D.
D is also stable under D, and

h(D(A)) = t729mE - i(h(A))
for any A in D.
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D is stable under shifts, and
h(A[1]) = t‘lh(A)

for Ain D.
D is also stable under D, and

h(D(A)) = t24mE - i(h(A))

for any A in D.
Finally, the image of h is

@ Zzo[t, t_l] . CW.

weW
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D is stable under shifts, and
h(A[1]) = t‘lh(A)

for Ain D.
D is also stable under D, and

h(D(A)) = t24mE - i(h(A))

for any A in D.
Finally, the image of h is

@ Zzo[t, t_l] . CW.

weW

Hence D gives a geometric realization of Hy.
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D is stable under shifts, and
h(A[1]) = t‘lh(A)

for Ain D.
D is also stable under D, and

h(D(A)) = t24mE - i(h(A))

for any A in D.
Finally, the image of h is

@ Zzo[t, t_l] . CW.

weWw
Hence D gives a geometric realization of Hy.

Remark: It follows that for x,y € W,

G- G € P Zxolt,t 7] Cu
wew
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