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INTRODUCTION

0.1. Overview

0.1.1. Langlands duality philosophy. — Let G be a complex connected reduc-
tive algebraic group. Let k be a commutative noetherian ring of finite global dimen-
sion, and let G}/ be the (split) reductive algebraic group over k that is Langlands dual
to G. Broadly speaking, the “Langlands duality philosophy” suggests that various
algebraic objects related to G}/ (representations, coherent sheaves, etc.) should be re-
lated to topological objects related to G (especially perverse or constructible sheaves
on partial affine flag varieties) These ideas emerged (at the level of combinatorics)
in the representation theory of reductive groups over local fields, and their geometric
incarnations have a relatively long history in the case where k = C. However, recent
developments in geometric representation theory (see e.g. [FM, RW1), [AR2), RW2])
have highlighted the importance of this philosophy for general k (or at least in the
case when k is a field of positive characteristic) as well.

This book, which may be regarded as a sequel to [BR], is part of a project to
present an exposition of some of the key applications of this philosophy in geometric
representation theory.

0.1.2. Geometric Satake equivalence. — The starting point of all of these con-
structions is the geometric Satake equivalence, whose proof was reviewed in detail by
P. Baumann and the second author in [BR]. (Its main ingredients are recalled in
Chapter [1] of the present book.) Consider some group G as in and let T C G
be a maximal torus. We consider the loop group LG and the arc group L*G, and
the affine Grassmannian Grg defined as the quotient LG/LTG. (See below for
a more formal definition.) Given a commutative noetherian ring k of finite global
dimension, one can consider the abelian category

PervL+ G (Grg, k)

(D1t is expected by some that there should exist more symmetric versions of this duality, in which
one does not have to distinguish between an “algebraic side” and a “topological side”; this idea has
not been realized concretely so far, however.
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of LT G-equivariant k-perverse sheaves on Grg, namely the heart of the perverse
t-structure on the LT G-equivariant derived category DE+ (Grg, k). A standard con-
struction (called “convolution”) for categories of sheaves on (partial) flag varieties
provides a monoidal product «L7G on D}j+ (Grg, k), and a much more specific anal-
ysis in this case shows that the bifunctor

(o, B) — o x5 C B =P (ot < C B)

defines a monoidal structure on Pervy+g(Grg, k). Out of these data, the geomet-
ric Satake equivalence as considered in [MV2] provides a canonical reductive group
scheme G}/ over k, an equivalence of monoidal categories

(0.1.1) (Pervp+ ¢ (Gra, k), x5 %) = (Rep(GY), @)

(where the right-hand side is the category of algebraic representations of G}/ on finitely
generated k-modules) and a canonical split maximal torus 7,/ C G}/ such that the
root datum of (Gy,T}’) is dual to that of (G,T); in rough terms, Gy is Langlands
dual to G.

Part of this claim is the assertion that we have a canonical identification between
the cocharacter lattice X, (T) of T and the character lattice X*(7) of TY. The
choice of a Borel subgroup B C G containing 7' determines a system of positive
roots for GG, and hence a subset X (T) C X.(T) of dominant cocharacters. The
L*TG-orbits on Grg are naturally parametrized by X (T), and each orbit is simply
connected; in case k is a field, we deduce that the simple objects in Pervy+g(Grg, k)
are naturally parametrized by X (7). On the other hand, under the identification
X.(T) = X*(T})), X (T) is the subset of dominant characters of 7} for an appro-
priate choice of positive roots; if k is a field, this subset therefore also parametrizes
the simple objects in Rep(GY). In this case, these parametrizations of simple objects
on both sides of match under the geometric Satake equivalence.

This story also has a version for étale sheaves. In this setting, GG is defined over an
algebraically closed field F; we choose a prime number ¢ invertible in F; and we work
with étale k-sheaves on Grg, where k may be a finite field of characteristic ¢, a finite
extension of Qg, or the ring of integers of such an extension. (It is also possible to
take k to be an algebraic closure of either Qg or Fy.) In case char(FF) > 0, since G is
in fact defined over the prime subfield of F, one can speak of the “trace of Frobenius”
on stalks of various perverse sheaves.

0.1.3. History of the geometric Satake equivalence. — Let us first briefly
discuss the history of the geometric Satake equivalence.

0.1.3.1. Lusztig’s work. — The Satake isomorphism [Sat] relates the spherical Hecke
algebra of a p-adic group and the representation ring of the Langlands dual group.
Since the spherical Hecke algebra is (for local fields of equal characteristic) a space
of functions on the points of an ind-scheme, in view of Grothendieck’s “faisceaux—
fonctions” dictionary, it might seem natural to expect that this statements admits a
“geometric” (or “categorical”) version relating a certain category of sheaves on this
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ind-scheme and the category of representations of the Langlands dual group The
first clear indication that this isomorphism could have such a geometric version is to
be found in work of Lusztig [Lul] The main results of this paper are concerned
with the Kazhdan—Lusztig basis of the Hecke algebra associated with the affine Weyl
group of a complex connected reductive group G, but this algebra is known to be
a “categorical trace” of the category of Iwahori-equivariant perverse sheaves on the
affine flag variety Flg of G, in such a way that the Kazhdan—Lusztig basis corresponds
to simple perverse sheaves (with coefficients in a field of characteristic 0). These results
can therefore also be interpreted in terms of perverse sheaves on Flg or Grg. With
this translation, the main results of [Lul] take the following form:

— |Lull Theorem 6.1] the dimension of the stalk of the intersection cohomology
complex associated with the LTG-orbit on Grg associated with A € X (T)
along the orbit associated with u € X (T') is the multiplicity of x in the simple
representation of the Langlands dual group of highest weight A;

— [Ludl Corollary 8.7] the convolution of two simple LT G-equivariant perverse
sheaves on Grg is perverse; moreover, the multiplicities of simple perverse
sheaves in such a convolution product agree with the multiplicities of simple
representations in the corresponding tensor product of simple representations
for the dual group;

— [Lull, Last line on p. 228] for any dominant coweight A, the dimension of the
total cohomology of the intersection cohomology complex associated with the
orbit of a dominant cocharacter A is the dimension of the simple representation
of the dual group with highest weight .

This paper also explains how to construct the affine Grassmannian Grg in terms of
some lattices in g ®¢ C((z)) where g is the Lie algebra of G; see [Lull §11]. An
immediate interpretation of these results is that they identify the basis correspond-
ing to classes of simple modules under the Satake isomorphism with the basis of
characteristic functions of intersection cohomology complexes on Grg.

Lusztig remarked that the results of [Lul] suggest an equivalence between the cat-
egory of spherical perverse sheaves on Grg (for coefficients in a field k of characteristic
0) and the category of representations of the dual group (over k), and that the total
cohomology functor should correspond to the functor sending a representation to the
underlying vector space. However he did not pursue further work on this subject, in
the lack of a geometric interpretation of the commutativity of the tensor product of
representations on the geometric side. (Note that Lusztig found much later an alter-
native approach to this problem which replaces geometry with the theory of Soergel
bimodules, see [Lu2l §18.20].)

0.1.3.2. Drinfeld’s contribution. — Some years later, and in relation with his work
with Beilinson [BD], Drinfeld also considered the potential for such an equivalence
of categories. He proposed defining a commutativity constraint on the category

(@ For a more detailed discussion of the relation between the ”classical “ Satake isomorphism and the
geometric Satake equivalence, see e.g. [Zh1l §5.6].
(3)Some of the main results of [Lul] are given a shorter proof in the later paper [Lu3].
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Pervi,+g(Grg, k) based on a new description of the convolution product in terms
of the fusion product. This construction uses a new family of schemes, now called
Beilinson—Drinfeld Grassmannians, defined as certain “relative” versions of the affine
Grassmannian over copies of a curve. Drinfeld explained this construction to a num-
ber of people, including V. Ginzburg. It did not appear in written form before the

announcement [MV1] (see §0.1.3.4] below).

0.1.3.3. Ginzburg’s work. — In [Gi], V. Ginzburg claimed to give the first proof of
the geometric Satake equivalence (for coefficients in a field of characteristic 0). This
proof relies on Lusztig’s results explained in but does not use Drinfeld’s
idea for the construction of the commutativity constraint. It proposes a different
construction of this isomorphism, based on the localization theorem in equivariant
cohomology. Unfortunately, this construction has a gap: it defines the isomorphism
as the unique morphism satisfying an appropriate property (see the proof of [Gil
Proposition 2.3.1]), but there is no proof that such a morphism exists. (In later
work Zhu [Zh1] observed that Ginzburg’s condition is not the property that the
commutativity constraint should satisfy; an appropriate sign must be added.)

The strategy of proof relies on the Tannakian formalism developed by Saavedra-
Rivano [SR] and Deligne-Milne [DM]: one constructs some structures on the category
Pervy,+¢(Grg, k) (essentially, in addition to the monoidal structure, a commutativity
constraint and a fiber functor), and then uses these structures to apply general results
that guarantee that this category must be equivalent to the category of representations
of a group scheme. One then proves that this group scheme is in fact the Langlands
dual group.

The preprint [Gi|] introduced many ideas and geometric constructions that were
later extremely useful in various applications of the geometric Satake equivalence, but
it does not contain a complete proof of this equivalence.

0.1.3.4. Mirkovié—Vilonen’s work. — The paper [MV2] by Mirkovié—Vilonen con-
tains the first complet proof of the geometric Satake equivalence, and in fact proves
such an equivalence for any ring of coefficients which is noetherian and of finite global
dimension. (These assumptions are necessary to have a nice theory of constructible
derived categories of sheaves.) The proof again uses the ideas of the Tannakian for-
malism, but requires new ingredients to work over rings since there is no general
Tannakian formalism for such coefficients. The construction of the commutativity
constraint follows Drinfeld’s suggestion. The main new ingredient compared to pre-
vious works is the notion of semi-infinite orbits, defined as orbits of the loop group of
the unipotent radical of B. These orbits appeared earlier in some form in the p-adic
group literature and in [Lul] (in the guise of the periodic module); here they are
given a geometric structure, and their relation with L+ G-orbits is studied.

The semi-infinite orbits are used in an essential way at (at least) three stages of
the argument:

— in the construction of the maximal torus of the dual group;
— in the application of Braden’s “hyperbolic localization theorem;”

(4) An erratum correcting some minor inaccuracies later appeared in [MV3].
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— in the construction of the Tannakian group scheme over rings.

They also provide “canonical” bases of weight spaces of certain representations of the
dual group, in terms of certain varieties now called Mirkovié—Vilonen cycles, which
have subsequently been extensively studied by various authors.

This proof was first announced in [MV1]. However, the proof outlined there had a
gap, in the argument used to check that the group scheme constructed by the authors
has reduced fibers. This gap was filled in [MV2] using a general result on reductive
group schemes proved in the meantime by Prasad—Yu [PY]. The proof in [MV2] is
written in a topological setting. The authors claim that a similar proof can be given
for étale perverse sheaves; some technical details in fact have to be treated with some
care, which is done in particular in [Zh4].

0.1.3.5. Later contributions. — The geometric Satake equivalence was very influ-
ential. Among the numerous contributions that have appeared since [MV2], let us
mention the following:

— Richarz [Rcl] gave a new proof (for étale Qp-sheaves) that also considers the
case when G is defined over a not necessarily separably closed field.

— Generalizations to the “ramified” setting—where one starts with a reductive
group over F((z)) and a model over F[z]], not necessarily obtained by base
change from F—were obtained by Zhu [Zh2] under a technical assumption, and
by Richarz [Rc2| in full generality (for étale Qg-sheaves in both cases).

— Versions for “mixed characteristic” affine Grassmannians were obtained by
Zhu [Zh3] (for étale Q-sheaves) and Yu [Yu] (for integral or modular coeffi-
cients).

The papers [HR1l, [HR2| by Haines—Richarz also contain a more careful analysis of
the description of affine Grassmannians attached to B and T as attractors and fixed
points for an action of Gy, respectively.

Finally, we would like to cite the new proof of the equivalence (for general coeffi-
cients) given recently by Fargues—Scholze in [E'S, Chap. VI]. This proof is written in
the language of spatial diamonds, but it can in fact be “translated” into the world of
étale sheaves on schemes using the general theories developed in particular in [BS]
and [HS]. The proof follows closely the strategy of [MV2]. The main new ingre-
dient is a way of defining a “Satake category” of sheaves on the Beilinson-Drinfeld
Grassmannians (via universally locally acyclic (ULA) sheaves and “relative” perverse
sheaves), which makes the proof of the compatibility between the various structures
of the Satake category more transparent. Note in passing that for integral coefficients
the category considered in [ES] (see [ES], §VI.7.1]) is not an immediate counterpart of
that considered in [MV2]: the definition in [F'S] imposes a certain flatness condition,
which on the representation-theoretic side corresponds to restricting to representa-
tions which are flat over k.

0.1.4. Gaitsgory’s central functor. — Let us now discuss the main topics that
are studied in this book.

After the Satake isomorphism, another classical fact about the spherical Hecke alge-
bra, due to Bernstein (but whose first appearance in print seems to be in [Lul]), is that
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it is isomorphic to the center of the affine Hecke algebra. To upgrade this observation
to the categorical level, one might seek a functor from the category Pervy+q(Grg, k)
to the Iwahori-equivariant derived category of the affine flag variety Flg of G, which
factors through the Drinfeld center of the latter category. Such a functor (known as
the “central functor”) was first constructed by Gaitsgory [G1], following suggestions
of Beilinson, Haines and Kottwitz. (The context considered in [G1] is that of étale
Qg-sheaves; however his construction makes sense for general coefficients, and the
proofs of its properties also apply in general.) By definition, central sheaves are the
perverse sheaves on Flg in the image of this functor.

Part of the present book is an account of the theory of central sheaves (mostly fol-
lowing a variant of Gaitsgory’s construction suggested by Heinloth [He] and explicitly
worked out by Zhu [Zh1]). The key to defining the central functor is the construc-
tion of an ind-scheme Grgcn over A that exhibits Flg as a degeneration of Grg:
the central functor Z is then defined in terms of nearby cycles for this family. Cer-
tain subschemes of this family (the so-called global Schubert varieties) had previously
appeared in the number theory literature, in the guise of “local models of Shimura
varieties” (see, for instance, [HNJ, [GH]). Indeed, central sheaves have recently found
new applications in the geometry of Shimura varieties in work of Zhu [Zh1l, [Zh2],
Pappas—Zhu [PZ] and Haines-Richarz [HR1, [HR2] in particular.

0.1.5. Arkhipov—Bezrukavnikov equivalence(s). — Part [II| of the book is de-
voted to a study of one of the most useful applications of central sheaves in geo-
metric representation theory, again suggested by the Langlands philosophy, and due
to Arkhipov—Bezrukavnikov[AB]. It consists of a derived equivalence relating equiv-
ariant coherent sheaves on the Springer resolution for G} and Iwahori-Whittaker
k-perverse sheaves on Flg. This equivalence can be seen as a categorical upgrade
of the fact that both categories’ Grothendieck groups are incarnations of the anti-
spherical module for the affine Hecke algebra. It has found applications in several
problems from representation theory (see e.g. [Be3, BM]), and is also the main
ingredient of the construction of Bezrukavnikov’s equivalence [Be5| relating equivari-
ant coherent sheaves of the Steinberg variety of G}/ and Iwahori-equivariant perverse
sheaves on Flg. Besides these applications in the direction of Representation Theory,
these constructions have also played a major role in some aspects of the Geometric
Langlands Program. We refer to [Ras2] for one example (which provides a vast gener-
alization of the equivalence from [AB], see [Ras2l Remark 1.13.1] for these aspects),
and to [Dh]| for an introduction to this subject which discusses in particular the role
of the equivalences of [AB] and [Be5] in this story. For an alternative proof of the
equivalence, and some other extensions, we refer to [Do].

The original construction of this equivalence is carried out in the setting of étale
Qy-sheaves, in order to use some specific features from Deligne’s theory of weights for
{-adic sheaves together with the easier cohomological behavior of representations of
reductive algebraic groups over fields of characteristic 0. In this book, we will see that
this proof can be adapted to treat the case when G is a general linear group and k is an
algebraically closed field of large enough positive characteristic (with an explicit bound
depending on the rank of the general linear group under consideration). We also
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explain the relationship of this construction to the exotic t-structure on the derived
category of equivariant coherent sheaves on the Springer resolution, and some variants
describing the category of representations of the centralizer of a regular nilpotent
element, and that of equivariant coherent sheaves on the nilpotent cone. (This first
variant is stated in [ABl Remark 8]; the second one is due to Bezrukavnikov [Bed]).

0.2. Contents

Let us now review in more detail the content of each chapter of this book.

0.2.1. Part [I. — Part[[] provides a detailed account of the construction and main
properties of central sheaves.

First, in Chapter [I| we provide a brief overview of the Mirkovi¢—Vilonen proof of
the geometric Satake equivalence. Detailed expositions of this proof can be found
in [BR), [Zh4), [Ac3|, and here we only explain the structure of this proof, some
technical details involved in crucial constructions, and highlight its main features.

Chapter [2|is concerned with the geometric input for the construction of the central
functor and the proofs of its main properties. Following Heinloth [He| and Zhu [Zh1],
we consider a certain (non-constant) smooth affine group scheme G over A! which
satisfies the following properties:

— its restriction to A \ {0} is the constant group scheme G x (Al \ {0}).
— its restriction to Spec(C[z]]) is the Iwahori group scheme Z determined by
Bruhat-Tits theory.
Then, considering a certain moduli problem involving a principal G-bundle with a
trivialization we construct the “central affine Grassmannian,” an ind-scheme Grgem

over Al which has the following properties:

— its fiber over any point in A \ {0} is Grg;
— fiber over 0 is Flg.

(In other words, Grgen can be thought as a degeneration of Grg to Flg.) Using

nearby cycles associated with this family we obtain the functor
Z: DY, (Grg, k) — DY(Flg, k)

from the L™ G-equivariant derived category of k-sheaves on Grg to the I-equivariant
derived category of k-sheaves on Flg. (Here, I is the Iwahori subgroup of the arc
group LT G associated with G.)

Gaitsgory’s original construction of the functor Z uses a different ind-scheme, whose
fiber over a point in Al \ {0} is the product of Grg with the flag variety of G. (This
suggests that GI‘Sen can be identified with a closed sub-ind-scheme in Gaitsgory’s
version; this question will not be studied here.) The properties of this ind-scheme
are very similar to those of Grgen, but for technical reasons it turns out to be eas-
ier to work with the latter ind-scheme. (The difference appears in particular when
considering the equivariant structure on central sheaves, and the construction of the
“centrality” isomorphism; see Remark for more comments.)
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As preparation for the proof of some of this functor’s main properties, we also ex-
plain in this chapter the construction of “iterated” variants of this ind-scheme, defined
in terms of a moduli problem involving several principal G-bundles with trivializations.
This construction is closely related with Beilinson—Drinfeld’s factorization Grassman-
nian, some instances of which already appear in the proof of the geometric Satake
equivalence. Some particular cases of this construction are considered in [Zh1], but
its general treatment is new (to the best of our knowledge). In Section we finally
consider the nearby cycles functors associated with these ind-schemes (which exhibit
the functor Z as a special case), and prove a first general compatibility property with
respect to the convolution product.

Chapter [3]is devoted to the proof of the fact that Z is monoidal and factors through
the Drinfeld center of D?(Flg, k). This involves the following ingredients:

1. constructing a canonical “centrality” isomorphism
2() ! F = F ol 2(a)

for any &7 in DE+G(Grg, k) and .Z in D?(Flg,k);
2. constructing a “monoidality” isomorphism

Z(t G B) 5 Z(o) ¥ Z(B)

for any &7, A in DE+G(GrG7k);
3. and finally proving that these isomorphisms satisfy various compatibility prop-
erties with each other and with some structures we have on D}}r c(Grg, k) and
D% (Flg, k).
All of these results are due to Gaitsgory: items and were obtained in [G1],
while is proved in [G2]. In particular, one of the properties from involves
comparing the isomorphism from in the special case when F = Z(Z) for some
A in DE+ c(Grg, k) with the image under Z of the commutativity constraint in the
Satake category; this part of the proof requires the use of a version of “nearby cycles
over a 2-dimensional base.”

In passing, we remark that most of the constructions of this chapter have obvi-
ous variants in the setting where the non-constant group scheme G is replaced by
the constant group scheme G x A!: these variants allow one to reinterpret various
constructions from the proof of the geometric Satake equivalence in terms of nearby
cycles.

Chapter [ is devoted to the proof of another property of central sheaves, namely
that they possess a canonical filtration whose subquotients are “Wakimoto sheaves.”
This property is due to Arkhipov—Bezrukavnikov, and was obtained in the course of
the construction of their equivalence in [AB]. Its proof is essentially formal, and based
on the observation that, for &7 in the Satake category, convolution with the perverse
sheaf Z () is exact for the perverse t-structure. (This property holds unconditionally
in case k is a field, and under the assumption that H®(Grg, &) is k-flat in general.)
We also explain that this filtration can be used to give an alternative description of
the canonical maximal torus in G}/.

Finally, in Chapter [5| we describe the effect of the central functor at the “combi-
natorial” level, on Grothendieck groups. For f-adic coefficients, we explain how to
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compute in terms of the Hecke algebra the composition factors in each piece of the
associated graded of the weight filtration on central sheaves.

The existing literature on all of these subjects focuses on the case where k = C
(or k = Q). It has long been known to experts that most of the arguments go
through for general coefficients, but our treatment is the first which systematically
allows k to be any commutative noetherian ring of finite global dimension (at least,
whenever possible). In a few cases, this requires more delicate arguments than those
from [G1l, [Zh1, [AB].

0.2.2. Part [[T — Part [[T] explains the application of central sheaves to the con-
struction of the Arkhipov—Bezrukavnikov equivalence.

First, in Chapter |§| we consider the original setting from [AB], when k = Q,. This
equivalence involves the “Iwahori-Whittaker” category le—W(Fl(;,@@) of sheaves on
Flg, whose definition is reminiscent of that of “Whittaker modules” in the representa-
tion theory of p-adic groups This category has a natural perverse t-structure, and
its heart is naturally a highest-weight category. An essential ingredient in the proof
is the fact that the images of central sheaves in the Iwahori-Whittaker category are
tilting objects with respect to this highest-weight structure. Under the constructed
equivalence

_ QY |~
D2yy(Flg, Q) =2 DPCoh™% (N ),

where ./\/ is the Springer resolution of GV , the central sheaf Z(27) (were <7 is in
the Satake category) corresponds to the “free coherent sheaf V ® 0 X, , where V' is
the image of & under the geometric Satake equivalence, and the images of Wakimoto
sheaves correspond to the natural (sz—equlvarlant) line bundles on N@e attached to
coweights of G (i.e. weights of GV ).
In Chapter [7] we discuss some c[omplementb to this topic, still in the setting where
k =Qy:
1. we show that the transport of the perverse t-structure on D (Flg,@z) along
the equivalence above is the ezotic t-structure on DPCoh%a (N e) (whose defi-

nition is in terms of a certain exceptional collection of objects);
2. we show that the category of representations of the centralizer of a regular
nilpotent element in the Lie algebra of G% can be described in terms of a
']

certain quotient of the category of Iwahori-equivariant perverse sheaves on Flg;

3. we explain how to describe the category of equivariant coherent sheaves on the
nilpotent cone of GV in terms of the derived category of another quotient of
the category of Iwahon equivariant perverse sheaves on Flg.

All of these results are due to Bezrukavnikov (although no proof of was available
so far in the literature).

(5)More precisely, the definition resembles a “baby version” of the Whittaker vector condition, in-
volving the pro-unipotent radical of an Iwahori subgroup.
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Finally, in Chapter |8| we provide the first example of a modular version of the
Arkhipov—Bezrukavnikov equivalence. Namely, we prove an equivalence

DY, (Flg, k) =2 DPCoh® (N)

in the case when G = GL(n) and k is the algebraic closure of a finite field F,
with 2¢ > (LnT/L2J)' Adapting the constructions of [AB] to the setting of positive-
characteristic coefficients presents several rather delicate difficulties, that we are able
to overcome in this special case. Obtaining a general proof of this equivalence (under
mild assumptions of the characteristic) based on different techniques is an ongoing
project of the second author with R. Bezrukavnikov and L. Rider; see [BRR), [BeR3]
for first steps in this direction.

0.2.3. Part [ITI, — This book finishes with two appendices, gathered in Part [[II}

First, in Chapter [9] we review some aspects of the theory of nearby cycles that are
important for our constructions. In particular we explain Beilinson’s construction of
unipotent nearby cycles, and a version of “nearby cycles over a 2-dimensional base”
inspired by this construction and due to Gaitsgory.

Then, in Chapter we explain how to extend the well-known construction of
Bernstein—Lunts’ equivariant derived category to the case of group schemes over a
curve. This construction (which is new, to the best of our knowledge) is used in a
systematic way in our construction and study of the central functor; this framework
lets us obtain stronger results (with less work!) about the equivariant behavior of this
functor.

0.3. Some conventions

Given a separated scheme X of finite type over C, and a commutative ring k, by
a k-sheaf on X we will mean a sheaf of k-modules on the topological space X (C) of
C-points of X, endowed with the “classical” (or “analytic”) topology. Of course this
notion only depends on the reduced scheme X,.q associated with X; but to lighten
notation it is sometimes useful to allow non-reduced schemes also. The derived cate-
gory of k-sheaves on X will be denoted by DP(X,k), and (in case k is noetherian) the
subcategory of constructible complexes will be denoted D (X, k); see e.g. [BBDGI,
§2.2.1] or [Ac3]. We will usually assume that k is noetherian and of finite global
dimension, so that we have the full “6-functors formalism” for these categories (in
particular, the Verdier duality functor).
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CHAPTER 1

REVIEW OF THE GEOMETRIC SATAKE
EQUIVALENCE

The “central sheaves” that are the main object of study in this book are produced
starting from certain constructible complexes on the affine Grassmannian Grg as-
sociated with a connected complex reductive algebraic group G. Perhaps the most
important such complexes are the LT G-equivariant perverse sheaves, which are re-
lated to representations of the Langlands dual group via the celebrated geometric
Satake equivalence (see for references). A complete exposition of the proof of
this theorem can be found in the notes [BR] by P. Baumann and the second author;
other accounts of this construction can be found in the notes [Zh4] by Zhu, or in
Chapter 9 of the book [Ac3] by the first author.

In this chapter, we review the statement of the geometric Satake equivalence,
and we briefly outline the main steps in its proof. On the way to the statement,
we will discuss various additional features of L™ G-equivariant perverse sheaves, or
of the Lt G-equivariant derived category, including the monoidal structure on these
categories. Essentially all the results we will state are taken from [MV2], but we will
usually give references to [BR] for convenience. We take this opportunity to treat
in details in § some technical topics that are somewhat overlooked in [BRI
and [Ac3]. We feel it is important to have these details explained somewhere, but
they can be skipped at first reading.

Although the geometric Satake equivalence itself is not strictly needed for the con-
struction of central sheaves, the monoidal structure on LT G-equivariant complexes
is essential for the main results of Chapter We will also use the geometric Sa-
take equivalence in a crucial way in Part [[T] for the construction of the Arkhipov—
Bezrukavnikov equivalence.

1.1. Some technical preliminaries

Before going into more specific constructions, let us review some very general def-
initions and constructions that will be essential techniques for our study.
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1.1.1. Ind-schemes. — First, let us recall the definition and some basic properties
of ind-schemes. Our main reference for this subject will be [Rc4].

1.1.1.1. Definitions. — We denote by AffSch the category of affine schemes, which
identifies with the opposite of the category Rings of unital commutative rings via the
Spec construction. Any scheme X defines a functor AffSch®® — Sets via

T — Hom(T, X),

and this assignment defines a fully faithful functor from the category of schemes to the
category of functors AffSch®® — Sets; we will often identify the category of schemes
with its image under this functor. (This follows from the Yoneda lemma and the fact
that any scheme admits an affine open cover.) As usual, when T' = Spec(R) for some
R € Rings we write X (R) := Hom(Spec(R), X).

An ind-scheme is a functor

X : AffSch®? — Sets

such that there exists a filtered poset (I, <) and an inductive system (X; : ¢ € I) of
schemes such tha@)]
X 2 colim;e1 X,

and moreover each transition morphism X; — X; is a closed immersion (for ¢,j € I
with ¢ < j). We denote by IndSch the full subcategory of the category of func-
tors AffSch®® — Sets whose objects are ind-schemes. We will call an isomorphism
X 2 colim;er X; a presentation of X; whenever we write an ind-scheme in this way,
we implicity assume that the X;’s form an inductive system of schemes with closed
immersions as transition morphisms, as above. As explained in [Rc4l Lemma 1.10],
IndSch is closed under fiber products

Of course, each scheme defines an ind-scheme, and this assignment defines a fully
faithful functor from the category of schemes to IndSch. Note that if X is a scheme
and Y = colim;¢Y; is an ind-scheme, then the canonical map

(1.1.1) colim;eyHom (X, Y;) - Hom(X,Y)

is injective, but not necessarily surjective. It is surjective (and hence an isomorphism)
if X is quasi-compact, though; see [Rc4l, Ex. 1.26]

We will also consider ind-schemes over a fixed base scheme S. Such a datum
consists of an ind-scheme X together with a morphism X — S. We will denote by
IndSchg the category whose objects are ind-schemes over S and whose morphisms are
morphisms of ind-schemes compatible with the given morphisms to S. In fact, if we
denote by AffSchg the category of affine schemes T' endowed with a morphism T — S,

(DHere, recall that colimits of functors can be computed termwise: if (F; : ¢ € I) is an inductive
system of functors AffSch®? — Sets, then (colim; F;)(T") = colim; F;(T) for all T' € AffSch.

(2)Here again, fiber products of functors can be computed termwise, see [SP], Tag 0022].

(3)Let us give a sketch of proof of this fact: if X = Spec(R) is affine, then a morphism Spec(R) — Y
is the same as an element of Y (R), hence factors through some Y; by definition. In general, a
quasi-compact scheme is a finite union of affine open subschemes; on each such open subscheme the
morphism must factor through some Y}, and then one can use the assumption that I is filtered to
see that one can choose j which works for all open subschemes in our covering at the same time.
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then the category of schemes over S embeds fully faithfully in the category of functors
AffSchy” — Sets, and IndSchg identifies with the category of functors AffSch’ — Sets
isomorphic to colim;c; X; where (X; : ¢ € I) is a filtered inductive system of schemes
over S such that the transition morphisms X; — X, are closed immersions (over
S). Of course, in case S = Spec(R) for some R € Rings, then the category AffSchg
identifies with the opposite of the category Algp of unital commutative R-algebras.

1.1.1.2. Immersions. — If XY are ind-schemes and f : X — Y is a morphism, then
we say that f is representable by scheme if for any scheme Z and any morphism
Z — Y the fiber product X Xy Z is a scheme. Similarly, we say that f is representable
by a locally closed, resp. closed, resp. open, immersion if for any scheme Z and any
morphism Z — Y the fiber product X Xy Z is a scheme and the induced morphism
X Xy Z — Z is a locally closed, resp. closed, resp. open, immersion of schemes. (In
fact, by [Rc4, Lemma 1.7] it suffices to check these properties when Z is affine. This
turns out to be very useful since is an isomorphism in this case.)

1.1.1.3. Underlying topological space and connected components. — If X is a scheme,
we will denote by |X| its underlying topological space; it can be identified as the
colimit of the sets X(K) where K runs over fields, with an appropriate topology. If
now X is an ind-scheme, we take the latter characterization as a definition: we set
| X | = colimg X (K): see [Rcdl, Definition 1.11] for details. Moreover, if X = colim;X;
is a presentation, then we have a canonical identification

| X| = colim;| X;|

where the right-hand side is equipped with the colimit topology

For any scheme X, any connected component of the underlying topological space
| X | admits a canonical scheme structure, which is characterized by the property that
the corresponding embedding is a flat closed immersion, see [SP| Tag 04PX]. If X is
an ind-scheme and X = colim; X; is a presentation, the connected components of | X|
are increasing unions of connected components of the spaces |X;|. Hence they admit
a canonical ind-scheme structure.

It is not clear to us how this structure behaves in a general setting (e.g., if the
inclusion of a connected component is representable by a closed immersion), but
under appropriate technical conditions that will be satisfied in all the cases we want
to consider it is well behaved, as we now explain. Consider an ind-scheme X with
a presentation X = colim;X; such that each X; is noetherian and each transition
morphism X; — X; induces an injection on connected components.

Lemma 1.1.1. — Under the assumptions above, for any connected component Y of
X the natural morphism 'Y — X 1s representable by an open and closed immersion.

Proof. — Our assumptions imply in particular that X; has a finite number of con-
nected components for any i (see [SPl Tag 0052]); in particular, these connected

(4)One sometimes also finds the terminology “f is schematic.”
(5) Concretely, this means that a subset of |X| is open, resp. closed, iff its intersection with each | X;]
is open, resp. closed.
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components are open and closed. As explained above, if Y is a connected component
of X we have a presentation Y = colim;Y; where Y; is a connected component of X;
for any ¢, and the closed immersion X; — X restricts to a closed immersion Y; — Y;
for any ¢ < j. Consider now an affine scheme Z and a morphism Z — X. There
exists ¢ such that this morphism factors through X;, and then we have

Y X x 7 = COliijin XXJ- 7.
Now, for any j > i we have
)/j ij J = (}/j XXj Xz) X X; Z.

The fact that the morphism X; — X induces an injection on connected components
means that the underlying topological space of Y; xx, X; is Y;; since the natural
morphism Y; xx, X; — X; is a flat closed immersion (because so is Y; — Xj), it
follows that Y; x x, X; = Y;; in particular,

YXXZ:YiXXiZ

is a scheme. Since Y; is open and closed in X;, we deduce that the morphism Y x x Z —
Z is an open and closed immersion, as desired. O

1.1.1.4. Additional properties. — An ind-scheme X is said to be reduced if it admits
a presentation X = colim; X; where each X is reduced. By [Rc4l, Lemma 1.17], given
any ind-scheme X, there exists a unique reduced ind-scheme X;oq together with a
monomorphism X;.q — X such that for any reduced affine scheme T the induced
map Xyed(T) — X (T) is an equality. In fact, given a presentation X = colim; X;, we
have a presentation X;eq = colim;(X;)red-

If X,Y are ind-schemes and f : X — Y is a morphism, then f is said to be ind-
affine if there exist presentations X = colim;X; and Y = colim;Y; such that f is
represented by a pro-ind-system of morphisms f; ; : X; — Y; which are affine.

If X is an ind-scheme over Spec(k) for some base field k, we will say that X is of
ind-finite type if it admits a presentation X = colim; X; (over k) where each X; is of
finite type over k.

Finally, we say that an ind-scheme X over a scheme S is separated if the diagonal
morphism X — X xg¢ X is representable by a closed immersion. For this condition
to hold, it suffices that X admit a presentation X = colim;X; over S where each
morphism X; — S is separated, see [Rcdl, Exercise 1.31]. In addition, if this property
holds, given any presentation X = colim;X; over S, each scheme X, is separated
over S

1.1.2. Attractors and repellers. — Now we explain the theory of attractors, re-
pellers and fixed points for an action of the multiplicative group on a scheme.

(6)To check this, one notes (by consideration of points over each affine scheme) that (X; xg
X;) Xxxgx X = X; where the morphism X — X Xg X is the diagonal morphism, and then
one uses the definition.
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1.1.2.1. Definitions. — Let us consider a base scheme S, and a scheme X over S.
An action of Gy, on X is the datum of a morphism of S-schemes Gy, g xg X = X
which satisfies the obvious axioms[?]

Following [Drl, [Rc3], we define the functor X° of G,,-fixed points in X as sending
T € AffSchg to the set of morphisms ¢ : T'— X xg T over T such that the diagram

id(;m)T X ¢p

G, Gm,r X7 (X x5 7T)

| l

T ¢ X xgT

commutes, where the left vertical arrow is the structure morphism, the right vertical
arrow is induced by the action morphism Gy, s xg X — X. In other words, given
T € AffSchg, X°(T) consists of the T-points of X such that for any affine scheme
T’ — T the induced morphism 7" — X xg T’ commutes with the action of elements
in G, (T") (where the action on the left-hand side is trivial).

Similarly, we denote by (AL)™", resp. (A})~, the scheme Ak with the natural action
of G, resp. the opposite of the natural action. Then we define X+ as the functor
sending T’ € AffSchg to the set of morphisms ¢ : (AL)T — X xg T over T such that
the diagram

idg,, X

G, x7 (AL)T Gmr X7 (X x5 T)

| |

(AL)* ¢ X xgT

commutes, where the vertical arrows are the action morphisms. In other words, given
T € AffSchg, X (T) consists of the Al-points of X such that for any affine scheme
T’ — T the induced morphism A}, — X x g7’ commutes with the action of elements
in G, (T”). The functor X ~ is defined similarly, replacing (AL)™ by (AL)~.

By definition there exists a natural morphism of functors

X’ — X.
On the other hand, using the morphism T — (AL)* defined by 0 and 1 we obtain

natural morphisms of functors

X0 X* > X.
1.1.2.2. Local linearizability. — If X is a scheme over S with an action of Gy, this
action is said to be étale (resp. Zariski) locally linearizable if there exists a G-
equivariant covering family (U; — X : i € I) where each U; is affine over S and the
maps U; — X are étale (resp. open immersions). This condition is interesting in this

(M Here, Gm,s is the group scheme over S sending T' € AffSchg to &(T)*. In practice, in this book,
S will typically be a k-scheme for some algebraically closed field k. The datum of an action of G
on X is then equivalent to the datum of an action on X seen as a k-scheme, such that the structure
morphism X — S is Gym-equivariant for the trivial action on S.

(8)Here and below, we use the symbol + to mean either 4+ or —.



32 CHAPTER 1. REVIEW OF THE GEOMETRIC SATAKE EQUIVALENCE

context since, thanks to [Re3l, Theorem 1.8, Proposition 1.17], if the G,-action is
étale locally linearizable then:

— the functors X°, X+ and X~ are representable by schemes over S;

— the natural morphism X° — X is a closed immersion;

— the natural morphisms X+ — X© are affine, with geometrically connected fibers,

and they induce a bijection between sets of connected components.
Moreover, the morphisms (U? — X° : i € I), resp. (U;" — Xt :i € I), resp. (U] —
X~ :i € 1), constitute an étale covering of X, resp. X T, resp. X .

In practice, all the actions we have to consider in the constructions below will be
Zariski locally linearizable. In this case the properties considered above have much
more elementary proofs. For instance, to see that X is representable and that the
morphism X? — X is a closed immersion one can work locally (using e.g. [GW|,
Theorem 8.9] for representability), and thus assume that X is affine over S. In
this case, the G-action on X defines a Z-grading on the quasi-coherent sheaf of
Os-algebras f.Ox (where f : X — S is the structure morphism), and XY is the
closed subscheme defined by the quasi-coherent ideal generated by the components
of nonzero degree in this sheaf of algebras; see [Rc3| §1.3] for details{®)| For the
representability of X one first treats the case when X — S is affine; in this case X ™
is the closed subscheme defined by the quasi-coherent ideal generated by components
of negative degree in f.0x. One then considers the natural morphism X+ — X0,
The considerations above show that X° is a scheme, and that it admits a Zariski
covering by open subschemes of the form U where U runs over the Gy,-stable affine
open subschemes of X. But for any Gy,-stable open subscheme U of X it is easy to
see that the natural morphism

Ut 5 Xt xyxo U°

is an isomorphism (see [Dr, Lemma 1.4.7] for details); this implies that X* is a
scheme by [GW], Theorem 8.9).

Example 1.1.2. — Assume that S = Spec(k) where k is a field, and V is a k-vector
space endowed with a linear action of Gy, ;. (In other words, V' is a representation of
Gm,k-) Then V decomposes as a sum of its weight spaces

V=@V
i€z
Consider the induced action of Gy, , on P(V'). This action is Zariski locally linearis-

able: in fact the standard affine covering associated with a basis of V' consisting of
weight vectors is Gy,-stable. It is easily seen that we have identifications

PV)'= [ | POV, PO)" = [ | P(Vai) N P(Via)
Vo Vo

where VZj = @ V}/.

3’23

(9 The assumption that the base scheme S is connected in [Rc3), §1.3] is not necessary.
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1.1.2.3. Compatibility with closed immersions. — We will need the following facts
below.

Lemma 1.1.3. — Let X be a scheme over S endowed with an étale, resp. Zariski,
locally linearizable action of Gy,. If Y C X is a Gy, -stable closed subscheme, then
the Gy -action on'Y — S is étale, resp. Zariski, locally linearizable, and the natural
morphisms Y° — X9 and Y* — X* are closed immersions. More specifically, the
canonical morphisms

YO 5 Y xx X°, YE 5 Y xx Xt
are isomorphisms.

Proof. — If (U; — X :i € I) is an equivariant étale, resp. Zariski, covering for X as
above, then of course (U; xx Y — Y : i € I) is an equivariant étale, resp. Zariski,
covering of Y, and each U; x x Y is affine over S since it is a closed subscheme of the
affine scheme U;. Hence the G,-action on Y is étale, resp. Zariski, locally linearizable,
so that we can consider the schemes Y and Y*.

We will construct the isomorphism Y+ =5 Y x x X; the other assertions can be
obtained similarly. First, the natural morphisms Y* — Y and Y+ — X7 induce a
canonical morphism

(1.1.2) YT Y xxy XT.

Now, assume that X — S is affine. Checking that is an isomorphism can be
done Zariski locally over S, so that we can assume that S (hence also X) is affine. In
this case for T' € AffSchg, a T-point of Y x x X1 is a certain morphism of T-schemes
A%F — X whose restriction to Gy, 7 takes values in Y. It is clear that this morphism
then factors uniquely through a morphism Al — Y, which proves that is an
isomorphism in this case.

To treat the general case, consider an equivariant étale covering (U; — X : ¢ € I)
where each U; — S is affine. Then we have an étale covering (U; xx Y =Y :i € 1),
and hence étale coverings (U;” — X* :i € I)and (U; xx V)t = Yt :i€I) by the
results recalled in and from the affine case treated above we see that for any
¢ we have a canonical identification

(Ul XXy)+ l)(UZ ><XY) XU; (U¢)+:Y><X U:r

This shows that ([1.1.2) is an isomorphism étale locally over the target. Hence it is
an isomorphism by [SPl Tag 02L4]. O

1.1.2.4. Points over fields. — Now we assume that S = Spec(k) for some field k.

Lemma 1.1.4. — Let X be a proper k-scheme with an étale locally linearizable
action of Gy,. Then the natural morphism X+ — X induces a bijection

XT(K) = X(K)
for each field extension k — K. In particular, this morphism induces a bijection
[XF| = |1X]

on the underlying topological spaces.


https://stacks.math.columbia.edu/tag/02L4
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Proof. — Since X is separated, the morphism X+ — X is a monomorphism by [Rc3,
Remark 1.19(i)] or [Drl §1.3.3(ii)]. In particular, the map Xt(K) — X (K) is injec-
tive for any K. The surjectivity of this map follows from the fact that any morphism
Gm,x — X ® K can be extended to a morphism A}, — X ®; K by properness,
see [SP), Tag 0BXZ|. The final claim follows from the fact that the underlying topo-
logical space of a scheme is the colimit of its points over all fields, see [SPl Tag
01J9]. O

Remark 1.1.5. — In the setting of Lemma the map |X+| = |X| is not a
homeomorphism in general. (This can be seen e.g. in the case considered in Exam-

ple[L12)

1.1.3. Attractors and repellers for ind-schemes. — Now we explain how to
adapt the constructions of to the setting of ind-schemes.

1.1.3.1. Definitions. — We continue with our base scheme S, and consider an ind-
scheme X over S. An action of G, on X is the datum of a morphism of S-ind-
schemes Gy, g xg X — X which satisfies the obvious axioms. In practice, we will in
fact assume that there exists a presentation X = colim;X; by S-schemes such that
the action morphism is defined by compatible actions of G, on each X; (in the sense
of schemes). As explained in [RS| Lemma A.5], this condition is always satisfied if S
is noetherian and X is of ind-finite type over S.

Given X — S as above, we will say that the Gp,-action is étale (resp. Zariski)
locally linearizable if there exists a presentation X = colim; X; such that the action
of Gy, is induced by compatible actions on the X;’s, and the action on X; — S is
étale (resp. Zariski) locally linearizable for any i. Given such a datum, when writing a
presentation X = colim; X; we will always implicitly assume that each X; is G,-stable
with an étale (resp. Zariski) locally linearizable action.

1.1.3.2. Representability. — The following theorem is an easy extension of the first
main result of [Re3], treated in [HR2, Theorem 2.1].

Theorem 1.1.6. — Let X — S be an S-ind-scheme endowed with an étale locally
linearizable Gy, -action, and write a presentation X = colim; X; as above.

1. The functor X° is an S-ind-scheme, and we have a presentation X° =
colim;(X;)°. Moreover, the natural morphism X° — X is representable by a
closed immersion.

2. The functor X* is an S-ind-scheme, and we have a presentation X+ =
colim;(X;)*. Moreover, the natural morphism X* — X is representable by
schemes.

Proof. — If X = colim; X is a presentation such that each X; has an étale locally lin-
earizable action, then as functors we have X° = colim,(X;)? and X* = colim;(X;)*
Hence X° and X* are ind-schemes by Lemma m To show that X° — X,
resp. X* — X, is representable by a closed immersion, resp. representable by schemes,

one notices that if Z is an affine scheme and Z — X is a morphism, then there exists


https://stacks.math.columbia.edu/tag/0BXZ
https://stacks.math.columbia.edu/tag/01J9
https://stacks.math.columbia.edu/tag/01J9
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1 such that this morphism is induced by a morphism Z — X;, and we have
Zxx X0=7Zxx, (X;)°, resp. Zxx Xt =2Zxx, (X;)F

(For instance, in the case of attractors, we have Z x x X = colim;>; Z X x (Xj)“‘7 and
for any j > i we observe that Z xx, (X;)" = Z xx, (Xi xx, (X;)T) = Z xx, (Xi)T
O

by Lemma [1.1.3])

1.1.3.3. Compatibility with immersions. — We will need the following technical
property from [HRZ2, Corollary 2.3]. (In fact, we will only use the “open” case of
this statement.)

Proposition 1.1.7. — Let X and Y be S-ind-schemes equipped with Gy, -actions.
Assume that the actions on X and Y are étale locally linearizable, and that Y 1is
separated. Alsolet f: X —Y be a Gy, -equivariant morphism. If f is representable by
a closed, resp. open, immersion, then so are the morphisms X° — Y° and X+ — Y+,

Remark 1.1.8. — In [HR1] Corollary 2.3] it is assumed that S is affine and con-
nected. However the connectedness is not necessary for the arguments there to apply,
and one can reduce to the case where S is affine by considering an affine open cover.

1.2. Affine Grassmannians

In this section we introduce the main geometric object that takes part in the geo-
metric Satake equivalence, namely the affine Grassmannian attached to a comple
reductive algebraic group.

1.2.1. Definition and representability. —

1.2.1.1. Loop group, positive loop group, and affine Grassmannian. — Given a C-
algebra R, we denote by R[z] the C-algebra of power series in the indeterminate
x with coeflicients in R, and by R((z)) the localization of R[z] with respect to z
(i.e. the algebra of formal Laurent series in « with coefficients in R). If R is a field,
then R((x)) is the field of fractions of the integral ring R[[z]. In particular, we will
consider & := C[[z]] and % := C((x)).

Recall that if G is a smooth affine group scheme over C, then the associated loop
group LG is the functor Alge — Sets defined by

LG(R) = G(R((x))).
The positive loop group (or arc group) LT G is the subfunctor defined by
LTG(R) = G(R[x]).

It is a standard fact that LTG is represented by an affine group scheme over C,
and that LG is represented by an ind-affine group ind-scheme over C; see [Zh4]

(10)We restrict to the case the base field is C because this is the main case that will be used below,
but all the results that appear in this section hold over any algebraically closed field, with identical
proofs.
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Proposition 1.3.2] or [Rc4]. See [Zh4l Example 1.3.3] for a concrete example in the
case where G = G,.

The affine Grassmannian Grg is the fppf sheaf on the category Algq associated
with the functor

R+ LG(R)/LTG(R).
It is known that Grg is represented by a separated ind-scheme of ind-finite type,
see [Zh4l Theorem 1.2.2 and Proposition 1.3.6] or [Rc4, Theorem 3.4 and Proposi-

tion 3.18]. The proof of this fact in case G is reductive is reviewed in §1.2.1.4] below;
the general case is not very different.

Remark 1.2.1. — Some comments and references on fppf sheaves, and the asso-
ciated sheafification functor, can be found in below. (There we will consider
sheaves on the category of all schemes rather than affine schemes. The relation be-
tween the two versions is explained in Remark ) Other details on the construc-
tion of Grg, which can be ignored at this stage, will be discussed in §§2.2.1H2.2.2]

The points of Grg over separably closed fields admit an explicit description,
see [Rcdl Corollary 3.22]. In particular, we have

(1.2.1) Grg(C) =G(¥)/G(0).
We will denote by pa, : LG — Grg the quotient morphism.
1.2.1.2. Big cell. — We will also consider the functor L™G : Alge — Sets defined

by

L™ G(R) = G(R[z™"]).

It is known that L™G is represented by an ind-affine group ind-scheme of ind-finite
type over C; see [Zh4l §2.3]. There exists a canonical morphism L~G — G induced
by the ring morphisms R[z~!] — R sending 2~ to 0; the kernel of this morphism is
denoted L™~ G. The following statement is somewhat classical; a formal proof can be
found in this generality in [HR2], Lemma 3.1].

Lemma 1.2.2. — Let Ly € Grg(C) be the base point. Then the orbit morphism
LT G—=Grg, gr—g- Ly
is representable by an open immersion.
A closely related fact is that the multiplication morphism
L GxL'G — LG

is representable by an open immersion. Over the image of the morphism of
Lemma the morphism pg, : LG — Grg restricts to the obvious projection
L—=G xLtG - L=—G.

(I1D1In this formula, z—! is treated as a formal variable; this element is not the inverse of anything.
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1.2.1.3. The case of GL(n). — Let R be a C-algebra. An R[z]|-lattice in (R((x)))",
is, by definition, a locally free finitely generated R[x]-submodule A C (R((x)))™ such
that Alz~'] = (R((«)))". We will now review the description of Grgr,(,) in terms of
lattices, following [Rc4l §2].

Writing Ag g for the lattice (R[z]))™ C (R((z)))™ (for any R € Algg), we have a
presentation Grgrn) = colim;>oGrayn),; where Grgr(n),; is the scheme whose set of
R-points is the set of R[x]-lattices A C R((x))™ with

ZJS/L'A()}R CAC LL'_iA()’R.

For any finite-dimensional C-vector space V, it is known that the functor Grass(V)
sending a C-algebra R to the set of R-submodules M C V ®¢ R such that the quotient
(V ®&c R)/M is locally free is a smooth projective scheme over C (see [GW] §8.4]); in
fact it is a disjoint union of the Grassmannians Grassy(V') of d-dimensional subspaces
in V, and for any d we have a natural closed immersion Grassq(V) < P(A® V),
see [GW], §8.10].

Writing M; := x_iAO,C/xiA07C, we then have a closed immersion of schemes

Grgr(n),; < Grass(M;)

which is defined on R-points by A + A/z'Ag g, and hence a closed immersion
Grargm.i < L PN M;).

For i > 0, since Grgr,(n),; and Grgr,(n),i+1 are proper (by the previous paragraph),
the natural morphism Grgr,(n),; — Grarn),i+1 is proper as well, see [SP, Tag 01W6].
Since this morphism is a monomorphism, it must be a closed immersion by |[SP| Tag
04XV].

From these considerations we obtain that Grgr(n) is an ind-scheme, and that it
admits a presentation in which all schemes that appear are projective (in particular,
of finite type) over C.

1.2.1.4. The case of reductive groups. — From now on, assume that G is a (con-
nected) reductive algebraic group over C. A choice of a faithful representation of G
provides a closed immersion G < GL(n) for some n, and the quotient GL(n)/G is
automatically affine by the main result of [Rs]. By [Zh4l Proposition 1.2.6], it follows
that the induced morphism Grg — Grgp(n) is representable by a closed immersion.
In particular, if Grgy(y),; is as above and if we set

Grg,i = GIg XGrepm Gran(n),is

then Grg; is a scheme, and the natural morphism Grg; — Grgp,),: is a closed
immersion. It is also easily seen that

GI‘G = COlimizoGrGﬂ‘,

and that for any ¢ > 0 the natural morphism Grg,; — Grg ;41 is a closed immersion.
In particular, as in the case of GL(n), Grg admits a presentation in which all schemes
that appear are projective over C

(12) One must beware that this property does not hold when G is not reductive.


https://stacks.math.columbia.edu/tag/01W6
https://stacks.math.columbia.edu/tag/04XV
https://stacks.math.columbia.edu/tag/04XV
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1.2.1.5. Spherical orbits and Schubert varieties. — We continue to assume that G is
reductive, and choose a maximal torus 7' C G and a Borel subgroup B C G containing
T. Let BY C G be the Borel subgroup opposite to B with respect to T. We set

X = X*(T), XY = X, (T).

We will denote by 8 C X the root system of (G,T'), and by 534 C R the system of
positive roots consisting of the nonzero T-weights in the Lie algebra of B*. (Thus,
B is the “negative” Borel subgroup. Note that this is opposite to the conventions
of [BR), [IMV2].) Similarly we have the coroots R C X" and the positive coroots
MY C RY. The positive system R, determines a subset XY C X" of dominant
coweights. The Weyl group of (G,T) will be denoted Wy. (Here, “f” stands for
“finite.”)

By |Rs| again the quotient G/T is affine, so that the morphism Gry — Grg is
representable by a closed immersion (again by [Zh4] Proposition 1.2.6]). Any A € XV
determines a C-point #* € LT(C), namely the image under the morphism LG, — LT
induced by A of z € LG, (C) = 2#*. The image of this point in Grp(C) will be
denoted Ly. We will also denote by 2* and L, the images of these points in LG(C)
and Grg(C) respectively.

Consider a presentation Grg = colim;Grg; as in so that the LT G-action
on Grg is induced by compatible actions on each Grg,;, and that the action on
Grg,; factors through a quotient K; of LG which is a smooth group scheme of
finite type over C. If p € XY, we can choose i such that L, € Grg;(C). Then it
makes sense to consider the Kj;-orbit Grf; of L,, which is a reduced locally closed

subscheme of Grg,;. If Grf, is the closure of Grf;, endowed with the reduced closed

subscheme structure, then Grf, is a projective reduced scheme over C, and the natural

morphism Gry, — Grf. is an open immersion, see [SP) Tag 03DQ). It is clear that
this construction does not depend on 7, nor on the choice of presentation of Grg. The
varieties Grf, resp. Grf, are called spherical orbits, resp. Schubert varieties.

The Cartan decomposition states that the reduced ind-scheme (Grg)req associated
with Grg (see admits a stratification (i.e., a partition into locally closed
smooth subschemes satisfying a condition on closures)

(Grg)redz I_l Gré‘;.

rexXy

In more detail, by [Zh4, Proposition 2.1.5], each Grg is a smooth variety, of dimension
dim(Crd) = (20, X),

where p € %X is one-half the sum of the positive roots. It is also well known that

(1.2.2) Gry= || &g
peXY
)\—/.LEZngi

In particular, L, belongs to Gr)c‘;((C) iff the unique dominant We-conjugate u™ of u
satisfies X — put € ZxoRY.


https://stacks.math.columbia.edu/tag/03DQ
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1.2.1.6. Connected components. — If G is as in it is a standard fact that
the connected components of Grg are parametrized by XV /ZRY, see e.g. [PR], The-
orem 0.1]. Given a coset ¢ € XY/ZRY, the subscheme Gr{, is contained in the
component corresponding to ¢ iff v € ¢. We will denote by Grg the component

corresponding to a coset ¢ € XV /ZRY; it satisfies

(Cr)rea = | | Grx.

A€Ec

Since the function (2p, —) takes even values on ZR", the parity of the dimension of
L*G-orbits is constant on each connected component of Grg. Such a component will
be called even if these dimensions are even, and odd if they are odd.

We will call a coweight A mz’nuscul if (A\,a) € {0,1} for any positive root a.
If we denote by XY. < XV the subset of minuscule coweights, then it is well known
that the composition

XY XY - XY /ZRY

is a bijection. Moreover, for any ¢ € XV /ZR", if )¢ is the unique minuscule coweight
in ¢ we have A9 < X for any A € cNXY. As a consequence, the orbit Grgo is closed, and

for any such A we have Grgo C Gryy. The Schubert varieties attached to minuscule
coweights will also be called minuscule; these Schubert varieties are smooth.

This property implies that the assumptions of Lemma are satisfied in this
case: given any presentation Grg = colim;Grg,; such that the LT G-action on Grg
is induced by compatible actions on the Grg,;’s which factor through an action of
a smooth group scheme of finite type, the connected components in Grg,; are de-
termined by the unique minuscule Schubert variety that they contain (because they
are closed and L*G-stable), so that the morphism Grg; — Grg,; indeed induces an
injection on sets of connected components if ¢ < j. In particular, the embedding of
any connected component in Grg is representable by an open and closed immersion.

Example 1.2.3. — Let us revisit the case of G = GL(n) from §1.2.1.3] Choose for
B the subgroup of lower-triangular matrices, and for T the maximal torus consisting
of diagonal matrices. We then have a standard identification

XV =7z",
for which the i-th element in the standard basis of Z™ corresponds to the coweight
g/ it diag(l,...,1,¢,1,...,1)

where ¢t appears in i-th position.

We have an identification XV /ZRY = Z, induced by (A1,...,\,) — >, \;, and
the minuscule coweights are those of the form (k,...,kk—1,...,k —1) with k € Z.
(Here the number of k£ —1’s can be 0.) In particular, the coweight £} is minuscule; its
Weyl group orbit consists of the coweights €Y, ...,e). The orbit GYEIL(”) is therefore
closed.

(13)Note that our definition is more general than in many other sources, including [Bou]. In partic-
ular, for us 0 is a minuscule coweight.



40 CHAPTER 1. REVIEW OF THE GEOMETRIC SATAKE EQUIVALENCE

In terms of lattices, the point L.y corresponds to the lattice
(xO) x 0"t c ™.
Its orbit under L*G is
{A C A" lattice |z - 0" C A C 0", dim(0™/A) = 1}.
The quotiergt O"/x - O™ identifies canonically with C", and via this identification the
variety GrElL(n) identifies with the projective space P"~! of hyperplanes in C".

1.2.2. Gy-actions via cocharacters. — We continue with our complex reductive
algebraic group G, and consider a cocharacter x : G,, — G. From the action of LTG
on Grg, and using the embedding G,,, C LG, (as constant loops) and the morphism
L*G,, — L*G induced by x we obtain an action of G, on Grg.

1.2.2.1. Local linearizability. — In order to start considering the formalism of §1.1.2|
we need to check that the action under consideration is locally linearizable.

Lemma 1.2.4. — The Gy -action on Grg is Zariski locally linearizable.

Proof. — First we consider the case G = GL(n). Recall the construction of
we use the notation introduced there. The cocharacter x defines a Gp-action on AZ,
and hence on M;, on A® M;, and finally on P(A® M;) (for any i and d), such that the
closed embedding Grgr(n),; = Ly P(A? M;) is G-equivariant. Since the Gy,-action
on P(A? M;) is Zariski locally linearizable (see Example 7 we deduce that the
same holds for the Gy,-action on Grgr,(y),i, which finishes the proof in this case.

To treat the case of a general reductive group G, we choose a closed embedding G —
GL(n) for some n as in We then get a presentation Grg = colim;>oGrg ; and
closed immersions Grg,; — Grgrn),i- The composition of x with the embedding G —
GL(n) provides a cocharacter x’ of GL(n). This cocharacter defines a Gy,-action on
each Grgr,(n),i, such that the closed immersion Grg,; — Grgr(n),i is equivariant. Since

the action on Grgy,(n),; is Zariski locally linearizable by the case treated above, the
same is true for the action on Grg,; (see Lemma [1.1.3), which finishes the proof. [

In view of Lemma and Theorem we can consider the ind-schemes (Grg)°
and (Grg)™T, and the natural morphisms

(1.2.3) (Grg)°? + (Grg)* — Grg.

1.2.2.2. Description of fixed points, attractors and repellers. — The cocharacter y
defines via conjugation a Gp-action on G. If we set

M:=G° Pr=Gg", P =G~

(with respect that this action), then it is known that Pt and P~ are parabolic
subgroups of G, that M is a Levi factor in PT and P~, and that M = Pt N P,
see [CGP] §2.1]. The natural maps

M+ P* 5@

are the projection to the Levi quotient and the natural embeddings, respectively.
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Example 1.2.5. — In case Y is obtained from a cocharacter of T' which is moreover
regular dominant, we have P~ = B, Pt = Bt and M =1T.

We can consider the affine Grassmannians Gry, Grp+, and the induced morphisms
(1.2.4) Gry + Grps — Grg.

The following result is implicit in many sources; the first explicit proof (to our knowl-
edge) appears in [HR2, Proposition 3.4].

Theorem 1.2.6. — There exist canonical isomorphisms
Gry = (Grg)?, Grpz = (Grg)*
which identify the diagrams (1.2.3) and (|1.2.4]).

For the proof of Theorem [1.2.6] we will need the following preliminary. Recall the
ind-affine ind-scheme L™~ G, see The Gy-action on G (via conjugation)
induces an action on L™~ @G, so that we can consider the (ind-affine) ind-schemes
(L==G)°? and (L~~G)*. The closed immersion M — G, resp. P* — G, induces a
morphism L=~ M — L~~G, resp. L=~ P* - L~—G.

Lemma 1.2.7. — The morphisms above induce isomorphisms
LM = (L7@G)°, L~ P* 5 (L7 G)*.
Proof. — It suffices to prove similar claims for L~ instead of L™~. We first

consider LM and (L~G)°. By definition, for R € Algg, (L~ G)°(R) consists of the
points g € G(R[z~!]) such that for any R-algebra S and any A € S* we have

XA g x(N) =y
in G(S[z~]). On the other hand, (L™ M)(R) = M(R[z1]). Since M = G° for the
Gm-action on G, the set M (R[z~1]) consists of the elements g € G(R[z~!]) such that
for any 5" € Algp(,-1) and A € (S')* we have

XA g x(N)7 =g
in G(S’). We will check that these two subsets of G(R[z~!]) coincide.

Given g € M(R[z™1]), for any S € Algr and A\ € S* we can consider the R[z~1]-
algebra S’ := S[z~!] and the element A € S* C (S')*. From the description of
M (R[z~1]) given above we obtain that x()\)-g-x(A\)~! =g in G(S") = G(S[z71]), so
that g belongs to (L~ G)°(R). In the other direction, consider g € (L~ G)°(R). Then
if S’ is an R[z~1]-algebra, we can consider S’ as an R-algebra, and the image of 2~
defines an element s € S’. Since g belongs to (L™G)°(R), for any A € (S')* we have

(1.2.5) X g x(N) =y
in G(S’[z1]). We have an S’-algebra morphism S’[z~!] — S'[z71]/(s — 27 1) = 9,

and hence a group homomorphism G(S'[z71]) — G(S’). Taking the image of the
equation (1.2.5) in G(S”") we see that g belongs to (L~ M)(R).

(E_l

(149)This proof is a corrected version of that appearing in the course of the proof of [HR2| Proposi-
tion 3.4], which is slightly wrong.
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The proof of the isomorphisms involving P¥ is similar. If R € Algg, then
(L=G)*(R) is a subset of (L™G)(R[t]) = G(R[z~!,t]) determined by an appropriate
equivariance condition, where ¢ is another indeterminate (such that A}, = Spec(R[t])).
Similarly we have (L~ P*)(R) = P*(R[x™']), which is a certain subset of G(R[z ™!, 1])
determined by an a priori different equivariance condition. The same considerations
as above show that these conditions are in fact equivalent. O

Proof of Theorem[I.2.6l — The action of Gy, is obtained by functoriality from an
action on G. Since the embedding M — G is Gy,-equivariant for the trivial action on
M, we deduce that the induced morphism Gry; — Grg is also G,-equivariant for the
trivial action on Grjs, which shows that this embedding factors through a morphism
Grar — (Grg)?. On the other hand, the conjugation action on G stabilizes PT, and
extends to an action of the monoid Al on this subgroup. It follows that the induced
action on Grp+ also extends to an action of A} For this action, we therefore have
Grp+ = (Grp+)T. We deduce that the morphism Grp+ — Grg factors through a
morphism
Grp+ = (Grp+)t — (Grg)™.
We obtain similarly that the morphism Grp- — Grg factors through a morphism
Grp- — (Grg)~. (In these considerations we have used the fact that Grp+, Grp- are
separated, so that the morphisms (GI’pi)i — Grp+ are monomorphisms, see [Rc3l
Remark 1.19(i)].)
To conclude, it remains to prove that the morphisms

Gry — (Grg)?, Grpr — (Grg)™, Grp- — (Grg)™

are isomorphisms. We will treat the case of the morphism Grp+ — (Grg)™; the
case of the morphism Grp- — (Grg)~ follows by applying the previous case to the
cocharacter !, and the case of Gry; — (Grg)Y can treated similarly (with some
simplifications).

We fix an embedding G — GL(n), and consider the presentation Grg =
colim;Grg ; as in the proof of Lemma so that each Grg,; is projective over C
and Gp,-stable. For any g € LM (C), it follows from Lemma that the morphism
L==G — Grg defined by h +— gh - Ly is representable by an open immersion.
Moreover these open subschemes form a covering of Grg, in the sense that for any ¢
they induce an open covering of Grg ;. (In fact, since these schemes are of finite type
over C, using [GW], Corollary 3.36] it suffices to prove that any C-point in some Grg ;
belongs to such an open subset, which follows e.g. from the Birkhoff decomposition;
indeed it suffices to consider elements in LA(C) where A is a maximal torus contained
in M, see [Fa, Lemma 4].) By Proposition for any g € LM (C) we deduce a
morphism (L™~G)* — (Grg)™ which is representable by an open immersion, and by
the results recalled in these open sub-ind-schemes form a covering of (Grg)™.

For fixed g € LM(C), by Lemma our morphism Grp+ — (Grg)* induces an
isomorphism between an open sub-ind-scheme of Grp+ and the open sub-ind-scheme
of (Grg)™ considered above. We can therefore consider the inverse isomorphism, for

(15)See [HR2|, p. 153] for an explicit description of this action in terms of a Rees construction.
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any g € LM(C). Given two elements in LM (C), these inverse isomorphisms (each
defined on the corresponding open sub-ind-scheme of (Grg)™) coincide on the intersec-
tion of these sub-ind-schemes; in fact since all the ind-schemes considered here are of
ind-finite type (see [GW] Example 3.45]), as above it suffices to prove that they coin-
cide on C-points. This follows from the claim that the morphism Grp+ (C) — Grg(C)
is injective, which in turn holds because these sets identify with P*(#")/P* (&) and
G(X)/G(0) respectively, see (1.2.1). These morphisms therefore glue to define a
morphism (Grg)t — Grp+, which by construction is an inverse to our given mor-
phism Grp+ — (Grg)™. O

1.2.2.3. Some geometric consequences. —

Proposition 1.2.8. — 1. The natural morphism Grpx — Gryy is ind-affine with
geometrically connected ﬁbers In particular, it induces a bijection between
the sets of connected components of Grp+ and GrM and for any connected
component of Grp+ the embedding in Grp+ is representable by an open and
closed immersion.

2. The natural morphism Grp:r — Grg is bijective and restricts to a morphism
representable by a locally closed immersion on each connected component of
Grpj: .

Proof. — Consider a presentation Grg = colim;Grg; as in §1.2.1.4 Then by
Theorem [[.2.6] and Theorem [[.1.6] we have

Grp+ = colimi(Grgyi)i, Gry = colimi(GrGﬂ-)o,

and the morphism Grp+ — Grj; is induced by the canonical morphisms (GI‘G7i)i —
(Grg,;)°. Each of these morphisms is affine (see , proving that our morphism
is ind-affine. Regarding fibers, if K is a field, a morphism Spec(K) — Grp; must
factor through a morphism Spec(K) — (Grg ;) for some i. Then we have

Grp+ Xary, Spec(K) = colim;>;(Grg ;)* X (Gre,;)0 Spec(K).

The underlying topological space of the right-hand side is an increasing union of
connected spaces (see again , with closed immersions as transition maps, so
it is connected. The first part of the second sentence follows, since a continuous
map of topological spaces with connected fibers and which admits a section induces
a bijection between connected components.

Finally, since each morphism (Grg;)* — (Grg,;)? induces a bijection between
sets of connected components, and because (Grg ;) — (Grg,;)" induces an in-
jection between sets of connected components for any ¢ < j (by the identifica-
tion in Theorem and 7 the same property holds for the morphism
(Grg,i)* = (Grg,;)*, so that the embedding of each connected component in Grp+
is representable by an open and closed immersion by Lemma [1.1.1

(16)By this we mean that for any field K and any morphism Spec(K) — Gryys, the underlying
topological space of the ind-scheme Grp+ Xqr,, Spec(K) is connected.

(17) More specifically, this bijection sends a connected component of Grp+ to its image in Grys, and
a connected component of Gras to its inverse image in Grp+.
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(2) Fix a presentation Grg = colim;Grg,; as in the proof of Lemma then we
have a presentation Grp+ = colim;(Grg ;)*. By Lemma for any ¢ the map

|(Gre,i)™| = |Gra.il
is bijective. Passing to colimits we find that |Grp+| — |Grg| is bijective, as claimed.
Let us now prove that for any ¢ the morphism
(GrI'Gﬂ')i — GI‘GJ
restricts to a locally closed immersion on each connected component. Let Y be a
connected component of (Grg ;)*. Using the notation of the proof of Lemmawe
have a Gp,-equivariant closed immersion Grg; — | |, P( A% M;) and induced closed
immersions Y < (Grg,)* < |,(P(A? M;))*, see Lemma m Let T be the
connected component of (P(A? M;))* containing the image of Y. On the other hand,
as seen in Example the morphism P(A\? M;)* — P(A? M;) restricts to a locally
closed immersion on each connected component. That is, T — P(A? M;) factors

through an open subscheme U C P(A®M;). Let U = U Xp(pad ) Gra,i- These
schemes fit into the following commutative diagram.

y open & closed (GI‘G’,L‘)i
open & closed d
T (P(A" M;))*
closed l
U open GrG’i Josed
clm \ p
U open IP>(/\ Ml)

Since Y — U is a closed immersion (see [SP} Tag 02V0]) and U — U is a closed
immersion, we deduce from [SP| Tag 07RK]| that Y — U is as well, and hence that
Y — Grg,; is a locally closed immersion, as desired.

Now, consider a connected component Y of Grp+. We can write Y = colim;Y;
where Y; is a connected component of (Grg ;)* for any 4. If Z is an affine scheme and
Z — Grg is a morphism, then this morphism factors through Grg,; for some 7, and
we have

Y XGrg Z = COliiji)/j xGrG,j Z.
Now for any j > ¢ we have

Yj Xarg,; Z = (Yj Xare,; Gra,i) Xare, £
= (Yj X (Gro,* (Gre 1) Xare, Gr6.1)) X ara, Z = (Vi X (Gra.p)* (Gr6.i) ") XGre . Z
by Lemma @ Now, as seen in the proof of Lemma we have Yj X (Grg )=
(Grg,i)* =Y, so that

Y XGrg Z = Y; XGTG,i Z.

In particular this ind-scheme is a scheme, and the morphism Y xg,, Z — Z is a
locally closed immersion because so is the morphism Y; = Grg,;. O]


https://stacks.math.columbia.edu/tag/02V0
https://stacks.math.columbia.edu/tag/07RK
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1.2.3. Semi-infinite orbits. — Recall that we have fixed subgroups T'C B C G
in §1.2.1.5| We consider the setting of §1.2.2] assuming that x is a cocharacter of T'
which is regular dominant. In this case we have G° = T, Gt = Bt, and G~ = B,

see Example

1.2.3.1. Definition. — Recall from Proposition|1.2.8(|1)) that the morphism Grg+ —
Grp induces a bijection between the connected components of Grg+ and Grp. It is a
standard fact that |Grr| is discrete, with

|Gry| = {Lx: A e XV}

Therefore, the map sending A € XV to the connected component Gr(T/\ ) containing Ly
induces a bijection between X"V and the set of connected components of Gry. For any
A € XY we have Gr(TA)((C) ={L,\} = \Gr(T>‘)|. By Lemma and commutativity
of LT, the morphism L™"7T — Grp given by g +— ¢ - Ly induces an isomorphism
L——T5%5 Grgi\ ), since it is representable by an open immersion and a bijection on
C-points. (A description of L~™~T can be derived from [Rc4, Example 2.8] or [PR),

§3.al.)
For any A € XV we will denote by

S

the connected component of Grg+ corresponding to Grgi\ ) under the bijection consid-
ered above; then we have a natural morphism Sy — Grg which is representable by a

locally closed immersion by Proposition [1.2.8{[2]).

1.2.3.2. Ind-affineness. — The setting considered in can be made slightly
more explicit in this case. Namely, choose a presentation Grg = colim;Grg,; as
in Then for any i the scheme of finite type (Grg ;)? is discrete, and hence the
spectrum of a finite-dimensional C-algebra, see [EGA1] Chap. I, Prop. 6.4.4]. More-
over this algebra is a finite product of finite-dimensional local algebras (see [EGAT]
Chap. 1, §6.2]), so (Grg,;)° is the disjoint union of the spectra of these local algebras,
which are the connected components of (Grg,;)?. If Ly € (Grg,;)?(C), we denote by
(Grg,i)®™ the connected component of (Grg ;) containing Ly; then (Grg ;)%™ is
the spectrum of a finite-dimension local C-algebra. The fiber product

S)\,i = (GrI"GJ-)Jr X(GrG’i)o (GI‘GJ‘)O’(A)

is an affine connected scheme of finite type over C by the results of §1.1.2.2] and we
have

(1.2.6) (Gra.)™ =] | Sri
A

where A runs over the (finite) subset of XV consisting of the elements such that
Ly € (Grg,)°(C).

Fix A € XV, and choose i such that Ly € (Grg,;)°(C). For j > i we have a
closed immersion (Grg ;)" — (Grg ;)*™ induced by a surjection of the associated
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finite-dimensional local C-algebras, and an induced closed immersion

(GrI‘GJ')+ X(Grc,i)o (GI‘GJ-)O’()‘) = (GI‘GJ)Jr X(Grcyj)“ (GI‘GJ)O’()‘)
0,(A)

— (GI‘GJ‘)—’_ X(Gr(;,j)o (GI‘GJ) .

Now the natural morphism (Grg,;)™ — (Grg,;)" is also a closed immersion (see
Lemma [1.1.3)), so it induces a closed immersion

(Gra,i)™ X (arg 0 (Gra )™ = (Gre )" X(are o (Gra )" ™.

Composing these immersions we obtain a closed immersion Sy ; — Sy ;. Now take
colimits on both sides of (1.2.6) to obtain

|_|S>\ = Grp+ = colim;(Grg ;)" = |_|colimz-S)\i
A A

from which we deduce a presentation
Sy = colim; S} ;.

In particular, these considerations show that Sy is an ind-affine ind-scheme.
Note that this fact can also be seen in a different way, by remarking that the
morphism

(1.2.7) L~ Bt > 5,

defined by g — 2*g- LB" (where LE" is the image of Ly € Grp(C) in Grp+(C)) is an
isomorphism, since it is representable by an open immersion (see Lemma [1.2.2)) and
gives a bijection on C-points.

Remark 1.2.9. — Let u € XY. Using the considerations above, it is not difficult
to check that we have
n
(GI‘ICL;) = |_|S)\ XGra Gr’é
A
where A runs over the (finite) subset of XV consisting of the elements such that Ly €
Gr/,(C), and that moreover each S Xy, Grf is an affine scheme of finite type over
C The fact that this fiber product is affine can be used (combined with a general
result on the codimension of the complement of an affine open subscheme, see [SP],

Tag 0BCV]) to give an alternative proof of the crucial dimension estimates [BR),
Theorem 1.5.2]; see [ES| Corollary VI.3.8] for details.

(18) A more complicated proof of this fact is given in [ES| Proposition VI.3.7]. The simpler argument
was explained to us by T. Richarz.


https://stacks.math.columbia.edu/tag/0BCV
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1.2.3.3. Relation with the Iwasawa decomposition. — We have

Grp+(C) = B (X)/B"(0),
see . If we denote by U™ the unipotent radical of B¥, we have BT 2T x U™,
Denoting by LB" the image of Ly in Grp+(C) we deduce that

Grp(C) = | ] U)LY,
Aexv
and
S\C)=U*(x)- LB
It follows from Proposition that for any A € XV the morphism Sy — Grg
is representable by a locally closed immersion, and that these morphisms induce a
bijection
| | S\(C) = Gra(C).
AeXVv
By once again we have Grg(C) = G(#)/G(0). These considerations therefore
show that
Gx)= || Utx)-2*-Go),
AeX. (T)
which provides a geometric proof of the Iwasawa decomposition in this setting.

Remark 1.2.10. — For any A € XV, the action of 2* induces an isomorphism of
ind-schemes Sy = Sy. This lets us reduce many questions about semi-infinite orbits
to the case of Sy.

1.2.3.4. Opposite version. — One can of course play the same game with the Borel
subgroup B (and its unipotent radical U) instead of B*. The connected components
of Grp are again parametrized by XV; the component corresponding to A is denoted
T. All the considerations above have obvious analogues for these variants.

1.3. Main sheaf-theoretic constructions

In this section, we work up to the statement of the geometric Satake equivalence.
Along the way, we review a number of other essential definitions and statements. (For
more details, see [BR] or [Ac3l Chapter 9].)

1.3.1. Sheaves and convolution. — Let k be a noetherian commutative ring of
finite global dimension. This ring will be the coefficient ring for all constructible
(complexes of ) sheaves.
We denote by
Dp o (Grg, k)
the constructible LT G-equivariant derived category of Grg in the sense of Bernstein—
Lunts, and by
PervL+G(Grg, k) C DE+G(Gr(;, ]k)

the abelian category of LT G-equivariant perverse sheaves. (For a discussion of techni-
cal issues related to the definition of D}, ,(Grg, k), see [Ac3| §9.1] or [BR], §1.16.4].
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For an overview of equivariant perverse sheaves, see [Ac3l §6.2] or [BR] §1.4.1
and §1.16.1].)
For A € XY, let g Gré‘; — QGrg denote the embedding. We have three LTG-

equivariant perverse sheaves naturally associated with \:

TN K) = Pt ((5%) ke [N 20)]),

Ti(AK) = P (7)) ik, [, 20)]),

\%*()\7 k) = (jA)!*kGré [</\7 2p>]'
The k-module Hompery, | . (Gro k) (J1(As k), T (A k)) is free of rank 1 (with a canonical
generator provided by adjunction), and the image of any generator is Ji. (A, k). If k is

a field then Ji. (A, k) is a simple perverse sheaf. If k is a connected ring then J (A, k)
and J. (A, k) are indecomposable.

Example 1.3.1. — 1. In case A = 0, the natural morphisms
J1(0,k) = J1.(0,k) — F..(0,k)

are clearly isomorphisms. The resulting object will be denoted d¢;.

2. In the setting considered in Example|1.2.3] we observed that the orbit GrEG}L(n)
is closed. Therefore the natural morphisms

Ji(eY k) = Tiu(el . k) = Tu(ey k)

are all isomorphisms, and these perverse sheaves identify with k .v  [n —1].
'GL(n)
Similar comments apply more generally to minuscule coweights (in the sense

of §1.2.1.6).

The category DE+G(Grg,k) is equipped with a bifunctor called the convolution

product, and denoted by «U C. To define L ¢, we introduce the space

CGrg X Grg := LG xL'a Grg.
(More formally, Grg x Grg is the fppf sheafification of the functor R — (LG(R) x
Grg(R))/LTG(R), where LTG acts on LG x Grg via g - (h,z) = (hg™',g-2).) If
A\ p € XY, we also set Grey x Grlt := (par) ' (Grg) xL*G Grf,. Then the collection
(Grg X Gri : A, p € XY) provides an ilgebraic stratification of (the topological space
associated with) the ind-scheme Grg x Grg. We will denote by
(1.3.1) m : Grg X Grg — Gra
the morphism defined by m([g,hRLTG]) = ghL*G. For &,% in D}, ,(Grg, k),
we denote by & X % the unique object in DE+G(GrG x Grg, k) whose pullback to
DY, oira(LG x Grg) is (par)* (o) KL 2. Then we set

(1.3.2) A KRB = m, (AR B).

It is a classical fact that this bifunctor admits a natural associativity constraint, so
that the pair (DE+G(Grg,k),*L+G) becomes a monoidal category, with unit object
dgr- Later in the book we will also consider convolution in the case when the first
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object is not L™ G-equivariant; indeed, by the same procedure as above, we may define,
for any & in D?(Grg, k) and £ in D}, ,(Grg, k), the complex

A K B =m, (o R B)

in D®(Grg, k).
We now consider t-exactness properties of «"G The following claim is due to
Mirkovié—Vilonen, see [BR], §1.6.3].

Lemma 1.3.2. — If .F is a perverse sheaf on Grg X Grg which is constructible with
respect to the stratification (Grg X Grig : A\, p € XY), then my.F is a perverse sheaf
on Grg, constructible with respect to the stratification (Gr)c‘; A€ X\_f_)

In , suppose <7 and % belong to Pervy +¢(Grg, k). Then one can ask whether
A KPR is perverse. The answer is yes if at least one of &7 or Z has either flat stalks or
flat hypercohomology (cf. [BR), Lemma 1.10.9]); in particular, this holds if k is a field,
or, more generally, a semisimple ring. In general, &/ X % need not be perverse, but it
is concentrated in nonpositive perverse degrees. Lemma implies that o/ «L7C g
again lies in nonpositive perverse degrees, and is perverse if k is a semisimple ring.
We set

A kG B =P (ot K B) = P (o R B).

Using the above considerations, it is not difficult to check that for &/, %#,% in
Pervi+¢(Grg, k) we have canonical isomorphisms

(o +57C B)«5 G ¢ =P (o +27C B) £ 7C ),
o+ (BTG ) v (o KGR TC %)).

From this we obtain that the associativity constraint in D}j+ (Grg, k) induces one in
Pervi + ¢ (Grg, k), making (Pervy+(Gra, k), 5" ©) into a monoidal category. Again,
the unit object in this monoidal category is dg,;. Note also that Lemma [1.3.2| implies
that for & in Pervp+g(Grg, k) the functors </ *HG (=) and (—) *%+G &/ are right
exact.

Broadly speaking, the goal of the geometric Satake equivalence is to describe the
monoidal category (Pervi+g(Gra, k), 5 ) in terms of representations of some affine
k-group scheme.

Remark 1.3.3. — Above, we have summarized the t-exactness consequences
of Lemma for o ¥%'¢ % in the case where & and % both belong to
Pervi+¢(Grg, k). We will see later (see Corollary that the same conclu-
sions hold if &7 is an arbitary object of Perv(Grg,k) (i.e., not assumed to be
L*G-equivariant): &/ «2"C % is concentrated in nonpositive perverse degrees, and
is perverse if k is semisimple. However, the proof will require a rather different
perspective on convolution.
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1.3.2. The fiber functor. — Let Mofy denote the category of finitely generated
k-modules, and consider the functor

F:=H*(Grg, —) : Pervp+g(Grg, k) — Mofy.

(Of course this functor actually yields graded k-modules, but this will mostly be
ignored here.) Under the anticipated relation to representations of an affine k-group
scheme, the functor F will correspond to the forgetful functor sending a representation
to its underlying k-module. In order to prove this, we first need to show that F has
some basic properties that a forgetful functor obviously has. The first such property
is the following: see [BRJ, Theorem 1.10.4].

Proposition 1.3.4. — The functor F is exact and faithful.

The proof involves equipping F with some additional structure coming from the ge-
ometry of the semi-infinite orbits encountered in §1.2.3] A crucial step for the proof of
the geometric Satake equivalence is the following claim, see [BRI Proposition 1.10.1].

Proposition 1.3.5. — For any A € XV and &/ in Pervi+q(Grg, k), there exists a
canonical (in particular, functorial) isomorphism of k-modules

HZ(Sx, &) = HE, (Grg, o).
Moreover, these modules vanish in all degrees different from (X, 2p).

In this statement, the isomorphism between the two k-modules follows from
Braden’s theory of hyperbolic localization (see [Bra, [DrGl [Rc3]), and applies
to a large class of complexes. The vanishing statement, however, only holds for
L*G-equivariant perverse sheaves, and relies on a fine analysis of the intersections
Sx N Grpy and Ty N Grfs, see [BRY, §1.5.2] (sce also Remark [1.2.9).

Once this proposition is proved one sets, for A € XV,

Fy:=HM2) (S, —) = H%ﬂp) (Grg, —) : Pervp+g(Grg, k) — Mofy.
These functors let us equip F with a new grading indexed by XV, as follows.

Corollary 1.3.6. — For any & in Pervy+g(Grg,k), there exists a canonical (in
particular, functorial) isomorphism of k-modules

F(o7) = P Fa(a).
reXxXv
Moreover, this is an isomorphism of Z-graded k-modules, where the left-hand side
carries its natural grading, and the right-hand side is graded by placing Fy(<7) in
degree (A, 2p).

Here the corollary follows quite formally from the vanishing statement in Proposi-
tion see [BR] Theorem 1.10.4] for details. We will not review its proof in detail,
but will only recall that for & in Pervy+g(Grg, k), the submodule Fy () C F(«) is
the image of the (injective) map

20 (Grg, o) — HO2P) (Grg, )

HT
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induced by the (j,')-adjunction for the embedding Ty «— Grg.

Let us sketch how to deduce Proposition from Proposition and Corol-
lary For exactness of F, it is enough to show that each F) is exact, and this
follows from the vanishing statement in Proposition by considering an appropri-
ate long exact sequence in cohomology. Then, given this exactness, the faithfulness
of F is equivalent to the property that it does not kill any nonzero object. For this
one checks (using a description of T\ N Gr{, in this case) that Fy (&) # 0 if A € XY is

such that Grgy is open in the support of <7: see [BR), Theorem 1.5.9(2)] for details.

Remark 1.3.7. — In order to define the subfunctor F) C F, we have chosen initially
a Borel subgroup B C G and a maximal torus 7' C B. However, the subfunctor
Fy C F does not depend on these choices provided A is interpreted as a cocharacter
of the “universal maximal torus” H of G, as explained in [BR], Lemma 1.5.11 and
Remark 1.10.5]. (Recall that the universal maximal torus is defined as the quotient
of any Borel subgroup by its unipotent radical. Different choices of Borel subgroups
yield canonically isomorphic tori, but this universal torus is not a subgroup of G.)

Let us explain this more concretely in a special case which will be sufficient for
our purposes. For any w in the Weyl group Wy = Ng(T)/T one can consider the
subgroup B, := wBw~! where 1 is any lift of w to Ng(T); its unipotent radical is
Uy := wUw~'. Then we have natural isomorphisms

0e: T = B/U=H, ¢,:T> B,/U,=H,

such that ¢! o ¢, is the automorphism of T' defined by w. Therefore if A € XV =
X.(T) is considered as a cocharacter of H via ., then the corresponding cocharacter
of T seen as a maximal torus in B, is w(A). Therefore, for any <7 in Pervy+5(Grg, k)
we have

H’%:,(Grg, ) =0 unless n = (w'(u),2p),

and F) C F is also the image of the canonical morphism

HE22 (Grg, o) — HO) (Grg, o),
w(A)

where T} is the connected component of Grp, containing the image of L, under
the embedding Gry — Grp,,. (In the vanishing statement in Proposition the
character “2p” should be interpreted as the opposite of the character of T on the
highest nonzero wedge power of the Lie algebra of B; for the Borel subgroup B,, this
character is therefore w(2p), which justifies the vanishing statement given here.)

1.3.3. Fusion product and the commutativity constraint. — If the monoidal
category (Pervy+q(Grg, k), *{)‘+G) is expected to be equivalent to the category of rep-
resentations of some affine k-group scheme, then the product *%JrG should be “commu-
tative,” i.e. admit a commutativity constraint. In fact, this commutativity constraint
is a prerequisite to proving the equivalence. The construction of the commutativity
constraint depends on an alternative description of KLra (called the “fusion product”)
which we recall now, following [MV2]. (The idea of this construction goes back to
Drinfeld, see [BDJ.) This construction is phrased in terms of certain moduli problems
which will be discussed in more detail in Section 2.2 below.
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We set C = AL. For R a C-algebra, and y an R-point of C, we will denote by
rycCr ::AC’ x Spec(R) the graph of y, and by I'y the completion of Cr along I',.
(We regard I'y as an ordinary (affine) scheme, not as a formal scheme.) We also set
f; = fy N I'y. Similarly, given two R-points y1,y2 of C, we denote by I'y, ULy, the
completion of Cg along I'y, UT,,, and set (I'y, UT',,)° := Ty, UT,, ~ (T'y, UT,,).
Finally, for any C-scheme X we will denote by F% the trivial principal G-bundle over
X. (See [BR] §1.7.1] for a very brief survey of principal G-bundles, or §2.1.2| below
for more details and references.)

The “fusion space” (or “Beilinson—Drinfeld Grassmannian”) Fusg is defined to be

the ind-projective ind-scheme over C? whose R-points (for R a C-algebra) are given
by

=S F0 a trivialization

y1,Y2 € C(R), £ a principal G-bundle on Fyl/U\Fyz, }
B €\, 0T, (Dyy ULy, )°

{(111792,&5)

(Here we implicitly consider isomorphism classes of quadruples (y1,y2,&, 3), for the
obvious notion of isomorphism.) See [Zh4] Theorem 3.1.3] for a discussion of the
proof of representability of this functor. This ind-scheme is denoted Grg 2 in [BR)
§1.7.3].

Let AC denote the diagonal copy of C inside C?. It is well known that we have
canonical identifications

(133) (FUSG)|C2\AC = GI‘G X GI‘G X (02 AN AC), (FUSG)‘AC = GI‘G X C,
see [Zh4, Proposition 3.1.13]. Denote the corresponding inclusion maps by
j:Grg x Grg x (02 N AC) < Fusg, 1: Grg x C — Fusg.

Remark 1.3.8. — Given a choice of cocharacter A € XV, as in we have an
induced action of the multiplicative group Gy, ¢z on Fusg. One can prove, essentially
as in the case considered in Lemmall.2.4] that this action is Zariski locally linearisable;
see [HR1 Lemma 3.16] for detai One can thus consider associated schemes
(Fusg)™t, (Fusg)™ and (Fusg)®. On the other hand, the definition of Fusg can be
extended to more general groups over C, and in particular to the groups P, P~
and M of It is proved in [HR1, Theorem 3.17] that we have canonical
identifications

Fusyr — (Fusg)?, Fuspr — (Fusg)t, Fusp- = (Fusg)™,

and one deduces consequences similar to those of Proposition [[.2.8]

In particular, consider the case when A is regular dominant, as in In this
case PT = BT, P~ = B and M = T. The connected components of Fusy are
parametrized by XV. More specifically, under the identifications , the com-

ponent parametrized by A identifies with Grgp)‘ ) over any point of AC, and with

(191n the more general setting considered in [HR1], this action is only étale locally linearizable, but
the stronger condition of Zariski local linearizability holds in the special case we consider here.
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I—lu Grgft) X Grgf‘fu) over any point in C2~ AC. As a consequence, the connected com-
ponents of Fusp are also parametrized by XV, and the component T 2 parametrized
by A satisfies

(TA’CZ)‘CZ\AC = I_lT,u X T)\*IJ« X (02 AN AC), (T)\,CZ)|AC =T\ xC.
7

(In [BR,, §1.8.3], the analogue of Ty ¢ for the group B* is denoted S)(X?).)

The key point for the construction of the commutativity constraint is that for .o/, %
in Pervy+g(Grg, k) there exists a canonical isomorphism

L L L
(1.3.4) "G (P (o Ry B) My koo acl2]) = (o 55 © B) B kacl2]

The functor (—) KL ka[2] is fully faithful on perverse sheaves by [BBDG] Proposi-
tion 4.2.5], so to specify a natural isomorphism

+ +
o5y A Ky C BB A

it is enough to give a natural isomorphism

L L L L
(1.3.5) i*ju (P (o Wi B) B ko ac[2]) =07 (CH (B B o) Ric ke ac[2)-

To construct this map, we use the map swap : Fusg — Fusg that swaps y; and ys.
The isomorphism (|1.3.5)) is obtained by combining the natural isomorphisms

L L L L
swap|ce ac (9 B BB koo ac(2]) 2 BBk o Wikee ac[2]
and
i* 0 jis 0 Swaprcﬂ\Ac =" oswap” o ji. = SW&pTAC 014" 0 ji, &2 i" o ji,

where the last isomorphism comes from the fact that swap restricts to the identity
map on (Fusg)ac-

The isomorphism ¢""® is not quite the commutativity constraint one wants for
Tannakian formalism. To define the constraint that will really be used, by additivity
one can assume that &/ and 4 are supported on one connected component of Grg.
If o7 and £ are both supported on odd components one sets

Fus

Com __ Fus
Ocf. 6 — — 0ot B>

and if at least one of &7, % is supported on an even connected component one sets

Com __ _Fus
O, = Ot B

(See §1.2.1.6| for the notions of even and odd components.)
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1.3.4. Monoidal structure on total cohomology. — The next task is to con-
struct is a tensor structure on F in the sense of [DM| Definition 1.8], i.e. functorial
isomorphisms

(1.3.6) F(of %5 ¢ B) = F(of) @y F(B)

for all &7, # in Pervy+g(Grg, k), which are compatible (in the natural sense) with
the associativity and commutativity constraints defined above.

This construction again involves the fusion product perspective of More
specifically, using the notation introduced there, and denoting by f : Fusg — C? the
(proper) structure morphism, the main step in the construction is the following claim
(see [BR] Proposition 1.8.1]).

Lemma 1.8.9. — For any <7, B in Pervy+q(Grg, k), the complex

L L
¢ = f*j!*(pﬁo(d Xy B) Wi koo acl2])
has the following properties:

1. for any x € AC and any n € Z, the n-th cohomology of the stalk of € at x is
canonically isomorphic to H"*2(Grg, o/ *HG B);

2. for any x € C%2 ~ AC and any n € Z, the n-th cohomology of the stalk of € at
x is canonically isomorphic to H""2(Grg x Grg, PH#°(of WL 8));

3. all cohomology sheaves ™ (€) are locally constant (and hence constant).

In this lemma, follows directly from , and is clear from the defini-
tion. Property however requires an argument. Once these properties are known,
statement (3]) allows us to identify the stalks of J#™ (%) at all points in a canonical
way. We therefore obtain a canonical isomorphism of graded k-modules

L
H* (Grg, o +5 ¢ ) = H*(Grg x Grg, P (of Ky B)).

To deduce the isomorphism (|1.3.6)), one then shows that there exists a canonical
isomorphism

L
(1.3.7) H®(Grg x Grg, P70 (of Ky B)) = H*(Grg, &) @y H*(Grg, B),
see [BR), Lemma 1.10.10].

Remark 1.3.10. — In case k is a field, follows from the Kiinneth formula.
For the general case, an important step in the proof is the following claim (see [BRJ,
Lemma 1.10.9]), which we recall for later use: if &7, % belong to Pervi+g(Grg, k) and
if F(«7) is flat over k, then &/ KL % is a perverse sheaf (on Grg x Grg).

Once we have the isomorphism (|1.3.6)), one needs to prove that it is compatible with
the associativity and commutativity constraints for *15+G, which is not very difficult;

see [BR], §1.8.2] for details. One also shows that this isomorphism is compatible with
the XV-grading provided by Corollary see [BRJ, Proposition 1.8.3].
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1.3.5. Statement. — We are now ready to state the geometric Satake equivalence.
Let Gy be the unique (up to isomorphism) split reductive group scheme over Z whose
base change to C has root datum (XV,X,R"Y,R). (The uniqueness of such a group
scheme is guaranteed by [SGA3.3|, Exposé XXIII, Corollaire 5.4]. Also, we insist that
the roles of characters/cocharacters and roots/coroots have been switched compared
to the root datum of G.) If k is a noetherian commutative ring of finite global
dimension, we then set

Gﬂz = Spec(]k) X Spec(Z) G\Z/a
and let Rep(Gy) denote the symmetric monoidal category of G)/-modules that are

finitely generated over k. (The monoidal structure is given by the tensor product
®k.) We will also denote by Forgy : Rep(Gy) — Mofy the natural forgetful functor.

Theorem 1.3.11 (Mirkovié¢—Vilonen [MV2]). — Under the assumptions above,
there exists an equivalence of abelian symmetric monoidal categories

S : (Pervi: (Cre, k), x5 %) = (Rep(GY), @)
and an isomorphism of monoidal functors

FOI‘GH\S/ oS =F.

Here, Pervy+g(Grg, k) is considered as a symmetric monoidal category with respect
to the commutativity constraint o“°™, and (Rep(GY),®x) is endowed with the ob-
vious commutativity constraint. The equivalence & intertwines the associativity and
commutativity constraints of (Pervy+q(Grg, k), ©) with those of (Rep(GY), ®y),
and sends the unit object dg, to the unit object in (Rep(Gy), ®k), namely the trivial
representation k.

The formulation of Theorem [I.3.11] given here is slightly disappointing, in that the
group scheme GY is defined only up to isomorphism, so that it is not possible to say
that S is canonical in any sense. But what is proved in [MV2] is slightly better: in
fact, while proving this theorem, one actually constructs a canonical affine k-group
scheme ék for any k as above, then proves that

(1.3.8) Gl 2 Spec(k') Xspee(i) Gi

canonically for any ring morphism k — k’, and finally that Gy, is split reductive and
that G¢ has the expected root datum. In the course of the proof, one also constructs
a canonical (split) maximal torus 7,Y C Gy whose weight lattice is identified with XV,

along with a (negative) Borel subgroup By C Gy containing 7. By construction,
the direct summand Fy (/) C F(27) (see Corollary [1.3.6) is the A-weight space (for
the action of the maximal torus 7}”) of the representation S(<).

1.4. Overview of the construction of the group scheme

In this section we outline the construction of the group scheme ék and the proof
of Theorem [[.3.11] None of these details will be used in the rest of the book.
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1.4.1. Tannakian formalism. — The proof of Theorem is based on “Tan-
nakian formalism,” which refers to a family of results on recovering a group scheme
from its (tensor) category of representations (see e.g. [Mi2l Chapter X]). A typi-
cal such result is the following statement, for which we refer to [DM), Remark 2.18]
or [BR), Theorem 1.2.7]. Here we assume that k is a field, and denote by Vecty the
category of finite-dimensional k-vector spaces.

Theorem 1.4.1. — Let € be an abelian k-linear category equipped with the following
data:
— an exact k-linear faithful functor w: € — Vecty;
— a k-bilinear functor ® : € X ¢ — € ;
— an object U € €;
— an isomorphism ¢xyz : X @ (Y @ Z) = (X ®Y)® Z, natural in X, Y and Z
(the associativity constraint);

— isomorphisms UR X AX, x X X®U, both natural in X (the unit constraints);
— anisomorphism Yxy : X®Y 2 Y®RX natural in X andY (the commutativity
constraint).

We also assume we are given isomorphisms v : k = w(U) and
(1.4.1) xy w(X)@kw(l) S wXY)

in Vecty, with Tx y natural in X,Y € €. Finally, we assume the following conditions
hold:

1. Taking into account the identifications provided by T and v, the isomorphisms
w(odxyz), wAx), wlpx) and w(xy) are the usual associativity, unit and
commutativity constraints in Vecty.

2. If dimy (w(X)) =1, then there exists X* € € such that X ® X* = U.

Under these assumptions, there exists an affine k-group scheme H such that w admits
a canonical factorization

€ = Rep(H)
\ /om
Vecty

where Rep(H) is the category of finite-dimensional algebraic representations of H,
and where W is an equivalence of categories that respects the tensor product and the
unit in the sense of the compatibility condition .

Here, the group scheme H is “reconstructed” from the category %: for any
commutative k-algebra R, an element @ € H(R) is a collection of elements
ax € Endgr(w(X) ® R), natural in X € ¥, and compatible with ® and U via
the isomorphisms 7 and v. (There is no need to specifically ask for invertibility: this
will automatically follow from condition )

Still assuming that k is a field, in the setting where ¥ = Pervp+g(Grg, k) and
w = F, given the structures recalled in Section this theorem provides an affine
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k-group scheme Hy and an equivalence of symmetric monoidal categories
@ : Pervy+ ¢(Grg, k) = Rep(Hy).

If we denote by Vectﬂ)fV the category of XV-graded finite-dimensional k-vector spaces,
\2
our functor F factors through a functor Pervi+g(Grg,k) — Vectﬂ)(( , and all the
\2
structures on this functor lift to the category Vectﬂf . If we denote by T} the unique

split k-torus whose character lattice is XV, then Vect]kXv is canonically equivalent to
Rep(7}/). In this way one obtains a canonical functor Rep(Hy) — Rep(7}’), which by
Tannakian formalism (see [BRJ, Proposition 1.2.10]) provides a morphism of k-group
schemes 7,Y — Hy. This morphism can easily be seen to be a closed immersion; we
therefore identify 7}, with a closed subgroup of Hy. From this perspective, for any
A € XV and any .Z € Pervy,+g(Grg, k), we have a canonical identification

(1.4.2) FA(F) =W(F)a,

where the right-hand side denotes the A-weight space of the Hy-representation w(.%).

One can also prove in the context of Tannakian formalism that Hy is of finite type
and connected (see [BR), Lemma 1.14.2] for details). But this is as far as we can go
without further restrictions: unless char(k) = 0, there is (at present) no known way to
say anything more about Hy without considering more general coefficient rings. For a
general ring k, there are no general results like Theorem [1.4.1} one will therefore need
to construct the group scheme ék “by hand,” exploiting more specific structures we
have on the category Pervy+g(Grg, k).

1.4.2. The case of characteristic-0 coefficients. — We explained in §I.4.1] that
Theorem [1.4.1] is not sufficient to prove Theorem for general fields. There is
one case where it is sufficient, and which is very important (both in its own right,
and for the general proof), namely the case when char(k) = 0. In fact, under this
assumption, there is a simple criterion that can be used to show that a connected
affine group scheme of finite type is reductive: this holds if and only if its category of
finite-dimensional representations is semisimple (see [DM), Proposition 2.23]). For the
category Pervy+q(Grg, k), semisimplicity is well known in this case, see [BR), §1.4]
for two slightly different proofs of this fact. Both proofs rely on two key ingredients:
the first is a parity-vanishing property for local intersection cohomology (this goes
back to [KL2] and holds for arbitrary partial flag varieties of Kac-Moody groups),
and the second is that the dimensions of L™ G-orbits have constant parity on each
connected component of Grg (see §1.2.1.6).

Once it is known that Hy is reductive, it is not difficult to check that T}/ is a
maximal torus. One can then consider the root datum of Hy with respect to T}’
The simple objects in Rep(Hy) are known (because, by the general theory of perverse
sheaves, they must be the images of the intersection cohomology complexes associated
with the LT G-orbits in Grg), and the root datum can be essentially recovered from
this information; see [BRJ §1.9.2]. This allows one to prove that this root datum is
the quadruple (XY, X, RY,R) (together with the bijection between roots and coroots
of G), or in other words that Hy is the split reductive group over k which is Langlands
dual to G, and therefore finishes the proof of Theorem in this special case.
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1.4.3. Projective generators. — We now drop our special assumptions on k, and
come back to the setting where it is a general noetherian commutative ring of finite
global dimension. (The other rings denoted k’ below will also tacitly be assumed to
satisfy these conditions.)

The main ingredient in the construction of the k-group scheme Gy is the repre-
sentability statement in Lemma [[.4.2] below. Let us define the notation needed for
this statement. Let Z C Grg be a closed union of finitely many L+G-orbits, and let
v € XV be such that Z N T, # @. Then for n > 0, the action of LG on Z factors
through an action of the finite-type group scheme LG which represents the functor
sending a C-algebra R to G(R[x]/z™). We denote by

ap:LIGxZ— 7

the action and projection maps, respectively, and by i : Z N7, — Z the (locally
closed) embedding.

Lemma 1.4.2. — The Lt G-equivariant perverse sheaf
PZ (Va k) = p‘%o(a!p!i!kZﬁTu [7<V7 2p>])
represents the restriction of the functor F,, to Pervp+g(Z,k) C Pervp+g(Grg, k).

The proof of this lemma is rather straightforward (see [BR] Proposition 1.12.1}):
by definition the object i1k ,~r [—(v,2p)] “represents” the functor F, in the sense
that we have F, (&) = Hompy (z 1 (ilk 1, [—(v, 2p)], &) for any o7 in Pervy+q(Z,k),
but it is not an object of Pervi+g(Z,k). We therefore “force” it to become LT G-
equivariant by applying aip', and to become perverse by applying P#°. One then
checks that these operations do not alter the fact that our complex represents F,,.

One can next define the object

Py(k)= € Pz(v.k)

vexXy
ZNT, 4@

(where the direct sum is finite). Lemma and Corollary imply that Pz (k)
represents the restriction of F to Pervy +g(Z, k), and from Propositionwe deduce
that Pz(k) is a projective generator of the category Pervy+q(Z, k).

If Y is another closed finite union of Lt G-orbits such that Z C Y, then it is not
difficult to check that there exists a canonical surjection

(1.4.3) Py (k) — P#°(Py (k) z) = Pz(k),

see |[BRIl Proposition 1.12.2]. Then, a careful study of the objects Ji()\ k) and
J«(A\ k) from §1.3.1] (see [BR), §1.11]) leads to the following result (see [BRJ, Propo-
sition 1.12.3]).

Proposition 1.4.3. — Let Z C Grg be a closed finite union of LT G-orbits.

1. The object Pz(k) admits a filtration in the abelian category Pervy+q(Z, k)
parametrized by {\ € XY | Grgy C Z} (endowed with any total order refining
the order given by closure inclusions) and with subquotients isomorphic to

F(T.(A\ k) @k Ji(A k).
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2. For any ring homomorphism k — Kk’ there exists a canonical isomorphism

L
Pz(kl) ~ K R Pz(k)

(In particular, the right-hand side is a perverse sheaf.)
3. The k-module F(Pz(k)) is finite free, and for any ring homomorphism k — k'
we have

F(Pz(k')) = k' @ F(Pz(k)).

1.4.4. Construction of the group scheme. — For any closed finite union of
L*G-orbits Z C Grg, we now consider the (unital) k-algebra

Az (k) := Endpen, , . (zx) (Pz(k))?.

Since Pz (k) represents the functor F, as k-modules we have Az(k) = F(Pz(k)),
so that Az (k) is free of finite rank by Proposition . By abstract nonsense
(see BRI, §1.13.1]), since Pz(k) is a projective generator of Pervy +g(Z,k) the functor
Hom(Pz(k), —) induces an equivalence of abelian categories

Pervi+c(Z, k) = Mof 4, )

where the right-hand side denotes the category of finitely generated left Az (k)-
modules. Moreover, under this equivalence the functor F : Pervy+g(Z,k) — Mofy
corresponds to the natural forgetful functor Mof 4, ) — Mofy.

We next set

Bz(ﬂ() = HOIn]k(Az(ﬂ{),]k).

The (unital) algebra structure on Az(k) induces a (counital) coalgebra structure on
By (k), and we have a natural identification

MOfAZ (]k) l> ComofBZ (]k)a

where the right-hand side denotes the category of finitely generated (over k) right
Bz (k)-comodules.

If Y C Grg is another closed finite union of Lt G-orbits such that Z C Y, then
from one gets a surjective algebra map Ay (k) - Az(k), and then an injective
coalgebra morphism Bz (k) < By (k). We can therefore define the coalgebra

B(]k) = COliszz(k),

where the colimit runs over finite closed unions of L+G-orbits in Grg (ordered by
inclusion).
The following properties are easily derived from this construction.

Proposition 1.4.4. — 1. The coalgebra B(k) is free (though not of finite rank)
as a module over k, and for any ring homomorphismk — k' we have a canonical
identification

B(k') =k @y B(k).
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2. There exists a canonical equivalence of categories
Pervi+¢(Grg, k) = Comof gy

under which the functor F : Pervp+g(Grg, k) — Mofy corresponds to the forget-
Jul functor Comof gy — Mof.

The construction so far has not used the convolution product *HG on the category
Pervy+g(Grg, k). Now is the time when this product enters the game. Namely, via
the equivalence of Proposition , the associative, commutative monoidal struc-
ture on Pervy+g(Grg, k) defines an associative, commutative monoidal structure on
Comofg(k). By abstract nonsense (see [SR) Chap. II, §2.5]) there exists a unique
associative, commutative algebra structure on B(k) which makes it a bialgebra and
such that this monoidal structure corresponds to the natural B(k)-comodule structure
on a tensor product of B(k)-comodules. In other words, the equivalence of Propo-
sition now becomes an equivalence of monoidal categories, compatible with
the commutativity constraints. There exists also a unit for this structure, given by
the canonical map k = Bg,o, (k) — B(k).

If we denote by ék the spectrum of the commutative k-algebra B(k), then the
coassociative coproduct (resp. the counit) on B(k) provides an associative product
(resp. a unit) on Gy (in the category of affine k-schemes), which make this scheme a
monoid scheme over k. Moreover, by definition the category Comof p(y) identifies with
the category of representations of Gy which are of finite type as k-modules. Using
essentially the same argument as for fields (see one can check that in fact Gy
is a group scheme, see [BR), Proposition 1.13.4].

We have finally reached the first step towards the proof of Theorem we have
constructed an affine k-group scheme ék and an equivalence of monoidal categories

Pervy+(Grg, k) = Rep(Gy)

intertwining the commutativity constraint ¢©°™ (see §1.3.3) with the obvious com-

mutativity constraint on Rep(Gg), and under which the functor F corresponds to
Forg . Moreover, Proposition 1.4.4)|1) implies that we have an identification (|1.3.8])

for any ring homomorphism k — k’. Since we know from & that Gg is con-
nected reductive with root datum (X, X,RY,9R), the remaining step for the proof
of Theorem is proving that Gz is a split reductive group scheme.

Before doing that, we remark that the same considerations as in the characteristic-
0 setting allow us to construct a canonical closed embedding T, < Gy, where T}/ is
the unique split k-torus whose character lattice is XV.

1.4.5. Identification of the group scheme. — In order to show that éz is reduc-
tive, we will use two results due to Prasad—Yu. The first one (see [PY], Theorem 1.5])
gives a criterion to show that a (flat, affine) Z-group scheme is reductive in terms of
the geometric fibers of the group.
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Theorem 1.4.5. — If H is a flat affine group scheme over Spec(Z) such that for
any algebraically closed field k the fiber Spec(k) Xspec(z) H is a connected reductive
group, whose dimension is independent of k, then H is a reductive group scheme.

In our setting we already know that the affine Z-group scheme Gy is flat (see
Proposition ) Therefore, given this theorem (and the definition of maximal
tori), to conclude it only remains to prove that for any algebraically closed field k of
characteristic p > 0, the k-group scheme ék (which can be easily checked to coincide
with the group denoted Hy in is connected reductive, with maximal torus T}’
and root datum (X, X, RV R). (Here we use the obvious observation that the root
datum determines the dimension.)

So, from now on we fix a prime number p > 0, and assume that k is an algebraic
closure of IF,. The second result of Prasad—Yu that we require (see [PY, Theorem 1.2])
is the following.

Theorem 1.4.6. — Let H be a flat affine group scheme over Spec(Z,). Assume
that the following two conditions hold:

L. the generic fiber Spec(Qp) Xspec(z,) H is a connected reductive group over Qy;

2. the reduced geometric special fiber (Spec(k) X Spec(Z,) H)red s of finite type,
and its identity component is a reductive group with the same root datum as
Spec(Q,) X Spec(z,) H (where Q, is an algebraic closure of Q).

Then H is a reductive group scheme. (In particular, Spec(k) Xgpec(z,) H is already
reduced and connected.)

Given this theorem, to conclude we now only need to show that (ék) req 18 connected
reductive, with maximal torus and root datum (X, X, RV, R).

For this, we fix a finite typ quotient éﬂ’; of Gy such that all irreducible G-
modules factor through éﬂz—modules. (Such a quotient exists because, as can eas-
ily be seen by comparing with Pervy+q(Grg, k), there exists a finite subset X of
the set of isomorphism classes of simple representations such that every simple G-
representation appears as a subquotient of a tensor product of modules in X.) Then
it is not difficult to check that éﬁg is connected and of dimension at most dim(G).
Moreover, since T}’ is reduced, the composition T}/ < Gy — éﬂ’; factors through a
morphism 7 — (éﬁ;)md.

One next denotes by H the reductive quotient of (éﬂt)re 4» and checks (using slightly
upgraded versions of the corresponding arguments for characteristic-0 coefficients)
that the composition

7Y S (Gr). - H

—»
red

(20) As explained in one can in fact prove directly that ék is of finite type, and thereby simplify
this step a little bit. However this proof (given in [BR) Lemma 1.14.2]) uses results which were not
available at the time when [MV2| was written. Note also that some arguments involving this finite
type quotient éi were not clear enough in [M[V2]; details were given later in [M[V3].
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identifies 7Y with a maximal torus of H, and that the root datum of H with re-
spect to 7)Y is (XV,X,RY,R). In particular, this implies that dim(H) = dim(G) >
dim((G)rea), so that necessarily H = (Gy) 4+ Using the fact that the group scheme

re:

(éﬁ'{‘)red does not depend on the choice of éﬁz, one shows that in fact (éﬁz)red = (ék)red7

so that finally (ék) is connected reductive with the appropriate root datum.

red

1.5. Some complements

In Chapters [6] and [§] below we will need detailed information on the images under
S of the perverse sheaves J,(\, k) and of certain morphisms relating these perverse
sheaves, which we review here. (The description of the objects S(Jx(A,k)) is given
in [MV2], although the argument we give here is slightly different; the description of
the maps is stated, in the case of characteristic-0 coefficients, in [ABI.)

1.5.1. Standard and costandard spherical perverse sheaves. — Recall the
perverse sheaves J,(\ k) and Ji(A, k) defined in Our goal in this subsection
is to describe how the functor S behaves on these perverse sheaves. Each A € XV de-
fines a free rank-1 7,'-module, which extends uniquely to a B)/-module; the resulting
module will be denoted kpyv(A). We can then consider the induced (or “co-Weyl”)
module

N () = Indgiv (kpy (\).

In more concrete terms, the k-module underlying Ni(A) is the space of functions
[ € O(GY) which satisfy f(gb) = A(b)"'f(g) for all g € G and b € BY. In these
terms, the G/-action is given by (g- f)(h) = f(g7'h).

In case A € XY, it is known that Ny ()) is free (of finite type) over k, and moreover
that for any ring homomorphism k — k’ (where k' satisfies our running assumptions
on rings of coefficients) we have a canonical isomorphism of G,-modules

(1.5.1) K @i Ni(A) = Nir(A),
see [J1l §I1.8.8]. Frobenius reciprocity provides a morphism of By-modules
£1: Nk(A) = kpy ()

which identifies with the projection from Nk () to its weight-A subspace with respect
to its weight space decomposition. (In terms of the “concrete” description of Ni())
given above, we have £)(f) = f(1).)

Remark 1.5.1. — In case k is a field of characteristic 0, it is well known that Ni(X)
is simple, see [J1l Corollary I1.5.6].

In preparation for the next statement, we recall (see [BR] Proposition 1.11.1])
that for any p € XV the weight space S(J.(\ k)), is free of finite rank over k,
with a canonical basis parametrized by the irreducible components of the intersection
GrgﬁTﬂ. (Such irreducible components are usually called “Mirkovié—Vilonen cycles.”)
In particular, this weight space vanishes unless the dominant Wi-translate pu of p
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satisfies A — ut € Zzomi, and in case p = A, the intersection Grg N Ty is {Ly}, so
that this weight space identifies canonically with k.

Lemma 1.5.2. — For any A € XY there exists a canonical isomorphism

Moreover, under this isomorphism the map f\ sends the canonical basis element in
S(T.(A\k))a to 1.

Proof. — As recalled above, we know that A is a highest weight in S(7.(\,k)), and
that moreover S(Jx(A,k))y is free of rank 1, with a canonical basis element. By
Frobenius reciprocity we obtain a canonical map of G}/-modules

(1.5.2) S(T.(0\K)) = Ny(N)

whose composition with f) sends the canonical basis element to 1. It remains to
show that this map is an isomorphism. By compatibility of all our constructions
with extensions of scalars (see and [BR] Proposition 1.11.3]), it suffices to
do so when k = Z. And then, since both sides are free of finite rank it suffices
to prove this claim when k is a field. In this case, J.(A\, k) has a simple socle
(namely, Ji.(A,k)), and hence so does S(J.(A,k)). The map of A\-weight spaces
S(J(A k) = S(J.(Xk))y is an isomorphism, as it can be identified (via (1.4.2))
with Fx(J7.(A\,k)) = FA(Jx(\ k)). Therefore, the map remains nonzero when
restricted to the socle S(J.(A, k)) C S(Tx(A, k)).

It follows that is injective. To conclude, it then suffices to prove that both
sides have the same dimension. These dimensions are independent of the field of
coefficients, so we may as well assume that k has characteristic 0. In this setting,
Nk()) is simple (see Remark so that is automatically an isomorphism,
proving the desired equality of dimensions. O

Remark 1.5.3. — 1. For A € XY, one can also consider the standard (or
“Weyl”) module Mg (\), defined as

M]k()\) = Homk(Nk(—wo)\), k),

where w, is the longest element in W;. Using [BRJ Proposition 1.11.1] again,
we have a canonical morphism of By-modules kpy (woA) — S(Ji1(\ k)); using
Frobenius reciprocity and duality we deduce a canonical morphism

Mi(A) = S(7(A.K)).

Arguments similar to those in the proof of Lemma[T.5.2)show that this morphism
is an isomorphism as well.
2. See [MV2| Proposition 13.1] for a slightly different proof of Lemma m

Example 1.5.4. — Consider the setting of Examples and |1.3.1)12). It is well
known that in this setting the group Gy is a general linear group, and that its standard
representation is Nk(gY). As a k-module we have

S(j*(‘SYvk)) = H.(Pn; ]k)’
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and therefore we obtain a canonical identification of G}/ with the group of k-
automorphisms of this free k-module.

1.5.2. More on costandard spherical perverse sheaves. — Consider now two
dominant coweights A1, A2 € XY. By [BR], Lemma 1.10.9 and Proposition 1.11.1],
the convolution product

T (A1, k) %76 T (Ao, k)

is in fact a perverse sheaf. It is easily seen from the definitions that this perverse sheaf

is supported on Gr’c\;1+’\2, and that its restriction to Grgﬁ')‘2 is canonically isomorphic

t0 K 2a+x [dim(Gr’C\;l"')‘z)]. Therefore, there exists a canonical morphism
G

x0T (A1, k) *IojG T2, k) = Te(A1 + A2, k)

in Pervy+q(Grg, k).
On the other hand, using Frobenius reciprocity there exists a unique morphism of
G}/-modules

ay a, ¢ Nk(A1) ®x Ne(A2) = Ng(Ar + A2)
such that the following diagram commutes:

axy, g

Ni (A1) @k Ni(A2) Ni(A1 + A2)

fA1®fA2J( J{fler)\Q

kpy (M) @ kpy(A2) === kgpy (A1 + A2).

Lemma 1.5.5. — Under the isomorphisms
S(TXi k) 2 Ne(N)  and  S(Tu (M, k) +5 C T(Aa, K)) = N(Mr) @i Nie(Aa)
provided by Lemma[1.5.9 and the monoidal structure on S, we have
S(a/\h)\z) = A\ Ap-

Proof. — By construction of the morphism ay, », (in terms of Frobenius reciprocity),
what we have to prove is that

f>\1+)\2 o S(a‘/\h)\z) = f)\l ® f/\z'
Of course, both maps here vanish on all the 7,Y-weight spaces of weight # A\ + A2, so
it suffices to consider the restrictions of our maps to the weight space
S(T. (k) x5 ¢ T (A2, 1))y o = Fann (Fe(A, k) VAN 'S)
_ H(>\1+)\272ﬂ> (Grg, T (A1, k) *{)ﬁ'G TN, ]k))

T Dayag
The perverse sheaf J,(\1,k) *I(jJrG J«(X2,k) is supported on Grgﬁ)‘z, and the only

LT G-orbit contained in Grg1+)‘2 and intersecting T, 4+, is the open orbit Grgﬁ)‘?
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We therefore have
HAa+A2.20) (Grg, Tu (A1, k) *&+G J+(A2,k))

A1t+Az2,2p) A1+ LtG
HM Grptmh2 A, k) * Ao, k .
T>\1+>\2|’1G1‘2;1+A2( G NACTRAIRVACE] )\Grglﬂz)

In particular, since the restriction of ay, x, to Gr’C\;1+’\2 is an isomorphism, this shows
that the restriction of S(ay, x,) to the weight space of weight A\; + Ay is an isomor-
phism. More precisely, we have

A1+
T/\1+)\2 n GrG1+ 2= {L/\1+>\2}7

and the morphism fy, 45, © S(aa,.x,) sends the canonical class in

A1+A2,2p) A1+Az : A1+A2
H Grt K . x4+, [dim Gr
TA1+A20Grgl+)\2 ( G ’7(}1%314r 2 [ G ])

tolek.
On the other hand, the monoidal structure on F provides a canonical isomorphism

(153) F)\1+>\2 (j*(Al,k) *ngG ;7*(>\27k)) = F)\l (j*(Alvk)) Rk F)\g (j*(A27k))a

and by construction the morphism f, ® fy, sends the tensor product of the canonical
classes in

Fa (T (i k) 2 HOO2) | (Grgy K o, [dim Gy ])

TAiﬁGI‘é;l >G\Z
(i = 1,2) to 1. (Here, as above we have Ty, N Gryy = {Ly,}.) Thus, to finish the
proof, we have to show that the isomorphism (|1.5.3) identifies the canonical class on
the left-hand side with the tensor product of the canonical classes on the right-hand
side.

To do this, we revisit the construction of the monoidal structure on F from §1.3.4!
(see also [BR] §1.8.3]). From the perverse sheaves .#; = J.(\;, k) on Grg we obtain
a perverse sheaf

F 1= APy B F) B kg scl2)
on Fusg whose restriction to the fiber over a point on, resp. away from, the diagonal
in C2 is ), +5 ¢ F5[2], resp. PAO(F KL F,)[2]. Let
f : Fusg — C? and Exyan, Ty, 4+x,,c2 = Fusg,
be the structure map and the inclusion map, respectively. (See Remark for the

locally closed subscheme T, 4+ ,.) The isomorphism (1.5.3)) is obtained by comparing
the stalks of the constant sheaf

A2 (P (B 1a,) F)

on and away from the diagonal respectively. In our present setting the intersection of
the support of & with Ty, 1, ¢2 is a closed subscheme X}, », such that the restriction
of ftx,+x, t0 Xx, 2, is an isomorphism to C2. (In fact, the fiber of Xy, ), over a point
on, resp. away from, the diagonal is {Lx,+x,}, resp. {(Lx,,Lx,)}.) Moreover, the
complex (£, 4 ,\2)!§ is just (canonically) the shifted constant sheaf on this subscheme.
Hence indeed is the obvious isomorphism, which identifies the canonical class
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in the left-hand side with the tensor product of the canonical classes in the right-hand
side. O

Remark 1.5.6. — 1. The claim considered in the proof above about the isomor-
phism is in fact a special case of a general result comparing canonical
bases in tensor products defined in terms of generalized Mirkovi¢—Vilonen cycles
(see [GS]) and tensor products of canonical basis given by “ordinary” Mirkovié—
Vilonen cycles (as considered in [BRI, Proposition 1.11.1]); see [BGL] for details.

2. One can show that for any A, As € Xi the morphisms ay, , and ay, », are
surjective. (By Lemma these two surjectivity claims are equivalent.) By
a change-of-scalars argument using [MV2] Proposition 8.1] or [BRIl Proposi-
tion 1.11.3], our claim can be reduced to the case where k = Z, and then to the
case where k is a field. In the field case, if k has characteristic 0 this follows
from simplicity of Ng(A1 + A2), see [J1 Corollary I1.5.6]. For general fields, this
follows e.g. from the fact that Nx(A1) ® Ng(A2) has a good filtration (see [J1l
Proposition 11.4.21]) and that A; + A2 is maximal among the highest weights of
the induced modules appearing in a good filtration of this module, using [J1|
Remark (4) in §I1.4.16].

Corollary 1.5.7. — The following diagram commutes:
NACYROITACIVACPR Y Sl 0200 T, k) 57 C (A, k)
m} %
()\1 + >‘27
Proof. — Tt suffices to prove the commutativity after application of S. Then, in view

of Lemma the claim transforms into the commutativity of the diagram

Ni (A1) @k Nk(A2) Ni(A2) @k Ni(A1)

axy, A2 Axg, A1

Ng (A1 + A2),

where the upper horizontal arrow is the obvious commutativity isomorphism. By
Frobenius reciprocity, to prove the commutativity of this diagram it suffices to prove
that

OX1, Ao

f>\1+>\2 Cax A\, = f)\1+>\2 O AN, A1 OO A2
And for this it suffices to consider the restrictions of these maps to the T}/-weight
spaces of weight A; + A2. Then the equality is clear, since ay, x; sends the tensor
product of the canonical vectors in Ni(A;) and Ni(A;) to 1 (for (4, ]) €{(1,2),(2,1)})
and oy, ), intertwines these tensor products of canonical vectors. O



CHAPTER 2

CENTRAL SHEAVES

In Chapter we have introduced the affine Grassmannian Grg and studied LT G-
equivariant objects on it. In this chapter, we will consider another closely related
space, the affine flag variety, denoted by Flg, along with an action of a subgroup
I c LT@G, called an Iwahori subgroup. One goal of this chapter is to define a certain
t-exact (for the perverse t-structures) functor

Z: DY, ;(Grg, k) — D?(Flg, k).

A central sheaf is defined to be a perverse sheaf on Flg of the form Z(.%#), where
F € Pervy+(Grg, k). (The use of the term “central” will be explained in Chapter[3])

The definition of Z will involve a family of ind-schemes over C' = Al that exhibits
Flg as a degeneration of Grg. The definition of this family (which will be denoted by
Gr(gje“)7 and then of Z, could easily have been given in a couple pages. Unfortunately,
the ind-scheme GréJen alone is inadequate for the study of the fundamental properties
of Z in Chapter [3] and beyond.

Anticipating the needs of later chapters, we devote the bulk of this chapter to
developing a framework for constructing many different families of ind-schemes over
C, whose fibers may be ordinary or twisted products of copies of Flg or Grg in various
configurations. The spaces arising in this framework are called iterated global affine
Grassmannians, and include Grgen as a special case. Along the way, we define several
different families of (ind-)affine group ind-schemes over C' that act on iterated global

affine Grassmannians, and we study principal bundles for these group schemes.

2.1. Preliminaries on torsors and quotients

This section contains background material on notions such as torsors and principal
bundles, including a review of some “basic” results on these objects which are some-
times difficult to absorb for non-experts (such as the authors, for instance). A reader
used to working with such concepts might want to skip this section.
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2.1.1. Schemes as sheaves. — Consider a base scheme S, and let Schg be the
category of S-schemes, i.e. pairs (X, f) consisting of a scheme X and a morphism
f:+ X — S. (As usual, the morphism f will usually be omitted from the notation.)
We begin by reviewing the basics on some “standard” Grothendieck topologies on the
category Schg.

Recall that the fppf topology, resp. étale topology, resp. Zariski topology on this cat-
egory is the Grothendieck topology for which coverings of an object U are collections
(U; = U)ier where each morphism U; — U is flat and locally of finite presentation,
resp. étale, resp. an open immersion, and the map

| Jui—U

iel
is surjective (see [Ol, Examples 2.1.6, 2.1.13 & 2.1.14] or [SP) Tag 021M, Tag 0215
& Tag 0200]). Similarly, the fpgc topology is the Grothendieck topology for which
coverings of an object U are collections (U; — U);er where each morphism U; — U is
flat and for any affine open subscheme V' C U there exists a map a : {1,...,n} = I
and affine open subschemes V; C U,(;) such that the map

L |vi—=Vv

j=1
is surjective, see [SPl Tag 022B|. (Of course, this condition implies that the morphism
|l;c; Us — U is surjective, as for the other topologies considered above.)

For each such topology, a sheaf on Schg is a presheaf F' (i.e. a functor from (Schg)°P
to the category Sets) such that for any U in Schg and any covering (U; — U);cr, the
natural map

FU) = [[FW:)
il
identifies the left-hand side with the equalizer of the two natural maps

[[Fw) = ] FW: xu Uy)

i€l ijel
(see [Ol, Definition 2.2.2]). Tt is clear that a Zariski covering is also an étale covering
(see [SPL Tag 0216]), and that an étale covering is also an fppf covering (see [SP} |Tag
021N]). It is also true that an fppf covering is also an fpqc covering (see [SP |Tag
022C]). Therefore:

— a presheaf which is a sheaf for the fpqc topology is also a sheaf for the fppf

topology;
— a presheaf which is a sheaf for the fppf topology is also a sheaf for the étale

topology;
— a presheaf which is a sheaf for the étale topology is also a sheaf for the Zariski
topology.
For any of the Grothendieck topologies on Schg considered above (and in fact,
for any site), the functor of inclusion of the category of sheaves into the category
of presheaves admits a left adjoint, called the sheafification functor, see [SP) |Tag
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00WH] or [Ol, Theorem 2.2.4]. This construction requires some care in dealing with
set-theoretic issues; for the Zariski, étale and fppf topologies these subtleties can be
safely ignored (see [SPl Tag 03YY] for one possible precise formulation of this idea),
but things are more subtle for the fpqc topology (see [Wal); for this reason it is
preferable to avoid considering sheafification for this topology.

In particular, any object X in Schg defines a presheaf on this category via the
Yoneda functor; more precisely, to X we associate the presheaf hx sending a scheme
Y over S to the set Homsch (Y, X) of morphisms of S-schemes from Y to X. Such a
presheaf will be called representable. It is known that a representable presheaf is a
sheaf for the fpqc topology (and hence also for the fppf, étale and Zariski topologies),
see [SP| Tag 023Q)] or [OI, Theorem 4.1.2 and Remark 4.1.4]. The Yoneda lemma
ensures that the assignment X — hx is fully faithful; we can (and will) therefore
identify Schg with a full subcategory of the category of sheaves on Schg (for one of
the topologies considered above), and will sometimes write X for hx. More generally,
the Yoneda lemma says that

(2.1.1) Hom(hx, F) = F(X)

for any presheaf F' and any scheme X. Note also that one can form products of
sheaves in the obvious way, and that for X,Y € Schg we have

hX X hy = hXst-

Remark 2.1.1. — Any sheaf for the Zariski topology is determined by its values
on affine schemes; see [SP], Tag 020W] or [GW] Exercise 8.1] for precise formulations
of this idea. For this reason, as mentioned in Remark one can study schemes
(or more general sheaves) as functors on the category of affine schemes over S rather
than on all schemes. (See [SPl Tag 021E], resp. [SP) Tag 021V], for the special case
of étale, resp. fppf, sheaves.) This is convenient when considering ind-schemes as
in but less interesting in the present discussion of torsors.

2.1.2. Torsors and principal bundles. — Asin we consider a base scheme
S, the category Schg of S-schemes, and one of the “standard” Grothendieck topologies
on this category. Let ¢ be a sheaf of groups for this topology. Then a ¥-torsor is a
sheaf & for the same topology endowed with a right action of ¢4 (i.e. a morphism &2 x
¢ — P satistying the obvious axioms) and which satisfies the following conditions:

1. for any X in Schg there exists a covering (X; — X);es such that Z(X;) # @
for all i € I;
2. the map
PXYG =P P

defined by (z,g) — (z,zg) is an isomorphism of sheaves;

see [Ol, §4.5.1]. Here, the second condition can be restated as saying that whenever
P(X) # @, the action of 4(X) on H(X) is simply transitive. In particular, a torsor
P satisfies £(S) # o iff it is isomorphic to & with its standard right action. Such
a torsor is called trivial.

In practice, the sheaves of groups we will consider will always be representable. In
other words, we start with an S-group scheme G, and set ¢ = hg. In this setting,
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a principal G-bundle is a scheme X endowed with a right action of G (over S) such
that

1. the morphism of schemes
X Xg G- X Xg X

defined by (x,g) — (z,zg) is an isomorphism;
2. there exists an fpqc covering (S; — S);er such that each X xg S; — 5; is
G-equivariantly isomorphic to G xg S; — 5; (i.e. admits a section),

see [SP |Tag 049A]. We will say that this principal G-bundle is fppf locally trivial,
resp. étale locally trivial, resp. Zariski locally trivial, if the covering in condition
can be chosen to be an fppf, resp. étale, resp. Zariski, covering. We will say that X
is trivial if there it is G-equivariantly isomorphic to G (over S), or in other words if

the covering can be chosen to be S s, g

Remark 2.1.2. — 1. Suppose we are given a scheme X endowed with a right
action of G (over S) such that the morphism of schemes

XXSG—>XXSX

defined by (z,g9) — (z,zg) is an isomorphism. If the morphism X — S is
surjective, flat and locally finitely presented (in other words, an fppf covering)
then X is automatically an fppf locally trivial principal G-bundle.

2. The property of being locally finitely presented is fpqc on the base (see [SP} [Tag
02KY])), and so is the property of being flat (see [SP} Tag 02L2]), quasi-compact
(see [SP Tag 02KQ)), affine (see [SPL |Tag 02L5]), of finite type (see [SP) Tag
02KZ]), or smooth (see [SP| Tag 02VL|). Thus, if G is locally finitely presented,
flat, quasi-compact, affine, of finite type, or smooth, then so is any principal
G-bundle.

3. Combining and (and the fact that surjectivity is also fpqce local on the
base, see [SPL [Tag 02KV]), we obtain that if G is flat and locally finitely pre-
sented, then a principal G-bundle is automatically fppf locally trivial.

4. Similarly, in case G is smooth, then any principal G-bundle is smooth over S.
Since surjective smooth morphisms admit sections étale locally (see [EGA4.4]
Corollaire 17.16.3(ii)] or [SP} Tag 055U] or [Ol, Corollary 1.3.10]), it follows
that any principal G-bundle is étale locally trivial.

5. In case G = GL(n)g, it is known that any principal G-bundle is in fact Zariski
locally trivial. (This is one possible formulation of Hilbert’s Theorem 90.)

If X is a scheme, then by full faithfulness of the assignment X — hx, the datum
of a right hg-action on hx is equivalent to the datum of a right G-action on X.
Moreover, given such data, X is a principal G-bundle, resp. an fppf locally trivial
principal G-bundle, resp. an étale locally trivial principal G-bundle, resp. a Zariski
locally trivial principal G-bundle, iff hx is an hg-torsor in the fpqc topology, resp. in
the fppf topology, resp. in the étale topology, resp. in the Zariski topology, see [SPL
Tag 049B].
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It is in general a delicate question to determine if all hg-torsors are representable,
i.e. are the sheaves associated with principal G-bundles. However, in case G is affine,
any hg-torsor in the fpqc, fppf or étale topology is representable by a principal G-
bundle, see [Ol, Proposition 4.5.6] or [Mill Chap. ITI, Theorem 4.3]. Here the repre-
senting scheme is constructed by (affine) descent. Namely, if &2 is an hg-bundle (in
one of the topologies above), and if (S; — S);es is a covering (for the corresponding
topology) over which & is trivial, then the restriction of & to each S; is representable
by a scheme P; (non canonically isomorphic to G xg S;). Each P; is then affine over
S; by our assumption on G, and these schemes are naturally endowed with a descent
datum relative to the covering (S; — 5)ier in the sense of [SP| Tag 023W]. By affine
descent (see [SP |Tag 0245]) this datum is automatically effective, which provides the
scheme X representing &.

In conclusion we obtain that if G is a smooth affine group scheme over S, the
following notions all coincide:

— hg-torsors for the fpqc topology;

— hg-torsors for the fppf topology;

— hg-torsors for the étale topology;

— principal G-bundles;

— fppf locally trivial principal G-bundles;
— étale locally trivial principal G-bundles.

In a minor abuse of language, if G is an S-group scheme and X is an S-scheme, we
will say principal G-bundle over X to mean a principal G x g X-bundle (in Schx).

Remark 2.1.3. — Assume that G is flat and quasi-compact over S. Let X and Y be
S-schemes, let X be a principal G-bundle over X, and let f : X — Y be a morphism
of S-schemes that is G-invariant (i.e. whose compositions with the projection and the
action maps X xg G — X coincide). Then f factors through a unique morphism of
S-schemes X — Y: this follows from the fact that hy is an fpqc sheaf, applied to the
fpqc cover X — X (see Remark )

2.1.3. Trivializations over certain base schemes. — Fix a ring R, and let I C
R[z] be an ideal such that R[x]/I is finitely generated as an R-module, i.e., such that
Spec(R[z]/I) is finite over Spec(R). For any integer k > 1, let Sy = Spec(R[z]/I*),
and let

= h_Il}Sk = Spec(é[;]l),
k

where I?[;]I = lim, R[z]/I* is the completion of R[z] with respect to I. (Note,
however, that S is considered as an ordinary scheme, not a formal scheme.) Some
typical examples of this situation are listed below, using the notation of §1.3.3]

I | Sk | S
() Spec(R[z]/(z*)) _Lo = Spec(R[z])
(z—y), ye R Spec(Rlz]/((x = y)*)) | Ty = Spec([z - y])
(@) N (z —y), y € R | Spec(R[z]/((x) N (z = y))*) LoUTy
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Now let G be a smooth, affine group scheme over S. We have explained in the
preceding subsection that any principal G-bundle X — S is étale locally trivial, i.e.,
becomes trivial over some étale cover (V; — S),es. The following proposition gives
a refinement of this fact: it says that X — S becomes trivial over an étale cover of S
obtained by base change of an étale cover of Spec(R).

Proposition 2.1.4. — Let R and S be as above. Let G be a smooth, affine group
scheme over S, and let X — S be a principal G-bundle. Then Spec(R) admits an
étale cover (U; — Spec(R))icr such that for all i € 1,

X X Spec(R) Ui— S X Spec(R) U;

is a trivial principal G Xgpec(r)y Us-bundle.

Of course, the étale maps U; — Spec(R) may be assumed to be affine, so the
proposition can be rephrased as follows: for each point p € Spec(R), there is an étale
ring map R — R’ such that p lies in the image of Spec(R’) — Spec(R), and such that
X Xgpec(r) SPec(R’) = S Xgpec(r) SPec(R’) admits a section.

Proof. — Let p be a point in Spec(R). Let R, be the localization of R at p, and choose
a separable closure  of the residue field R, /pR,. Let R;h be the strict Henselization
of R, whose residue field is k. Recall (say from [SP, Tag 04GP]) that this can written
as a limit

sh __ : !
(2.1.2) Ry = lim R
factorizations R — R’ — &
of R — k, with R — R’ étale

Let I3" =TI - R3"[2]. Since R[z]/I is a finite R-algebra, the ring
R[]/ I = (R[2]/]) @ g Ry = lig R'[z] /1R[]

(where the indexing set of the direct limit is as above) is a finite Ry'-algebra, and
therefore a finite direct product of Henselian local rings, see [SPL Tag 04GH]. More-
over, the residue fields of these local rings are finite extensions of k, and are hence
also separably closed. In other words, R;h [x]/1, ;h is in fact a finite product of strictly
Henselian local rings.

Let Sy = Spec(Ry"[2]/I3"), and let X3 = X xg S3". The map X3" — SiM is
smooth and affine, as it is obtained by base change from X — S, which is smooth
and affine by Remark Any smooth morphism over a strictly Henselian local
ring admits a section (see [BLRJ, Corollary 13 on p. 42, Proposition 14 on p. 43, and
Proposition 4 on p. 46]), so there is a section s as shown below:

X3sh —— X xg Sy 0(X)/16(X) ®ppy) iy R'z] «—— 0(X)/16(X)

y [ oA I

Sgh ——— 5y lim R’ [a] /1R[] +—————— R[«]/I
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Now, 0(X)/10(X) is finitely generated over R[z]/I (because €(X) is finitely gener-
ated over R[x]), so the composition

O(X)/16(X) — 6(X)/16(X) @y lim R'[] - ling

must factor through some term R'[z]/IR'[z] in the limit. Let 5: 0(X)/I10(X) ®R[x
R'[x] — R'[z]/IR’[x] be the induced map.

Let 8" = S Xgpec(r) Spec(R'), X' = X Xgpec(r) SPec(R'), and S| = S1 Xgpec(r)
Spec(R’). The map § defined above is a section of the principal G xg Si-bundle
X' xg S; — Si. By Lemma below (applied with R’ and S’ in place of R and
S), the G xg S’-bundle X’ — S’ also admits a section, as desired. O

R'[z]/TR'[x]

Lemma 2.1.5. — In the setting of Proposition[2.1.4), we have that X — S is a trivial
G-bundle if and only if for some k > 1, X xg Sy — Sk is a trivial (G xg Sk)-bundle.

Proof. — The “only if” direction is obvious; we need only prove the “if” direction.
Recall from Remark that X — S is affine and smooth, and hence also formally
smooth (see [SP, Tag 00TN]). If for some n > 1 there is a section s, : S, —
X Xg Sp, then by formal smoothness, we can find a map ¢ making the following
diagram commute:

O0(X) — O(X)/I"0(X) —— R[z]/(I")

Rla]; Rlz]/(I"*).

The map t clearly factors uniquely through a map s,y : O(X)/I"M10(X) —
R[z]/(I"*1). In other words, if we have a section s, : S, — X xg S, it can be
extended to a section Sp,41 @ Spy1 — X Xg Spy1-

Now let si : Sy — X Xxg Sk be a section. By induction, the previous paragraph
gives us sections s, : S, — X xg 5, for all n > k. Passing to the limit, we obtain
the desired section S — X. O

We conclude this subsection with a lemma about the case I = (z)N(z—y) C R[z],
where y is some element of R. This lemma will make use of the following explicit

—

description of the completion R[x]( s—y)- 1t 18 easy to check that

z)N(
(@)N(z-y)* C (@® —ay) C (z) N (z—y),

80 R[2] ,)(,—y) 15 canonically identified with R[z] . Next, R[z] is isomorphic to

(a2 —ay)
R[z,u]/(z? — 2y — u), where u is another indeterminate, and under this isomorphism,
the ideal (2 — 2y) C R|z] is identified with (u) C R[z,u]/(2? — 2y —u). We conclude
that

(213) Bty = Rlellul/ (@ = 2y — ) = Rlulla])/ (2 - oy — ).

(Here, the second isomorphism can be checked by observing that both sides are free
R[[u]]-modules of rank 2, with basis {1,z}.)


https://stacks.math.columbia.edu/tag/00TN
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Lemma 2.1.6. — Suppose that 2 is invertible in R and thaty € R is invertible. Let
S = Spec(R[m](I)m(Iiy)), and let G be a smooth, affine group scheme over S.
1. There exists a canonical isomorphism S = Spec(R[z])) U Spec(R[x — y]]) as
schemes over Spec(R|[z]).

2. The datum of a principal G-bundle X — S is equivalent to the datum of a pair
of principal G-bundles X' — Spec(R][z]]), X" — Spec(R[z — y])).

Proof. — Both parts of the lemma follow from the observation that there is a canon-
ical (continuous) isomorphism of R[z]-algebras
(2.1.4) R[2] () (zmy) = Rlz] x Rz —y].

To see this, we first note that 1 4+ 4u has a unique square root ¢(u) in Z[u]] whose
constant term is 1, namely

(b(u)zz%“n:1+2“—2u2+4u3—....

n=0

Since y is invertible, it makes sense to consider ¢(y~2u) € R[[u]]. Then we have
o? —ay —u= (- 3y(1+ ¢y~*w)) (z — 3y(1 — ¢(y*u))).
It follows easily that there is an isomorphism
Rlull[z]/(z* — xy — u) = R[[u] x R[[u]

given by f = (flo—iya-s@—2w) fla=ly(tey—2uwy) In view of (2.1.3), this
yields (2.1.4). O

2.1.4. Descent and associated bundles. —

2.1.4.1. Descent for schemes. — Let G be a group scheme over a base scheme S.
Let Z be an S-scheme, and let f : X — Z be a principal G-bundle over Z. Finally,
let Y be another S-scheme with a left G-action. Informally, the idea of an “associated
bundle” is to replace the fibers of f : X — Z (which are copies of G) with copies of
Y.

Here is a more precise definition. Equip X xgY with a right G-action by (z,y)-g =
(xg,9~'y). Suppose there exists an S-scheme P along with a map f: X xgV — P
that makes X X g Y into a principal G-bundle over P. Such a scheme is unique up to
unique isomorphism if it exists. We typically denote it by

X x§Y,
and call it the bundle associated to X with fiber Y. If this scheme exists, it fits into

a cartesian square

XxsV —L5 xxGv

o

x— 1 .z

where the top horizontal arrow is a projection map, and the right vertical arrow is a
“locally trivial fibration with fibers isomorphic to Y.”
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If X — Z is Zariski locally trivial then it is easy to construct X xg Y, but the
existence of X xg Y in general is a delicate problem. The following proposition gives
a criterion for this.

Proposition 2.1.7. — Let G be a group scheme over S; let X — Z be a principal
G-bundle over Z; and let Y be another S-scheme with a left G-action. Assume the
following conditions hold:

1. The group scheme G is flat and quasi-compact (e.g. affine) over S.
2. The scheme Y admits a G-equivariant line bundle £ that is relatively ample
for the structure map Y — S.

Then the associated bundle X x§Y exists and admits a line bundle Z that is relatively
ample for X xg Y = Z.

The existence of .£ implies (by definition, see [SP, Tag 01VH]) that Y — S is
quasi-compact. A statement very close to this, but with all schemes assumed to be
of finite type over S, can be found in [MFK] Proposition 7.1]. However, the proof
goes through under the weaker assumptions above: the following argument is copied
almost verbatim from [MFK].

Proof. — Our assumptions imply that X — Z is faithfully flat and quasi-compact.
The main idea is to construct the desired scheme (which will be denoted by P in this
proof) by fpqc descent along X — Z. First, we must equip X xg Y with a descent
datum, i.e., an isomorphism

(p:(XXSY) ><2XL>X><Z(X><SY)

satisfying a certain cocycle condition. Since X — Z is a principal G-bundle, we have
an identification X x5 G = X xz X given by (x,g) — (v,2zg). Writing S-points of
X Xz X in the form (z,xg), we define ¢ by p(z,y,29) = (z,2g,9 'y).

Next, our assumption on . implies that the line bundle Ox Kg .Z is relatively
ample for the projection map X xgY — X (see [SP} [Tag 0893]). Moreover, Ox Xg. &
is G-equivariant; and as explained in the proof of [MFK| Proposition 7.1], the G-
equivariant structure is the same as a descent datum for Ox Kg £ with respect to
X = Z.

According to [SGA1l Exp. VIII, Proposition 7.8], the preceding paragraph implies
that ¢ is effective, i.e., that there exists an S-scheme P together with maps making
the square

X xgY —— P

-]

x—1 7z

cartesian, as well as a line bundle % on P induced by Ox Kg £ that is relatively
ample for P — Z.

(D1In the larger setting of algebraic spaces, the same comment applies to étale locally trivially bun-
dles [KM]. In this book, however, we stay in the world of schemes.
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It remains to check that the morphism X xgY — P above is a principal G-bundle
over P. This map is certainly faithfully flat and quasi-compact (since X — Z is), and
hence an fpqc covering. From the isomorphism X xg G = X Xz X we obtain that
the analogous map (X xsY) xgG = (X xgY) xp (X xgY) is an isomorphism. As

in Remark 2.1.2)([T)), this implies the desired claim. O
Remark 2.1.8. — 1. In the setting of Proposition [2.1.7} if the morphism ¥ — S

is quasi-affine then Oy is relatively ample for this morphism, see [SP] Tag 0891].
Since this line bundle is obviously G-equivariant, the proposition applies in this
case.

2. Assume that S = Spec(k) with k an algebraically closed field, and that G
is a k-algebraic group (i.e. G is affine and of finite type). If X is a reduced
quasi-projective irreducible normal k-scheme endowed with an action of G, then
the existence of a G-equivariant ample line bundle is automatic. Indeed, by
definition of quasi-projectivity X admits an ample line bundle. Then a power
of this line bundle admits a G-equivariant structure by [Bri2| Theorem 5.2.1].

2.1.4.2. The case of ind-schemes. — In practice, we will need a version of Propo-
sition 2.1.7] that applies when Z and Y are ind-schemes, rather than just ordinary
schemes. Suppose we have an ind-scheme Y with a presentation

(2.1.5) Y = colimye Vi,

where each Y; is an ordinary S-scheme. Denote by ¢;; : Y; — Y; the transition maps
in this limit. (These morphisms are closed immersions.) Recall that a line bundle on
Y is a collection £ = ((%;)icr, (0:5)i;), where each .Z; is a line bundle on Y;, and the
0;;’s are isomorphisms
0ij : 03525 — &

satisfying the obvious compatibility condition 63, = 6;; o (j)z‘jgjk whenever 4, j, and
k are such that this equation makes sense. We say that .Z is relatively ample with
respect to Y — S if each % is relatively ample with respect to ¥; — S.

Suppose now that Y is equipped with a left G-action that is compatible with the
limit : that is, each Y; has a left G-action, and the transition maps ¢;; are G-
equivariant. A G-equivariant line bundle on Y is a collection & = ((-%;)icr, (055)i5)
as above in which each .Z; is G-equivariant, and the 60;;’s are isomorphisms of G-
equivariant line bundles.

Finally, if Z is an ind-scheme over S, we define a principal G-bundle over Z to be
an ind-scheme X equipped with a right action of G (over S) and a morphism X — Z
such that for any scheme Z’ and any morphism Z’ — Z the fiber product X x 7 Z’ is a
principal G-bundle over Z’ (in particular, is a scheme). In this case, if Z = colim;c;Z;
is a presentation of Z, then we have a presentation of X given by

X = colim;e; X Xz Z;,

and each X xz Z; is a principal G-bundle over Z;. We will say that this principal G-
bundle is étale, resp. fppf, locally trivial if for any Z’ as above the principal G-bundle
X Xz Z' is étale, resp. fppf, locally trivial.
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Proposition 2.1.9. — Let G be a group scheme over S. Let Z andY be ind-schemes
over S obtained as limits over the same indexing set: say

(2.1.6) Z = colim;e; Z; and Y = colim;c1Y;.

Let X be a principal G-bundle over Z, and suppose Y has a left G-action that is
compatible with the limit above. Assume also that the following conditions hold:

1. The group scheme G is flat and quasi-compact over S.
2. The ind-scheme Y admits a G-equivariant line bundle £ that is relatively ample
for the structure map Y — S.

Then there is an ind-scheme
(2.1.7) X x§Y = colime (X xz Z;) x§ Y;

along with a map X Xg¥Y — X xg Y that is a principal G-bundle.

Proof. — Let X; = X Xz Z;. Then X; — Z; is a principal G-bundle, and Proposi-
tion m gives us the existence of the scheme X; xg Y;. Let us now show that each
transition map X; xg Y; = X; xg Y; is a closed immersion. For that, we write this
map as the bottom row of the following diagram:

XiXSK;;)Xj Xsn%Xj Xs)/j

J l l

X;ixGY, — X; x§Y, — X; x§Y;.

Here, each vertical map is flat, quasi-compact, and surjective (and hence an fpqc
covering); the squares are cartesian; and the top horizontal arrows are closed immer-
sions. Since the property of being a closed immersion is fpqc local [SPl Tag 02L6],
the bottom arrows are closed immersions as well.

Once this property is established, passing to the colimit, we obtain the principal
G-bundleXxSY—>X><§Y. O

Remark 2.1.10. — 1. From the proof of Proposition [2.1.9] we see that this
proposition still holds if one replaces assumption by the following slightly
weaker variant: for any ¢ € I there is a G-equivariant line bundle .%; on Y;
which is relatively ample for the structure map Y; — S. (In other words, we do
not need any compatibility property between these line bundles.)

2. Continuing the theme of the preceding proof, the properties of being separated,
of finite type, or proper are all fpgc local on the base: see [SPl, Tag 02KU, Tag
02KZ, Tag 02L1]. As a consequence, if Y — S (and hence X xg Y — X) is
separated, or of (ind-)finite type, or (ind-)proper, then X x§Y — Z has that
property as well. (Note that, by contrast, the property of being projective is
not fpqe local on the base, see [SP| Lemma 08J1].)
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2.1.4.3. Compatibility with products. — One nice feature of this construction is its
compatibility with fiber products. Namely, consider a cartesian square of G-schemes
over S

Y —— 7/

L

Y —— Z,

and assume that all schemes in this diagram admit relatively (to S) ample G-
equivariant line bundles. Then the induced diagram

XxGY —— X x§ 7

| |

Xx§Yy —— X x97

is also cartesian. In fact, by [Wel Lemma 2.5], for this it suffices to check that the
diagram becomes cartesian after pullback along the fpqc cover X xg Z — X ng Z.
(This is an application of the fact that representable presheaves are fpqc sheaves.)
However, our diagram then becomes the product of X with our original cartesian
diagram, so it is indeed cartesian.

2.2. Global affine Grassmannians

In this section we fix a complex connected reductive group G, with a fixed choice
of Borel subgroup B.

2.2.1. The affine Grassmannian and the affine flag variety. — Recall
from that the affine Grassmannian Grg associated with G is the (ind-scheme
representing the) fppf sheafification of the functor sending a C-algebra R to the
quotient LG(R)/L+TG(R). We then have a canonical morphism LG — Grg, which is
known to be a Zariski locally trivial principal L™ G-bundle. (See e.g. [Rcdl §§2.1-2.2]
for an explicit study of this property in the case of general linear groups.)

There is an obvious morphism of C-group schemes LG — G: in terms of R-points
for a C-algebra R, it is the map G(R[z]]) — G(R) induced by the quotient map
R[z]] — R[z]]/(x) = R. The Iwahori subgroup I C LTG associated with B is the
subgroup scheme defined as the preimage of B under this map LTG — G. One can
then define the affine flag variety

Flg

as the fppf sheafification of the functor sending a C-algebra R to LG(R)/I(R). Again,
this sheaf is represented by an ind-projective ind-scheme of ind-finite type. There is
an obvious natural map

(2.2.1) 7w : Flg — Grg,
which is a locally trivial fibration (for the Zariski topology) with fiber G/B.
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Example 2.2.1. — Consider the setting of Example In this case, the subgroup
I C L*G counsists of the matrices g € GL(n, @) whose image in GL(n,C) stabilizes
the standard flag

C"2{0} xC" o {0} xC*"?>..->{0}"t xC>{0}
Therefore, I C GL(n, %) is the stabilizer of the collection of lattices
0" > (x0)x 0" > (0 x 0" 2> - D (xO)" ' xODx-0".

Concretely, I(C) consists of matrices of the form

a1 xai2 Taiz3 - Tain
a21 a22 Tagz -+ XTA2p
az1 a32 a33 Tt XAszn
anl An2 an3 T Ann

with a;; € €. The space Flg can be identified with the set of collections (A; : i =
1,...,n) of O-lattices in £ ™ such that

ADAD--- DA, DAy

and dim(A;/A;41) = 1fori =1,...,n—1. In this interpretation (and that of §1.2.1.3),
the map 7 : Flg — Grg sends (Aq,...,A,) to Aj.

For k a noetherian commutative ring of finite global dimension, we will denote by
D';(Flg, k) the constructible I-equivariant derived category of k-sheaves on Flg in the
sense of Bernstein—Lunts [BL]. (As for D}, . (Grg, k), some technical difficulties arise
when defining this category; see for a discussion and references.) A construction
similar to that explained in §1.3.1] using the natural morphism

(2.2.2) m’ : LG x! Flg — Fla

allows us to define a convolution product ' on D?(Flg, k).

2.2.2. Moduli interpretation. —

2.2.2.1. The case of Grg. — We will now recall the description of the affine Grass-
mannian as a certain moduli space of G-bundles on a formal disc. Explicitly, let Grg

be the functor from C-algebras to sets given by
(2.2.3)

Gro (R) = {(57 3) £ a principal G-bundle over Spec(R[z]), } .

B : & spec(r((x)) — G x Spec(R((x))) a trivialization

(Here and below, we implicitly consider equivalence classes of geometric data, for the
obvious equivalence relation.)

Proposition 2.2.2. — There exists a canonical isomorphism Grg — Grg.
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and Grg. For a discussion of the proof of Proposition see [BR), §1.7.1]; see
also [Zh4l Proposition 1.3.6] or [Rc4l, Proposition 3.18] for more details. One im-
portant point in the proof is showing that if R is a C-algebra and £ is a principal
G-bundle over Spec(R[z]]), there exists an étale cover R — R’ such that the pullback
Spec(R'[[x]]) Xspec(r[e]) € is trivial, which follows from Proposition (applied to
the constant group scheme G x Spec(R[z]]) over Spec(R[z]))).

In view of this proposition, below we will not make any distinction between Grg
i

Remark 2.2.3. — In [Rc4, Theorem 3.4] it is proved directly that the functor
Grg is representable (in a much more general setting, in fact), and later it is deduced
(again in a general setting, though additional conditions have to be imposed) that this
scheme represents the étale sheafification of the functor sending R to LG(R)/LTG(R).
In this way one sees that the latter étale sheafification is already an fppf (in fact, even
fpqc) sheaf, and therefore that it coincides with the fppf sheafification of this functor,
which was our original definition for Grg.

In the course of the proof of Proposition [2.2.2] one also establishes the following
moduli interpretations of the groups LG and LTG.

Lemma 2.2.4. — The group ind-scheme LG represents the functor

& a principal G-bundle over Spec(R[x])),
R S (E,8,7)] B : & spec(R((x) = G x Spec(R((x))) a trivialization,
and v : £ = G x Spec(R[[z])) a trivialization

and the group scheme LT G represents the functor

& a principal G-bundle over Spec(R[x])),
R < (E,8,7)| B:E = G xSpec(R[[z]) a trivialization,
and v : € = G x Spec(R[[z]) a trivialization

In this language, the group operations for LG and LTG are given by
(2.2.4)

€.8.7) (.8 = E 00 Vispee(ray °F7) in LG,
(& 8oy of,y)= (8,7 o(8) " oy) iInLTG,

while the inverse of an element is given by

(G X SpeC(R[[x]]), Y| Spec(R((z))) © ﬁ_l, ld) in LG,
(G x Spec(R[x]),y o B71,id) in L*TG.

2.2.2.2. The case of Flg. — To give an analogous description of the affine flag
variety, one needs to introduce the Iwahori group scheme I, a smooth (noncon-
stant!) affine group scheme over Spec(&’) whose restriction to Spec(.%") is Gx Spec(. %)
and whose @-points are I(C) as defined in (In fact, as explained in [PR), §2.a.1],
these properties characterize Z uniquely.) The construction of this group scheme uses
Bruhat—Tits theory; see [Zh4l Example 1.2.9(2)] and [McN| §6.2] for more details.

(& 8.7 :{
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Define Flg to be the functor from C-algebras to sets given by
(2.2.5)

— & a principal Z-bundle,

Flo(R) = {(5,6) P }

B : & spec(r((x)) — G x Spec(R((x))) a trivialization

The analogues of Proposition 2.2.2] and Lemma [2:2.4] for the nonconstant group
scheme Z — Spec(0) replacing the constant group scheme G x Spec(€) — Spec(0)
are as follows.

Proposition 2.2.5. — There is a canonical isomorphism Flg = Flg.

Lemma 2.2.6. — The group scheme I represents the functor

& a principal T-bundle,
R— < (&,8,7) B:£E5T X gpec(0) Spec(R[[z])) a trivialization,
and 7y : € = I Xspec(e) Spec(R(z]) a trivialization

A proof of Proposition [2.2.5 can be found in [Zh4), Proposition 1.3.6]; see also [He,
Proposition 4]. Once again, an essential step in the proof is the observation that
any Z-bundle on Spec(R[z]]) can be trivialized on Spec(R'[[z]]) for some étale cover
R — R’, which follows from Proposition (applied to the group scheme Z X gpec (o)
Spec(R[«])) this time).

Remark 2.2.7. — 1. The setting considered in |[Rec4] also covers the construc-
tion of Flg and Flg. Thus, as in Remark one obtains in this way that the
étale sheafification of the functor sending R to LG(R)/I(R) is already an fpqc
sheaf, and hence that it coincides with Flg as defined in

2. The descriptions of Grg and Flg given in Propositions [2.2.2] and 2.2.5 are in
terms of bundles on a formal disc. These ind-schemes can also be described in
terms of bundles on a curve, as follows. Let C be a reduced connected complex
curve, and let 0 denote a smooth closed marked point on C. (The example we
have in mind is when C = AL, with 0 the origin; this explains our choice of
notation.) Let C° := C ~ {0}. For R a C-algebra, we will denote by Cr and
(%, the products of C' and C° respectively with Spec(R). It is a consequence of
the Beauville-Laszlo theorem [BLal] that Grg represents the functor

R {(57 8) & a principal G-bundle over Ckg, }

B:&cs = G x C%, a trivialization

See [BRY), §1.7.1] for a brief discussion, and [Zh4l §1.4] or [Rc4l §3.2] for more
details. A similar description of Flg (also treated in [Zh4]) can be given using
the group scheme G defined in §2.2.3) below.

Example 2.2.8. — Consider once again the setting of Example In this case
the group scheme Z admits a concrete description: it represents the functor sending an
O-algebra R to the group of n-tuples (g1, ..., gn) € GL(n, R)" such that the following
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diagram commutes:

Rn e (@) R" en_1(2) o ey (z) R" ey (x) R"
gll gzl gnl lgl
@ @ @)y @) o

The canonical morphism Z — G X Spec(&) sends an n-tuple (g1, ..., gn) to g1.

In case z is invertible in R the datum of the n-tuple (¢1,...,g,) is equivalent to
the datum of g1, illustrating the fact that the morphism Z — G x Spec(&) restricts to
an isomorphism over Spec(.#7). On the other hand, the restriction of this morphism
to {0} C Spec(0) is far from an isomorphism. For instance, when n = 2, the fiber of
T over {0} consists of pairs of invertible matrices (4, B) € GL(2, C)? satisfying

((1) 3>_A:B.((1) g) and (g g).B:A.(g g)_

In other words, this fiber is identified with the closed subgroup of GL(2, C)? consisting
of pairs of matrices of the form
a 0 a f
v 6)7\0 6
with a, 60 in C* and 3,v € C.
Here is another description of Z in this case, reminiscent of Example Let G,
be the symmetric group on {1,...,n}. For a permutation o € &,, let a(c) = |{i €

{1,...,n} | i < o(i)}|. For a matrix A = (ai;)1<i,j<n € R, we define the deformed
determinant by

det,(A) = Y sgn(0)2* Va1 o1)02.002) Ao (n)-
ceS,

We also define deformed matriz multiplication as follows: for matrices A, B € R”27
we define A -, B by

(A-, B)ij = 21gk<jom‘<k§nmikbkj+ngk§iaikbkj ifi=j,
x ij — P .
Dl<k<iorj<k<n@ikbey Do raiby; ifi <.

As a mnemonic, the deformed determinant of A is the ordinary determinant of the
matrix

a1 xai2 Taiz - Tain
a21 a22 Tagsz -+ XTA2p
— a a a e xa
Y1 (A) = 31 32 33 3n
anl An2 an3 T Ann

and deformed multiplication corresponds under ~y; to the usual matrix multiplication;
that is, we have v, (A -, B) = v1(A)y1(B).
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The map ~; can be generalized as follows. Let p € &,, be the permutation given
by p(i) =i+ 1for 1 <i<n-—1,and p(n) =1. For 1 < k < n, define v, (A) by

za;; if pF7L(E) < pFTL()),
a;j otherwise.

%(A)ij = {

One can show that det,(A) = detvy;(A) for all 1 < k < n, and that v (A -, B) =
Vi (A)vi(B). Moreover, we have

Ent1—k(2)7R(A) = Yra1(A)ey 11 g (2).
In fact, the map A — (v1(A),...,7(A)) defines a bijection

{A€ R | dety(A) € R*} = I(R).

2.2.3. Global group schemes and global affine Grassmannians. — In §2.2.2]
we have explained how to describe the ind-schemes Grg and Flg in terms of bundles
on a formal disc. To go further we will need to discuss several “global” analogues
of these ind-schemes, which involve bundles on a curve. The first example of such a
construction (which is the main ingredient in the definition of the central functor) is
explained in the present subsection.

2.2.3.1. Global loop and arc groups. — From now on, as in we let C = A},
with “marked” point 0, and set C° := C' \ {0}. Recall that for y an R-point of C' we
have the schemes I'y, C CRg, fy and f; = fy N Ty

We will consider the smooth affine group scheme G over C obtained by gluing the
Iwahori group scheme Z over Spec(&) to the constant group scheme G x C° using
fpqc descent. This group scheme is endowed with a canonical morphism G — G x C'
(which is not a closed embedding). One may consider principal G-bundles on (base
changes of) C, as explained in From now on, for any scheme X — C, we let

EY% := the trivial G-bundle over X.

Remark 2.2.9. — Given a base scheme S, an effective Cartier divisor Sy C 5, a
group scheme H over S, and a closed subgroup K C H Xxg Sy, Mayeux—Richarz—
Romagny define in [MRR] a scheme H over S which they call the Néron blowup of
H in K along Sp. This construction is based on (a generalization of) the theory of
dilatations. This scheme has the property that H X g .Sy is an effective Cartier divisor
on H, and is universal for this property in an appropriate sense. In case H is a flat
group scheme, H is again a group scheme. As explained in [MRR] Example 3.3],
the group scheme G considered above can also be described as the Néron blowup of
G x Al in B along the divisor {0} C Al

We define two associated “loop” and “arc” groups as the following functors from
C-algebras to sets:

LG : R~ {(y,7) |y € C(R) and v € G(T)},
L7G: R {(y,7) |y € C(R) and v € G(T,)}.
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Remark 2.2.10. — By definition, £G and £*G admit canonical maps to C. Hence
they can can also be described as functors from T'(C, 0 )-algebras to sets. In these
terms, LG sends a C[xz]-algebra R to the set of points of G x C' over the completion
of (C x C) x¢ Spec(R) = C x Spec(R) at the diagonal (AC) x¢ Spec(R). (Here the
fiber product (C x C') X Spec(R) is taken with respect to projection onto the second
factor C' x C'— C.) The functor £LG admits a similar description. See [Hel, Example
(2) on p. 504] or [HR1l §3.1] for this point of view.

For the proof of Lemma[2.2.12| below, we will need a family of “finite-type” variants

of LTG, defined as follows. For any integer m > 1 and any y € C(R), let F?(Jm)

denote the m-th nilpotent thickening of the closed subscheme I'y C Ck, i.e., Fém) =

Spec(R[z]/((x—y)™)), cf. §2.1.3] We then denote by L}, G the functor from C-algebras
to sets defined by

£5.6: R {(3,7) |y € C(R) and 7 € GI{™) }.

Lemma 2.2.11. — The functor L} G is represented by a smooth affine group scheme
of finite type over C. Moreover, if m > 1, the natural homomorphism L} G — EZJFQ’
is smooth and surjective, and the fiber of its kernel over any closed point x € C is
unipotent.

Proof. — As in Remark one can also describe £} G as the functor from Clx]-
algebras to sets sending R to the set of points of G x C' over the m-th nilpotent
thickening in C' x Spec(R) of the closed subscheme (AC) x¢ Spec(R). Then, as
explained in [HR1), Proof of Lemma 3.2], if we denote by D™ the m-th nilpotent
thickening of AC in C' x C, it is not difficult to check that £} G is the Weil restriction
of scalars of (G x C) xcoxc D™ along the map D™ — C induced by the second
projection. By [BLRJ §7.6, Theorem 4], this functor is represented by an affine
scheme, and by [BLR] §7.6, Proposition 5], this scheme is smooth (and in particular
of finite type). (Alternatively, smoothness can also be deduced from the fact that the
morphism £;,G — LG = G is smooth, which we prove below.)

Now we fix m > [, and consider the natural map £1G — Lfg. This map is
surjective by the infinitesimal lifting criterion for smoothness (see [SPL Tag 02H6)),
since G is smooth. It is also of finite type since £} G is of finite type. We will prove
that this map is smooth in case m < 2[, which of course will be sufficient to conclude
that it is smooth in general. By the same lifting criterion, to prove this property it
suffices to prove that for any C-algebra R and any ideal I C R of square zero, given
a commutative diagram

L}YG +—— Spec(R/I)

| |

LG «+—— Spec(R)

there exists a map Spec(R) — L}, G that makes both triangles commute. The lower
arrow consists of a pair (y,7) with y € C(R) = R and v € G(R[z]/(x — y)!). Sim-
ilarly, the upper arrow comsists of a pair (y/,7') with ¢ € C(R/I) = R/I and
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v e GU(R/D[z]/(x — y’)m). The commutativity means that y’ is the image of y
and the images of v and 7/ in G((R/I)[x]/(x —3')") coincide; this common image will
be denoted 4”. To conclude we have to prove that there exists ¥ € G(R[x ]/(x —y)™)

whose image in G(R[z]/(x — y)!), resp. G((R/I)[z]/(z — y')™), is 7, resp. ¥'. Since G
is smooth, hence formally smooth, the natural map

G(R[z)/(z —y)™) = G(R/D)[x]/(x —y')")

is surjective; choosing a preimage of 4" and multiplying by its inverse, we can (and
will) assume that 7" is the image of the unit section e € G(C[x]) of G.

Consider the conormal module wg associated with e in the sense of [DG] 11, §4,
no. 3]. This is a C[z]-module, which by [DG], II, §4, Proposition in 3.4] and [SP],
Tag 02G1] is finite locally free (in particular, projective). Note also that for any
C[x]-algebra S, the similar conormal module for the unit section of the group scheme

Spec(S) Xspec(clz]) 9

is S ®c[z) wg by [DG 1, §4, Lemme 1.6].

First we consider the case S = R[z]/((x—y)'), and the conormal module R[z]/((x—
y)') ®clz) wg. The ideal I - R[z]/((z —y)') C R[z]/((z — y)') is of square 0; in view
of [DG] II, §4, Proposition in 3.2], we therefore have a canonical identification of

Hom py)/((2—y)) (R[2]/ (& = 9)") ©cpay wg, T - Rlz]/((x —y)"))
= Homey) (wg, I - Rla]/((z — y)"))
with the kernel of the group morphism

G(Rlz]/((x —)")) = G((R/D)[x]/((z — y)"))-

In particular, v belongs to this kernel, hence corresponds to a certain morphism
#1:wg — I+ R[z]/((x —y)'). We will denote by ¢} the composition of ¢; with the
embedding I - R[z]/((z —y)') < R[z]/((z — y)").

Next, consider the case S = (R/I)[z]/((x — y')™). The ideal ((z — 3')!) C
(R/D)[z]/((x — y')™) is of square 0 since 2l > m; we therefore have a canonical
identification of

Hom g, 1))/ ((z—yym) (B/ D[]/ ((x = 4')™) @cpa) wg, (= y')"))
= Homcyy) (wg, ((z —¢')"))
with the kernel of the group morphism

G((R/D)2)/((x = y)™) = G((R/Da]/ (= = ¥)")).

In particular, ' belongs to this kernel, hence corresponds to a certain morphism
¢ i wg — ((x —y')Y). We will denote by ¢} the composition of ¢o with the opposite
of the embedding ((z — y')!) — (R/T)[z (=),

Finally we consider the case S = R[z]/(((z )+ I-(z—y)'R[z]). The ideal
((z =y + ) C Rlal/(((x —y)™) + 1 (z -

) R[x ]) is of square 0; we therefore
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have a canonical identification of Home,)(wg, ((z — y)') 4 (I)) with the kernel of the
group morphism

G(Rlal/ (= y)™) + 1+ (= 9)'Rls)) ) = G((R/D)[e)/((z = y')1)-

Now we have an exact sequence

0 — Rla]/(((x —y)™) + 1 - (x —y)'Rla]) L
R2)/((x — y)") @ (R/D[a]/((z — y)™) % (R/D[a]/((x — y')™)

where f is induced by the obvious projections, and g by the maps considered in the
definitions of ¢} and ¢,. (To check this, one can use that R[z]/((x—y)') identifies with
R! via the coefficients on the polynomials (z—y)?, (R/I)[z]/((x —y')™) identifies with
(R/I)™ via the coefficients on the polynomials (z — )7, and similar variants for the
first and third terms in the sequence.) The morphisms ¢} and ¢/ define a morphism
of C[z]-modules from wg to the second term in the sequence, whose composition
with g vanishes. By projectivity, this morphism factors through a morphism wg —
Rlz]/(((x —y)™)+ I - (x — y)'R[z]), which takes values in the ideal ((z —y)") + () C
Rlz]/(((x —y)™) + I - (z — y)'R[z]). By the comments above this morphism defines
a point

5 € G(Rlal/(((z —9)™) + 1+ (z = y)'Rlz]))

whose image in G(R[z]/((z —y)")), resp. (R/I)[z]/((z —y)™), is 7, resp. 7.
By formal smoothness the natural morphism

G(RIz)/(x —y)™) = G(Rlal/((z = 9)™) + 1+ (z — 9)'Rlz]))

is surjective; choosing a preimage 4 of 4’ provides the desired point.

Finally, to check that each fiber of the surjection £} G — EIJFQ is unipotent one can
use an appropriate embedding of G as a closed subscheme of some GL,, . (The exis-
tence of such an embedding follows e.g. from the general result discussed in §10.1.3])
This reduces the proof to the case of GL,, ¢, which is well known and easy. O

Lemma 2.2.12. — The functor LG is represented by an ind-affine group ind-scheme
over C, and the functor LG is represented by a flat affine group scheme over C.
Moreover, LG is canonically identified with the functor from C-algebras to sets defined

by

R~ {(yv“:vﬁa’y)

y € C(R), &€ a principal G-bundle over fy,
B 5lf° = Ego and y: & = Sg trivializations [’
v Yy y

and L*G is canonically identified with the functor from C-algebras to sets defined by

RH{(y,&ﬂ,v)

y € C(R), £ a principal G-bundle over fy,
B:E 512 and v: €& = 512 trivializations

The group operation is given by formulas similar to those in (2.2.4)).



2.2. GLOBAL AFFINE GRASSMANNIANS 87

Proof. — For the fact that £G and LG are represented by (ind-)schemes, see [Hel,
Proposition 2], [PZ] §6.2.4], or [HR1, Lemma 3.2]. The claim that £*G is flat over
C is also found in [HR1) Lemma 3.2]: it follows from the observation that

+0 ~1; +
along with the fact from Lemma [2.2.11|that each £} G is flat.

The moduli descriptions of £G and £1G given in the statement are routine, fol-
lowing the pattern of Lemma O

Example 2.2.13. — In the spirit of Examples and let us describe the
C-points of LG and LG explicitly in the case where G = GL(n). Given a complex
number y € C, let 0, := C[[z — y]] be the completion of the local ring of €(C) at y,
and let J7, := C((x —y)) be its fraction field. A C-point of LG is a tuple (y, g1,...,9n)
with y € C and ¢1, ..., 9, € GL(n, ) such that the following diagram commutes:

A\

e (@) 1 GO 1 C) Y (x)

Qll QQ\L gnl J{gl
o EX (z) n Ex—1(z) E;/ (z) o EY (z) o

Of course, since z is invertible in %}, g, alone determines the other maps. We see
explicitly that £G = GL(n, %) x C.

Similarly, a C-point of £7G is a tuple (y,g1,...,9n) with y € C and g1,...,9, €
GL(n, 0,) such that a diagram similar to the one above (with J, replaced by &)
commutes. If y # 0, then x is invertible in &), and g; alone determines the other
maps. Thus, the fiber of LTG — C over any point y # 0 can be identified with
GL(n, ©). On the other hand, its fiber over 0 € C is identified with the group I from

Example 2:2.1]

The observations in the preceding example can be generalized to arbitrary G. First,
we have

LG=LG x C.
Next, with respect to the structure map £7G — C, denote by
(LTG)o,  resp.  (LTG)ce,
the preimage of {0}, resp. C°. We then have canonical isomorphisms
(LYG)o =1, (L1G))co 2 LTG x C°.

2.2.3.2. Central affine Grassmannian. — We define the central affine Grassmannian
(attached to G) as the functor from C-algebras to sets defined by:

(2.2.6) Grg™(R) = {(y,&ﬁ)

y € C(R), £ a principal G-bundle over fy,
B S‘fo = 5120 a trivialization )
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Remark 2.2.14. — As in Remark let us note that the definition of Grgen
considered above involves a G-bundle on I'y. However, the Beauville-Laszlo descent
theorem (in the form stated e.g. in [Zh4}, Theorem 1.4.3]) implies that Grg®"(R) also

~

classifies data (y, &', 8') where y € C(R), &' is a G-bundle on Cg, and ' : gIICR\Fy —
Epr, 18 a trivialization.

The analogue of Proposition [2.2.2]in this setting is then the following claim.

Proposition 2.2.15. — The functor Grgen 18 represented by an ind-projective ind-
scheme over C. The obvious morphism
LG — Grg™

is an étale locally trivial principal LTG-bundle (in the sense spelled out in §2.1.4.2);
in particular it factors through an isomorphism

(LG/LFG)ippt = Grg™.

In this statement (£LG/LTG)gppe is the fppf sheafification of the presheaf sending

a C-algebra R to LG(R)/LTG(R). As in Remark [2.2.3] Proposition [2.2.15 shows
that (L£LG/L1G)ppr is also the étale sheafification of the presheaf above, and that this
functor is in fact an fpqc sheaf.

Proof. — By Proposition there exists a vector bundle £ over C' and a closed
immersion of group schemes G — GL(&) such that the quotient GL(£)/G is quasi-
affine over C. Here, since C' = A!, this vector bundle must be trivial. One can
therefore apply [HR1l, Corollary 3.11] to obtain the representability of Grge“. (See
Remark for the comparison between our conventions and those of [HR1]. See
also [Hel Proposition 2], [Rc2| Lemma 2.8] and [PZ], Proposition 6.5] for earlier refer-
ences for this claim.) The fact that this ind-scheme is ind-projective is an application
of [Re2l Theorem 2.19]. For the second sentence, see [Hel Proposition 4] or [HRI1],
Lemma 3.4(ii)]. (Once again, the key point here is to show that given y € C(R),
for any G-bundle £ on fy there exists an étale cover R — R’ such that the pull-
back of £ to fy/ is trivial, where y’ € C(R’) is the image of y. This follows from

Proposition ) O
As above, we denote by
(Grgen)g, resp. (Grgen) |cos

the preimage of {0}, resp. of C°, with respect to the structure map Grf;Jen — C.

By construction, we have G|spec(o) = Z, so a principal G-bundle over fo is the
same as a principal Z-bundle. In view of this observation, and comparing (2.2.6))
with (2.2.5)), we obtain a canonical identification

(2.2.7) (Grg®™)p = Flg.
On the other hand, if y € C°, then g“:y ~ G x fy Using the (additive) group

structure of C' = A, we see that for any y € C(R), there is a canonical automorphism
of Cgr (as an R-scheme) transforming y into {0} x Spec(R). Via this automorphism,
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we can identify fy with Spec(R[[z]]). Then any principal G-bundle over fy can be
regarded as a principal G-bundle over Spec(R[z]]). Combining these observations, we
obtain a canonical isomorphism

(2.2.8) (Grg™)|co = Grg x C°.

Example 2.2.16. — Let us describe Grrgen explicitly in the case of G = GL(n). Let
y € C be a complex number, and let &, and %, be as in Example[2.2.13] A y-lattice
is a torsion-free finitely generated )-submodule A of JZ" such that 7, - A = J£".
A y-lattice chain A is a sequence of y-lattices

AZ(AleQD"'DAnDI‘Al)

with the following property: there should exist some J#,-basis (f1,..., fn) of
such that for 1 < k <n, Ay is given by

Ay, = the Oy-span of {f1, fa,. ., fo1—k> Tfrr2—ks T3ty -, Tfn}-

Of course, when y # 0, z is invertible in €y, and this definition implies that A; =
Ay = -+ = A,. When y = 0, on the other hand, our condition is equivalent to
requiring that dim(A;/A;+1) = 1, as in Example

The group (L£G), acts transitively on the set of y-lattice chains, and the group
(L£*G), is the stabilizer of the y-lattice chain

01 D (30,) x 6771 D (26,)2 x 67725 -5 (20,)" " x 6, > (x0,)".

We can thus identify Grgen((C) with the set of pairs (y,A) where y € C and A is a
y-lattice chain.

2.2.4. Example: the first fundamental coweight for GL(n). — In view of the
constructions studied in the rest of this book, it is an important problem to understand
the “global Schubert varieties,” defined as the closures of the locally closed subvarieties

Grg x C° C Grg x C° = (Grg™)|ce € Grg®™

for X € XY. Unfortunately, in practice, describing these global Schubert varieties
explicitly turns out to be difficult, even in the case when the stratum Grg C Grg is
“simple” (e.g. when it is closed).

One case when such a description is possible, however, is the setting considered in
Example i.e. the case of the dominant coweight €} for GL(n). We rely on the
description of Grrgen for GL(n) from Example as the set of pairs (y, A), where
y € C and A is a y-lattice chain. Let X be the closed subset given by

X={(y,AM1DA2D---DA, DA€ Grgen | for each k,
(z(z —y)0,) " x ((x —y)0,)" " C Ay C (x0,)" " x O~
and dim(((z6,)"! x ﬁg_kﬂ)//\k) =1}

Vv
Comparing this with the description of GrélL(n) from Example|1.2.3] we see that

cho = GTZIL(n) X CO.
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We will see below that X is irreducible, so in fact X = Gréle(n) x C°.

For an alternative description of X, consider the canonical identification
(229) (@G, x oy [((a(x - y)0,)* " x ((z — y)G,)" ) = C.
Under this identification, the inclusion map (z0,)* x ﬁ;_k — (x0,)F 1 x ﬁ;"”l
induces a map of quotient spaces
(z0,)F x Op~F R (x0,)F~t x op—HH1

(@@ —y)Oy)* x (x —y)Oy)"~F  (x(x—y)Oy)* " x ((x —y)Oy)" !

which is identified under with
el (y): C" — C™.

Now consider a point (y,A1 D As D -+ D A, D zA;) of X. Each lattice Ay C
(acﬁy)k_l X ﬁ;“kﬂ corresponds under to a hyperplane Hy C C™, and the

condition Ay D Ayyq is equivalent to the condition that Hy D &) (y)(Hk+1). To
summarize, we have identified

(2.2.10) X = {(y,Hy,...,H,) € C x (P""H)™|
eV (y)(Hy) C Hy, ..., ef_1(y)(H,) C Ho1, el (y)(Hy) C Hy,},

where P"~! is the projective space of hyperplanes in C™, with the natural action of
GL(n). (See [ARA, §8.1] for additional discussion and references).

Let f : X — C be the restriction of the structure map Grgen — C. In terms

of (2.2.10)), the set f~1(0) corresponds to
(2.2.11) {(Hi,...,H,) € (P 1) |
ey (0)(Hz) C H, ..., ,_1(0)(Hn) C Hy—1, €, (0)(Hy) C Hp}.

n

On the other hand, f71(0) is also identified with an I-stable subset of (Grgen)g =
Flgr(n). Let us describe the I-action on f~*(0) in terms of (2.2.11). For any i €

{1,...,n}, consider the group homomorphism
0;: 1 — B
sending a matrix g = (g;, ;)i j=1,....n to the matrix
iz 0 0 .- 0
0 g2z O . 0
: 0
Gi—2,i—2 0
0 0 gi—1,i—1
QT,z‘ 0 0 0 ’
Gi+1,i  Git+1,i+1 0 tee 0
0
. gnfl,nfl 0
gn,i ce gn,n—1 gn,n
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where for P in & we write P for the image of P in &/xz0 = C. We have a natural
action of B" of (P"~!)". Under (2.2.10)), the action of an element g € I on f~'(0)
corresponds to the action of (01(g),...,0n(g9)) € B™ on .

This description shows that f~!(0) contains the unique O-dimensional I-orbit in
the connected component of Flgy,(,) containing 251 I. In terms of , this orbit
corresponds to the point

(2.2.12) (ker(e}), ..., ker(e:)) € (P~ 1™,

where (e1,...,e,) is the natural basis of C* and (e7,...,e}) is the dual basis.

To obtain a better understanding of the geometry of X around the special fiber
f71(0), one can introduce the morphism

u: A" - X
defined as follows. Given z = (z1,...,2,) € A™ and ¢ € {1,...,n}, we define the
hyperplane

Hi(z)=A{(z1,...,20) €C" | (i xp)z1 + (x5 - Tpx1)20 + - - -
+ (@i xpr - Ti—0)zi1 2 F Tz -+ (@ 1)z, = 0}

(In this equation, the first terms are omitted if ¢ = 1, and the last terms are omitted
if i =n.) Then we set

w(xy, ..., xy) = <H$i,H1(x1,...,xn),...,Hn(asl,...,zn)> .
i=1

One can check that u is an open embedding, see [ARI, Lemma 8.1]. Moreover, since
its image contains the I-fixed point (in fact this point is u(0)), which lies in
the closure of all the I-orbits in its connected component of Flg, this image must meet
all the I-orbits in f=1(0). In particular, since the singular locus and the irreducible
components of X are I-stable, it follows that X is smooth and irreducible, see [ARI,
Corollary 8.2].

2.3. Iterated global affine Grassmannians

2.3.1. Overview. — The next tool that we need to introduce, and which will play
an important role in Chapter [3] is an ind-scheme known as the Beilinson—Drinfeld
affine Grassmannian. This space, denoted by GrgD, satisfies

(GrgP)|ce = Grg x Flg x C°, (Grg”)o = Flg,

where we use the same notational conventions as in §2.2.3] (The definition will be
given below, as an instance of a more general construction. The idea of this construc-
tion goes back to Beilinson—Drinfeld [BD], but will be developed here for nonconstant
group schemes over C.)

Unfortunately, we immediately run into a technical obstacle involving group ac-
tions. Convolution on Grg or on Flg typically involves equivariance for the groups
L*G and I. The global analogues of these groups are LTG x C and LT G, respectively.
Unfortunately, neither L*G x C nor £*§ acts on Grg"!
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Below, we introduce a new group scheme, denoted by £+GBP| that acts on both
GréJen and GrgD7 as well as on further generalizations (called iterated global affine
Grassmannians). This group scheme lets us define global twisted products and global
convolution in great generality.

2.3.2. Beilinson—Drinfeld group schemes. — For y an R-point of C, we may
consider the closed subscheme I'g UT'y C Cr. Let me denote the completion of
Cr along this subscheme, and set (FO/U\Fy)O = F@\Fy N (TgUTYy). The Beilinson—
Drinfeld loop and arc groups are the functors from C-algebras to sets given by

£G°P(R) = {(y.7) |y € C(R) and 7 € G((Tg UT,)°) }

£4G"P(R) = {(y,7) |y € C(R) and 7 € G(TgUT,) }

Lemma 2.3.1. — The functor LGP is represented by an ind-affine group ind-
scheme over C, and the functor LYGBP is represented by a flat affine group scheme
over C. Moreover, LGBP is canonically identified with the functor

R d (1,6, 8,7) y € C(R), € a principal G-bundle over I‘O/U\Fy,
Yoo : _)N 0 . ~ 0 I . )
EE g|(1fﬁy)o g(ﬁy)oa v:E€— 5ﬁy trivializations

and LTGBP is canonically identified with the functor

RH{(%&B,V)

y € C(R), &€ a principal G-bundle over F@\Fy, }
B:E= &0 and v: € = EY  trivializations
UL, UL,

The group operation is given by formulas similar to those in . The proof is
essentially identical to that of Lemma [2.2.12) and will be omitted. We remark that
the proof of flatness for LTGBP involves writing it as an inverse limit of smooth (and
hence finite type) group schemes over C. Specifically, for any integer m > 1, one can
define a functor from C-algebras to sets by

£5,6%P(R) = {(y.7) | y € C(R) and 5 € G((To UT,)™) },

where (I'g UI‘y)(m) is the m-th nilpotent thickening of the closed subscheme I'gUI', C
CRr. These functors satisfy the following analogue of Lemma [2.2.11] Once again, the
proof of this statement is analogous to that of Lemma|[2.2.11] and is therefore omitted.

Lemma 2.8.2. — The functor L}, GBP is represented by a smooth group scheme of
finite type over C. Moreover, if m > I, the natural homomorphism L} GBP — ETQBD
is smooth and surjective, and the fiber of its kernel over any closed point x € C is
unipotent.

The flatness of £TGBP then follows from the observation that

£+gBD ~ I&H,C:IQBD
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From the moduli descriptions in Lemma [2.3.1] we see that there are obvious C-
group scheme homomorphisms

(2.3.1) LGB0 1%,
(2.3.2) LTGBP - g

given by restricting the bundle and its trivializations to fo and to fy, respectively.

2.3.3. Beilinson—Drinfeld affine Grassmannian. — As for Grge“ (see (2.2.6)),
one can now define the Beilinson—Drinfeld affine Grassmannian (attached to G) as
the functor from C-algebras to sets given by

y € C(R), £ a principal G-bundle on I‘O/U\I‘y, }

B:E —=o = EY . a trivialization
[TouTy, Toul,

(2.3.3) GriP(R) = {(y,&ﬁ)

Remark 2.8.3. — As in Remarks R.2.7] and 2.2.14] we may again invoke the
Beauville-Laszlo descent theorem to describe the functor GrgD in terms of principal
G-bundles over curves rather than formal neighborhoods. Specifically, GrgD (R) also
classifies data (y,&’, ") where y € C(R), £ is a principal G-bundle over Cg, and
ol 5|/CR\(F0qu) = ggR\(Foqu) is a trivialization.

The next statement is the counterpart of Proposition [2.2.15|in our present setting.

Proposition 2.3.4. — The functor GrgD 1s represented by an ind-scheme over C.
The obvious morphism

LGB — GrgP

is an étale locally trivial principal LT GBP -bundle; in particular, it factors through an
isomorphism
(LGPP /LT GPP) e = GrgP.

Proof. — The proof is similar to that of Proposition [2.2.15] In view of Remark [2.3.3]
the representability is proved in an application of [HR1] Corollary 3.10] (applied to
the noetherian ring O = Clz], the O-curve X = C x C, and the divisor (AC)U ({0} x
()). See also [PZ, p. 231]. For the second sentence, see [HR1, Lemma 3.4(ii)]. (As
always, the key point is to show that given y € C(R), any principal G-bundle over
I‘O/U\Fy can be trivialized on FO/U?y/ for some étale cover R — R’, which follows
from Proposition [2.1.4]) O

The following statement is claimed in various sources, but we were not able to locate
a reference where it is actually proved. The argument below was kindly explained to
us by T. Richarz.

Proposition 2.3.5. — The ind-scheme GrgD is ind-proper over C.

Proof. — Consider the functor Grgg which is defined as for GrgD, but replacing the
group scheme G by the constant group scheme G¢ := G x C. (This functor, along
with several variants, will be studied more thoroughly in Section below.) This
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functor is representable by an ind-projective ind-scheme by [HR1l Corollary 3.11].
The natural morphism G — G¢ induces a morphism of ind-schemes

BD BD
Grg~ — Grg,.

We claim that this morphism is an étale locally trivial fibration with fiber the projec-
tive scheme G/B. This will conclude the proof, since properness is fpqc local on the

base (see Remark [2.1.10{[2))). By Proposition [2.2.15 and Proposition combined

with the observation that £LGBP = LGBP, we see that this morphism is étale locally
isomorphic to the projection

(LTGEP /LY GPP)gpt X0 Grel — Grel,
where LTGEP is the counterpart of £L7G for the group scheme G¢. Next, using (2.3.1))
and the analogous map LT GEP — LTG x C, it is easy to see that
LTGEP /£+GBP) s 2 LYG/I x C = G/B x C,
c pp

which shows the desired claim. O

We will see later (see Lemma [2.3.10]) that this ind-scheme is in fact ind-projective
over C.

2.3.4. Iterated global affine Grassmannians. — We will now define a family of
“iterated” generalizations of Grrgen and Gr]ggD that depend on some labels S, ...,S,.
Each label S; is allowed to be one of the following four symbols:

a, 0, Y yuo.

Let R be a C-algebra, and let y € C'(R). If S is one of the four symbols above, we
define I'g as follows:

IouT, if S =9,
fo . F()Ury \FO lfS:Q,
ST ToUT, \ T, if S =y,

IoUT, ~ (ToUT,) if S = yUo.

Given a sequence of labels S = (S1,...,5S,), we define Grg(S) to be the functor
from C-algebras to sets given by

(2.34) Grg(S)(R) ={(y.€",....€" B1,.... ) |

y € C(R), EY,...,E™ are principal G-bundles over I‘O/ﬁy,
and for 1 <i<mn, §;: S‘ifo = Sllf_ol is an isomorphism
S, 5,

(When ¢ = 1, in the last condition one should interpret 5%0 as Ego ; in other words
S1 S1
(1 is a trivialization of E‘lfo .) There is an action map
S1

LTGBP x o Grg(S) — Grg(S)
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given on R-points by the formula

(235) (y7 8/7 5/7,}/) : (97 817 cee 7‘9”7 617 cee 7ﬁn)
= (y7517 ey gn75/’\o © (’y/)i}; ° ﬁlﬂ 527 cee 7/371)7
Ir's, ITg,
where we use the identification from Lemma We will see below (see Proposi-
tion [2.3.11)) that the functor Grg(S) is represented by an ind-proper ind-scheme of

ind-finite type.
For n = 1, the functors (2.3.4) are described by the following lemma.

Lemma 2.3.6. — We have
Grg(9) = 0, Grg(0) =Flg xC, Grg(y) = Grg™, Grg(yU0) = Grg>.
In particular, these functors are represented by ind-proper ind-schemes over C'.

Proof. — An R-point of Grg(@) consists of an R-point y of C, a principal G-bundle

over I'g UT'y, and a trivialization of this G-bundle. Up to isomorphism, for a fixed y
there is only one such datum; so the first isomorphism is clear.
Next, there is an obvious map Grg(0) — Flg x C given by

To show that this is an isomorphism, we must describe the inverse map. Given
(€,B) € Flg(R) and y € C(R), using the Beauville-Laszlo descent theorem (see [Zh4],
Theorem 1.4.3]) one can obtain a principal G-bundle £ by gluing £ (on fo) with the
trivial principal bundle on C' using 3; then the restriction £ of € to F@\I‘y comes
with an isomorphism B:E = &9 . It is easily checked that the map

ITQUT, ~To — “Igur, T
((€,8),y) = (4.€,5)
is inverse to (2.3.6).

The proof that Grg(y) = Grg® is very similar and will be omitted. Finally, the
isomorphism Grg(yU0) = GrgD is clear from the definition. O

The same reasoning as for the first isomorphism in Lemma shows that if
S; = &, then there is a canonical isomorphism

(237) GI‘g(Sl, .. .,Si_l, ®a5i+17 .. 7Sn) = Grg(Sl, .. ~7Si—17Si+17 ey Sn)

Remark 2.3.7. — The second isomorphism in Lemma shows that the £+ GBP-
action on Grg(0) factors through the map £¥GBP — I x C from (2.3.1). Similarly,
the £1GBP-action on Grg(y) factors through the map £LTGBP — £7G of ([2.3.2).

There is an obvious “union” operation on the set of symbols @,0,y,yU0. For
1 <i < j < n, we define the convolution map to be the map

(238) Mg GI‘g(Sl,. . ,Sn) — GI‘g(Sh. S, S U U Sj,Sj+1,. . ,Sn)
that sends (y,&1,...,&n, B1, .-+, Bn) to the point
(y7617'"7g’i71agj75j+1a"'gnaﬂh"'7ﬁi7135§'aﬂj+17"'76n)
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where f3} is given by the following formula (in which we set S’ = S; U--- U S;):
/
Bi = Bjips, © Bi—aps, © 0 Bypo, -

Remark 2.3.8. — There are closely related functors Grg (S, ..., S,) that are de-

fined similarly, except that every mention of FO/LJ\Fy is replaced by Cg. For instance,
we have

Gry(y)(R) = {(y,&ﬁ) ‘ y € C(R), € a principal G-bundle over Cg, }

. ~ 0 e 1. .
B S\CR\Fy — SCR\Fy a trivialization

(It is left to the reader to write down the definition of Grg(Sy,...,Sy,) carefully in
general.)
For any S = (S1,...,5Sy), there is an isomorphism of functors

Grg(S) = Grg(S).

In fact, there is an obvious map Grg(S) — Grg(S) given by restricting all G-bundles
and maps from Cr to FO/L—J\I‘y. To construct a map in the opposite direction, suppose
we have (y,&Y,..., ", B1,...,0n) € Grg(S)(R). Then each £ is equipped with a
trivialization over (FO/U\Fy)O given by

o - - :gi _>EO

— 0B — . .
'61|(Foqu)o 5l|(F0UFy)° |(ToUT,)° (ToUTy)e

Let £ be the principal G-bundle on Cr obtained by gluing £¢ to the trivial bundle
on Cr \ (IpUT,) along (FO/LJ\Fy)O. (Once again, this gluing is possible thanks to
the Beauville-Laszlo descent theorem [Zh4l Theorem 1.4.3].) Similarly, let B; be the
map obtained by gluing f3; to the identity map of the trivial bundle along (me)o.
Then (y, EL .. EM B, ., Bn) is an R-point of Gr’g (S), and our construction defines
a map Grg(S) — Grg(S) that is inverse to the map mentioned above.

It might seem more appealing to work with the functors Gr/g (S1,...,Sn) rather

than Grg(Si,...,S,). However, in the present book there is a compelling reason to
stick to Grg(Sy,...,S,): see Remark [2.3.15| below for details.

2.3.5. Principal bundles and representability. — The goal of this subsection
is to prove that Grg(S) is represented by an ind-scheme. As a tool for the proof, we
introduce a functor Gr(goo)(Sl, ..., Sy), defined as follows (here Si,...,S, are labels
as in §2.3.4)):

Gri (81, Su)(R) = {(4, €', €™, B, By |

y € C(R), £Y,...,E" principal G-bundles over me;

for1 <i<mn, §;: E‘if,o = 5&:01 an isomorphism;
54 5,

v &M £V a trivialization
UL,
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(Here again, for ¢ = 1, 8; is understood to be a trivialization.) There is a right action
of LTGBP on G‘rr(goo)(Sl7 ..., Sy) given by

(23.9) (4,&'... . € By Buy) - (0, € 8',7)
:(y7817""gn7ﬁ1?'"’/Bn?’ylo(/8/)_107)7
where (y,&’,8,7') € LYGBP(R) as in the description in Lemma There is also

a left action of £+GBP on Gr(goo)(Sl, ...,Sp) given by a formula similar to (2.3.5)).
There is an obvious map

(2.3.10) p: Gr5P(S1,...,8,) = Grg(Sh, ..., Sn)

which is given an R-points by forgetting . This map can be seen as a special case of
a more general map

(2.3.11) pi i GrS(S1,. .., Si) X Grg(Sist,- -y Sn) = Grg(Sh,..., Sn),

that is given by the following formula on R-points:
((ya gl’ tee 7gi761a tee aﬁi77)a (y7gi+17 s agnaﬁi-‘rh L 7671))
— (ya 51’ SRR 7gn761a cee 757;7’7'%% o 6i+1a/8i+27 e 7571)
i+1

We equip the domain of (2.3.11)) with a right £+GBP-action by combining the right
action from ([2.3.9)) with the inverse of the left action from (2.3.5). That is, we set

ue Grg™(S1,...,S)(R), v e Grg(Sit1s...,Sn)(R),

g € LTGBP(R).

The map p; in ([2.3.11)) is then £TGPP-invariant, i.e., it intertwines this action with
the trivial £LTGPP-action on Grg (S, ..., S,).

Lemma 2.3.9. — The map p from (2.3.10)), resp. the map p; from (2.3.11), is an
étale locally trivial torsor for the sheaf of groups LTGBP x o Grg(Sy,...,Sn).

Proof. — We will prove the claim for (2.3.11)). The proof for (2.3.10) is essentially
identical. Let S" = (S1,...,5;) and 8" = (Si41,...,5,), and let S = (S1,...,S,). It
is straightforward to check that the map

(u,v) - g = (ug, g~ "), {

Gr5o(S') xe LYGEP x ¢ Grg(8") —
(Gr5™)(8") xe Grg(8")) Xarg(s) (Gr5™(8') xo Grg(S”))

given by the action and projection morphisms (as in the definition of torsors in §2.1.2))
is an isomorphism of functors, so what we must show is that p; admits sections étale
locally. Let (y,&Y,...,E™ B1,...,By) be an R-point of Grg(Sy, ..., Sy,). For any ring
homomorphism R — R, let (yr/,Ehry...ER PR, -, Bn,rr) be the corresponding
R/'-point. By Proposition we may choose R — R’ so that it is an étale cover,
and so that &%, is trivial. That is, there exists an isomorphism

Lei ™0
W.ER,—>SFOUF

YR!



98 CHAPTER 2. CENTRAL SHEAVES

Let

/ — . i+l ~, ¢0
Bit1,r = VNre  © Bit1,R Efo - gfo .
Sit1 | Sit1 Si

Then the point

((yR’a(g]l%’a e 8%’) 51,R’a cee 767;,R'7'y)7 (yRHgEt_lv .- 'g}%’761{+17R’76i+2,R'7 e 76n,R’))
€ (Gr§™(S1,...,5;) xc Grg(Sitis .-, Sn)(R)

gives us the desired section of p;. O

In the case of Gr(goo) (yu0), the right action of £LTGPP extends to an action of
LGBP: indeed, Lemma implies that

(2.3.12) Gr®>)(yuo) = £GP,

Lemma 2.3.10. — For any S € {@,0,y,yU0}, the ind-scheme Grg(S) admits a
presentation

Grg(95) = colim,, Grg(S)m

indezed by Z>o such that the LTGBP-action stabilizes each Grg(S).,, and each of
these schemes is projective and admits an L£TGPP-equivariant line bundle which is
relatively ample for the structure morphism Grg(S), — C.

Proof. — As in the proof of Proposition 2.2.15] there exists a closed immersion G —
GL,, ¢ for some n > 0 such that the quotient GL,, ¢ /G is quasi-affine, hence a mor-
phism of ind-schemes Grg(S) — Grgar, . (S) which is representable by a locally
closed immersion, see [HR1l, Proposition 3.10]. Here Grar, .(S) is defined as for
Grg(S), but with the group scheme G replaced by GL,, . This ind-scheme is stud-
ied in [HR1l Lemma 3.8]; the construction explained there shows that it admits a
presentation

Gragr, o (S) = colim,, Grar,, (S)m
where each scheme Grar,, . (5)m is a Quot scheme, and in particular admits a canoni-
cal closed immersion into a Grassmannian scheme. Pulling back the natural relatively

ample line bundle on this Grassmannian scheme we obtain a relatively ample line bun-
dle on Grgr,, . (S)m. We then have a presentation

Grg(S) = colimy,, Grg(S),m where Grg(S)n = Grg(S) Xarar, . (5) Grar,. o (S)m-

Since Grg(S) is ind-proper over C' (see Lemma|2.3.6)), each scheme Grg(S),, is proper
over C, which implies that the locally closed immersion

GI‘g (S)m — GrGLn,c (S)m

is proper by [SPl [Tag 01W6|, hence a closed immersion by [SPl Tag 04XV]. Hence
Grg(S),, is projective over C, and restricting the relatively ample line bundle on
GrgL, . (S)m considered above we obtain a relatively ample line bundle on Grg(S),n,
which can be seen to be £1GBP-equivariant. O


https://stacks.math.columbia.edu/tag/01W6
https://stacks.math.columbia.edu/tag/04XV
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Proposition 2.3.11. — The functor Grg(S) is represented by an ind-proper ind-
scheme over C. More precisely, it admits a presentation

Grg(S) = colim,,,Grg(S)m

indexed by integers m > 0, where each Grg(S), is an LT GBP-stable closed subscheme
that is proper (in particular, of finite type) over C. Moreover, for any m the (left)
L*TGBPaction on Grg(S),, factors through an action of the smooth group scheme of
finite type E;FWQBD for some j,, > 1.

Proof. — Write S = (S1,...,5,). We proceed by induction on n.

Suppose first that n = 1. The functors to consider are those listed in Lemma|2.3.6
If S1 = @, then the claims about Grg(@) = C are obvious. For the remaining
cases, representability holds by Propositions [2.2.5} [2.2.15] and 2.3.4] The rest of the
proposition just records some observations that can be made in the course of proving
representability: see the references to [HR1], [He, [PZ] given in those proofs for further
details.

Suppose now that n > 1, and assume that Grg(Si,...,S,—1) is known to be
represented by an ind-scheme. As explained in §2.1.2| the torsor (see Lemma [2.3.9)
(2.3.13) Gr5?(S1, ..., Sn 1) = Grg(Si,. .., Snu1)

is automatically an étale locally trivial principal £TGPBP-bundle; in particular,
Gr(goo)(Sl, ..., Sp_1) is represented by an ind-scheme.

Recall from Lemma that £LTGBP is flat and affine (and hence quasi-compact)
over C. Combining this with Lemma [2.3.10] we see that the assumptions of Re-

mark 2.1.10)(T)) are satisfied; so by Proposition the associated bundle
00 +BD
Gr5 (S, ..., Spe1) X579 Grg(S,)
exists as an ind-scheme. On the other hand, by another instance of Lemma [2.3.9] we

have already identified the quotient of Gr(goo) (S1,...,5.-1) X Grg(S,,) by the right
L*TGBP-action: it is Grg(S1, ..., S,). We conclude that

Grg(Si,...,Sn) = Gr5I (81,0, Sn1) x5 97 Grg(S,).

In particular, Grg(Sy,...,Sy) is represented by an ind-scheme. More precisely, let
Gr(goo)(Sl, ..»82-1)m be the preimage of Grg(Si,...,S,_1)m,m under (2.3.13)), and
then set

Grg(Si, .., Su)m i= G5 (S1, .., Sno1)m x5 97 Grg(Sn)m.

Proposition tells us that Grg(Si,...,Sn,) is the colimit of the schemes
Grg(S1,...,S,)m with closed immersions as transition maps. Since the schemes
Grg(S1,...,Sn-1)m and Grg(S,)m, are each proper over C, the same holds for

Grg(S1,--.,5,)m by Remark 2.1.10)2). O

Remark 2.3.12. — Note that a morphism between ind-proper ind-schemes is auto-
matically ind-proper by [SP) Tag 01W6|. In particular, the morphism f; ; of (2.3.8)
is ind-proper.


https://stacks.math.columbia.edu/tag/01W6
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In the course of the preceding proof, we have also established the following claim:

Proposition 2.3.13. — The functor Gr(goo) (S) is represented by an ind-scheme, and

the map p : Gr(goo) (S) = Grg(S) makes Gr(goo)(ﬁ) into a principal LTGBP-bundle
over Grg(S).

Finally, since the domain and codomain of (2.3.11)) are now both known to be
representable, we have the following immediate consequence of Lemma [2.3.9

Corollary 2.3.14. — Let S = (S1,...,Sn). For anyi € {1,...,n — 1}, the asso-
ciated bundle G‘rr(goo)(Sl7 ey Si) ><é+gBD Grg(Sit1,...,5n) exists as an ind-scheme,
and we have

Grg(S1,...,5n) = Gr5I (81,00, 8) x5 97 Grg(Sit1, ..., 5n).

Remark 2.3.15. — One can write down a similar functor Gr(oo)'(Sl, ..., Sp) start-
ing from the functor Gréj(Sl, ..., Sp) mentioned in Remark An R-point of this
functor would include the datum of a trivialization v : £" — SR. It is tempting to
guess that this functor is a principal bundle for the group ng given by

y € C(R), £ a principal G-bundle over Ch,
B:&€5 SgR and y: & = EgR trivializations

R {(%57677)

Unfortunately, ng is only a group ind-scheme, and not a group scheme, over C.
The literature does not seem to treat torsors and associated bundles for such objects,
and thus it is unclear (at least to us) whether a version of Lemma holds for
Gr’g(Sl7 ...,Sy). Since this lemma is essential to all the results in this subsection,
we do not know how to proceed with the study of Gr’g(Sl, ...,S,). In this book, we
avoid this problem by working exclusively with Grg(Si,...,S,).

2.3.6. More principal bundles over Grg(Si,...,S,). — Occasionally, we will
need variants of Gr(goo)(ﬁ), denoted by

Gr{)(S)  GriY ().

We define Gr(gfog)(Sl, ..., Su)(R) to be the set of tuples (y,&%, ..., B1,- -+, Bn,7)
where (y,EY,...,E", B1,-.-,Bn) € Grg(Sy,...,S,)(R), and

. on ~ 0
v glfo — gfo

is a trivialization. The definition of Gr(gO;)(Sl, ..., Sn)(R) is the same, except that
should be a trivialization

cEn gl
7'8|Fy—_>51“y'
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Again, there are obvious right actions of I x C' on Gr(gcz) (S) and of LG on Gr(gofy)) (S),
and projection maps -

po: Griy(S) — Grg(S),
Py Grgj;) (S) = Grg(8).

By Lemmas [2.2.4] and 2.2.12] we have the following special cases, in the spirit of
Lemma [2.3.6|and (2.3.12):

(2.3.14) Griy () 2LGx C,  Gr{)(y) = LG,

The proof of the next statement closely follows the pattern of Proposition [2.3.13
and will be omitted.

Proposition 2.3.16. — 1. The functor Gr(gfz)(ﬁ) is represented by an ind-

scheme over C, and the map py : Gr(goz)(ﬁ) — Grg(S) is a principal
I x C-bundle over Grg(S).
2. The functor Gr(go";) (S) is represented by an ind-scheme over C, and the map

Py Grgf,) (S) — Grg(S) is a principal LTG-bundle over Grg(S).

Exzample 2.3.17. — Consider the morphism Gr(gfog) (y) = Grg(y). It is easily seen
that the restriction of this morphism to C° identifies with the projection Grg x I x
C° — Grg x C°, while its restriction to 0 identifies with the map LG — Flg.

2.3.7. Special and generic fibers. — In the preceding subsections, we have intro-
duced a number of ind-schemes Y equipped with maps Y — C, including £G, £1G,
Grg(S), Gr(goo)(ﬁ), etc. Following the conventions introduced in §2.2.3| for each such
ind-scheme Y, we denote by

Yo, resp. Yico,

the preimage of {0}, resp. C°, in Y. Our goal in this subsection is to determine the
schemes Yy (called “special fibers”) and Y|co (called “generic fibers”). The results
are summarized in Table [2.3.1] (Note that the first column of these table relies on
identifications from Lemma [2.3.6| and from and )

Many of the entries in this table have been discussed in earlier sections. Specifically,
the special and generic fibers for LG, LG, and C-}rgen were described in The

special and generic fibers for Gr(goo)(Q) >~ LG x C and for Grg(0) = Flg x C are
obvious.

Next, consider the ind-schemes £GBP, £tGBP, and GrgD. It is immediate from
Lemma and from that their special fibers are identified with those
of LG, L1G, and Grgcn, respectively. To describe their generic fibers, we use
Lemma . This lemma implies that the generic fiber of, say, £LTGBP is the
productB%f the generic and special fibers of £7G. Similar reasoning applies to £LGBP
and Grg .
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Ind-scheme Y Special fiber Yo Generic fiber Y|go
Gl (0) =LGxC LG LG x C°
GriY(y) LG LG LG x C°
- £tg I Lta x C°
Gr{? (yuo) = £GBP LG LG x LG x C°
LTGBP I LYGoo x IZLTGxI xC°
CO
Grg(0) > Flg x C Flg Flg x C°
Grg(y) = Grge Flg Grg x C°
Grg(yu0) = GrgP Flg Grg x Flg x C°
I I I I I I
Grg(0,...,0) LG x --- x LG X Flg LG x --- x LG x Flg x C°
I I I Lte Lta Lta
Grg(y,..-,Y) LGx---xLGxFlg | LG x -+ x LG x GrgxC°
I I I
Gl‘g(ﬁ) LG x --- x LG x Flg Grg(yﬂ§)|co X Grg(9ﬂ§)|co
y Go

TABLE 2.3.1. Special and generic fibers

It remains to describe the special and generic fibers of Grg(S) in general. The
special fibers are given by the following lemma.

Lemma 2.3.18. — There is a canonical isomorphism of ind-schemes

Grg(Si,...,S.)0 2 LG x! - xT LG x! Flg,

m factors

where m is the number of labels S; with S; # &. Moreover, via this isomorphism, the
convolution map

(Hi,j)g : GI’g(Sl,...,Sn)Q% GI‘g(Sl,...,Si_l,Si J--- USj,S]‘+1,...,Sn)0

1s identified with the usual convolution map for twisted products of Flg.

Proof. — In view of , we may assume that none of the S;’s are @, so that
m = n. And since we are taking the fiber at 0, we may as well further assume that
Sy =---=8, =0. From Lemma and Proposition the right-hand side
represents the functor

R {(&Y...,8" By, Bn) |
&L, ..., E™ are principal Z-bundles, and
for1<i<mn, f;: 5|ispec(R((z))) = E‘lg;ec(R((x))) is an isomorphism |’
where, as usual, $; should be understood to be a trivialization. Since the restriction

of G to Spec(0) is Z, this scheme coincides with Grg(Si,...,S,) xc {0}.
The final assertion is easy, and left to the reader. O

Before studying the remaining generic fibers, we need some new notation. Note
that there is an obvious “intersection” operation on the set of symbols @, 0,y,yU0. If
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S =(51,...,5,), we write
ynsS=(ynNSo,...,yNSy) and 0NS=(0nNSy,...,0NS,).

Proposition 2.3.19. — Let S = (S1,...,5,) be a sequence of symbols among
®a97 X)XUQ

1. There is a canonical isomorphism
v: Grg(zﬂﬁ)‘co X o Grg(9ﬂ§)|co = Grg(ﬁ)‘co.

Moreover, this isomorphism is compatible with convolution; that is, if we let S’ =
(S1,.+,8i-1,8:U---US;, Sj41,...,5), then the following diagram commutes:

Grg(xﬂﬁ)wo X co Grg(9ﬂ§)|co —r Grg(§)|co
(2315) M’i,jl J{Ni,j
Grg(zﬂﬁ’)wo X cro Grg(Qﬂ§/)|Co Y Grg(§/)|co.
2. There is a canonical isomorphism

7: Grgy (y N S)ice xco Gryy (0N 8)jce = Gri™ (S) e

Moreover, this isomorphism is compatible with the actions of £+Q|BC]2 =
LFGico x I on both sides.
Proof. — We establish the isomorphisms v and © simultaneously by induction on n.

If n = 1, these claims are contained in the part of Table[2:3.1]that has already been es-
tablished. Suppose now that n > 1, and set S’ = (S4,...,S,_1). By Corollary [2.3.14]
and induction, we have

Grg(8) 00 = GrS) (8) o0 X0 T Grg(8,) o
=~ (Gr(go’;) (yns')ce xgzg‘co Grg(y N Sn)lco)

X o (Grgg (0N S co xC° Grg(0n Sn)wo)
= Grg(yNS)jce xco Grg(0N S)ceo.

This is the desired isomorphism v. The inductive step for 7 is similar. The proof of
compatibility with g is routine and will be omitted. O

In view of Proposition [2.3.19 and (2.3.7)), to finish the description of the generic
fiber Grg(S)|co, we need only consider the case where S consists only of 0’s, or only
of y’s. These cases are treated in the following lemma.

Lemma 2.3.20. — 1. There is a canonical isomorphism of ind-schemes over C°
Grg(0,...,0)ce = (LG x' -+ x' LG x' Flg) x C°,

where the number of factors in parentheses in the right-hand side is the number
of symbols 0 in the left-hand side.
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2. There is a canonical isomorphism of ind-schemes over C°
Grg(y, -, ¥)|co = (LG K LTG (LG g «LTG Grg) x C°,

where the number of factors in parentheses in the right-hand side is the number
of symbols y in the left-hand side.

Proof. — In each case, the proof is by induction on the number of factors, the base
case being provided by previously established entries in Table 2:3.1] O

Finally, combining Proposition 2:3.19) and Lemma [2.3:20} for any S we obtain a
canonical isomorphism

(2.3.16)  Grg(S)ce = (LG x ¢ xM7C Grg) x (LG xT -+ x! Flg) x C°

m factors n factors

where m is the number of symbols belonging to {y,yU0}, and n is the number of
symbols belonging to {0,yU0}. In subsequent sections, this isomorphism will typically
be denoted by v.

2.4. Nearby cycles on iterated global affine Grassmannians

2.4.1. Equivariant derived categories. — Given a sequence S and an integer
m > 1, let j,,, be such that the action of LTGBP on Grg(S)., factors through E;:n GBD,
in the notation of Proposition Then the theory in Chapter [I0] lets us define
the equivariant derived category

Dy (Grg(8)m, k).

E? GBD
This category is independent of the choice of j,, (up to canonical equivalence); indeed,
for any k > 0, because the kernel of ijMgBD — Ejtﬂ GBP is smooth with unipotent
fibers (see Lemma [2.3.2)), there is a canonical equivalence of categories

ng- (Grg(ﬁ)mak) = DY (Grg(ﬁ)m,k),

4190 £5,, 9P
see Proposition [10.2.8] This justifies defining the “LTGBP-equivariant derived cate-
gory” by

D2+gBD (Grg(S)m, k) := D" (Grg(S)m,k) for any sufficiently large j,,,

+
ﬁhngBD

even though £ GBP-equivariance is not explicitly treated by the theory of Chapter
Next, the closed embedding Grg(S).,, < Grg(S)m+1 gives rise to a fully faithful
functor

DY oo (Grg(S)m, k) = D}y gon (Grg(S)m+1, k).
Using these transition functors, we define

DE+QBD (Grg(S),k) := hﬂ DlZ+gBD (Grg(8)m, k).

In particular, by definition, any object of D2+QBD (Grg(9),k) is supported on some
finite-type subscheme Grg(S),.
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In the special case of Grg(y) = Grgen, the reasoning above can be carried out

using £ G instead of LTGPP. One then obtains the equivariant derived category
DY 5(Gr§™ k).

2.4.2. Gy -actions. — Consider the natural action of G,, on C = Aé. According
to [Zh1], Lemma 5.4], there is an action
(2.4.1) GmxG—¢G

such that the structure map G — C' is Gy-equivariant. Over C°, Gy, acts on Gjoo =
G x C° by the natural action on the second factor. Thus, most of the work in
constructing goes into showing that the Iwahori group scheme Z admits a
suitable Gp,-action, using Bruhat—Tits theory.

This action can also be constructed using the formalism of Néron blowups (see
Remark as follows. By compatibility of Néron blowups with base change
(see [MRRI Theorem 3.2(6)]), the fiber product

G xa1 (G x A1),

where the morphism Gy, x Al — A! is the action morphism, is the Néron blowup of
(Gx AY) x 41 (G x Al) in B x (G, x {0}) along Gy, x {0}. Now using the G,,-action
on A! we obtain an identification of (G x Al) x41 (G, x Al) with the similar fiber
product where the morphism G, x A' — A is the projection. Again by compatibility
of Néron blowups with base change, we deduce an isomorphism

G xp1 (G x AY) B G x G

as schemes over G, x A'. Composing the inverse isomorphism with the natural
projection on G defines the desired action.
The action (2.4.1)) gives rise to an action

G x LTGBP — £TGBP.
Let us write this action down explicitly in the language of Lemma [2.3.1] Given
r € Gu(R) = R*, let p, : Crp — Cg be the map given by multiplication by r. We
also write p, for the induced map on closed subschemes of C'r. If £ is a G-bundle
on FO/U\Fy, then the pullback p€ is a p;G-bundle on me. But the action
map gives rise to a canonical isomorphism p*G = G, so p:€ can be regarded
as a G-bundle. The pullback along p, of the trivial bundle is canonically identified

with the trivial bundle, so the pullback of a trivialization is again a trivialization. To
summarize, the action map G,,(R) x LTGBP(R) — £L+GBP(R) is given by

r(y,€,8,7) = (ry, pr&€, pr B, 7).
By construction, the structure map £¥GBP — C is G-equivariant.

The same construction gives rise to Gy,-actions on many other (ind-)schemes over
C, including £*G, LGBP, £G, and Grg(S) for any sequence S. It can also be applied
to the finite-type group schemes £} GBP and £} G, and to the finite-type schemes
Grg(S)m-

Let m and j,, be such that the action of LTG5 on Grg(S),, factors through

EIRQBD. Then Chapter explains how to define the equivariant derived category
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Db (Grg(S)m,k). The procedure from §2.4.1| can be repeated with this

Gmx L} gBD
additional G,-action to define the category

D§, y c-gon(Grg(S), k).

In the special case of Grg(y) = G‘rrgen7 we similarly obtain the category
b C
DGmD(£+g(Grgcn? k)

Taking the fiber at 0 € C, one obtains an action of G, x I on Grg(S)g, or
in the case where S = (y), an action of Gy, X I on Flg. The Gy-action in this
case is commonly known as the “loop rotation” action. Following the discussion in
Section [9.3] one may consider the categories of Gp-monodromic or unipotent Gy,-
monodromic I-equivariant complexes on Flg. In fact, it turns out that every I-
equivariant complex is unipotent G,-monodromic.

Lemma 2.4.1. — Let Gy, act on Flg by loop rotation. For this action, we have
D}ID(FIG /GHU k) = D]I:),Gm—mon(FlG7 k) = D}) (FlGa k)

Proof. — By definition, D®(Flg / Gu,k) is a full triangulated subcategory of
D'}VG Flg, k), which is in turn a full triangulated subcategory of D}(Flg,k).
To prove the lemma, it is enough to show that D?(Flg, k) is generated by objects
in DY(Flg [/ Gm,k). Every I-equivariant perverse sheaf admits a filtration whose
subquotients are intersection cohomology complexes associated to a constant sheaf
on some [I-orbit in Fl. (Recall that every I-equivariant local system on an orbit is
constant, since each stabilizer is connected.) Every such orbit is stable under the loop
rotation Gp,-action, so such intersection cohomology complexes are Gp,-equivariant.

We conclude that every I-equivariant perverse sheaf lies in DY(Flg /G, k), as
desired. O

m—mon(

2.4.3. Twisted products and convolution. — Suppose S = (S1,...,5,), and
let Q/ = (51, ey Sl) and §N = (57;4_1, ey Sn) Let

F € DY(Grg(S'),k)  and ¢ € D} gun(Grg(S”),k).
We define
L L
F WY = p.F @psd[—1] € DX (Grg(S") x¢ Grg(S"), k),
where

p1: Grg(S') xco Grg(S8") — Grg(S'),
p2 : Grg(S') xc Grg(8") — Grg(S”)
are the projection maps.

Next, we wish to define an object .% K¢ & in D(Grg(S), k), called their twisted
external tensor product. The definition involves the following diagram, where p and
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q are the obvious maps:

(24.2) Grg(S') xc Grg(8”) & Gr§5®(8) x ¢ Grg(S")
4 Grl(8') xET9™ Grg(9”) CEEL Grg(S).

Identify the last two spaces in this diagram. Informally, we would like to define
F Re &4 to be the object uniquely characterized by the property that there is an
isomorphism

L ~
(2.4.3) (T Re 9) = ¢"(F Re 9)

of LTGBP x o LT GBP_equivariant complexes on Gr(m)(S) xc Grg(S"). Unfortu-
nately, this does not quite make sense: the latter scheme is not of finite type over C,

so Chapter [I0] does not treat equivariant sheaves on it.

The solution to this difficulty is to approximate Gr(goo) (S")xcGrg(S") by a scheme

of finite type. (The same difficulty and the same solution implicitly arose in §1.3.1])
Choose an integer m > 0 such that .# is supported on Grg(S’),, and ¢ is supported
on Grg(S”)m, and then choose an integer j,, > 1 such that the £TGBP-action on

Grg(S"),, factors through E;FMQBD. Define a functor Gr(gjm)(ﬁ') by copying the
definition of Gr(goo)(ﬁl) from & but requiring « instead to be a trivialization of

E™ over the j,,-th nilpotent thickening (I'g U Fy)(jm) of I'o U Ty, rather than over its
completion. It follows easily by the methods of that

Gry™(8') — Grg(8)

is a principal E;‘m GBP_bundle. Let Grg’”)(ﬁl)m be the preimage of Grg(S’),, under
this map. Then Gr(gjm)(ﬁ’)m — Grg(S8')m is also a principal £F GBP-bundle; in

particular, Gr(g""’)(ﬁl)m is a scheme of finite type over C'. We can now consider the

diagram

(2.44) Grg(8)m xc Grg(8")m & Grd™(8"),, xc Grg(8")m
£+ BD

2 Grdm (8 ) x™ Grg(S")m = Grg(S)m.

(Here, the last isomorphism holds by the same reasoning as in Corollary [2.3.14]) Ac-
cording to Proposition [L0.2.6] the functor ¢* gives rise to an equivalence of categories

g*: DY <Grgm)(s’)m xgm? Grg(S")m,lk>
% D guo (Gr§™(8)m xc Grg(8")m k) -
We now define .Z X% € DP(Grg(S),k) to be the unique object that is supported

on Grg(S),, and satisfying (2.4.3)), but with p and ¢ as in (2.4.4)) rather than (2.4.2)).

A routine argument shows that this object is independent of the choice of m and j,,.
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If .Z lives in D2+gBD (Grg(S'),k) instead, the same construction gives us
F W9 € D2 gon(Grg(S),k).

Now suppose that 4 = 1 and n = 2, i.e., that S’ and S” each consist of a single

symbol, say S’ = (S’) and S” = (S”). Then we have a convolution map
n=pf12: GI‘g(S/,SH) — Grg(S/ U SI/),
see (2.3.8). For . and ¥ as above, we define their convolution product to be the
object F xc G € DP(Grg (S’ U S”),k) given by
Fx0 b = 1 (FRc9).

As above, if .# happens to belong to the £1GBP-equivariant derived category, then
F xc 9 does as well.

If now S = (5") is a third symbol, and if # € D}, ;o (Gr(S"),k), then there
is a natural associativity isomorphism

a=agzyx (F*rxc¥)*c H = F xe (Y *c ).
This associativity map satisfies an appropriate version of the “pentagon axiom.” Ex-

plicitly, « is constructed using the commutativity of the diagram

Grg (S/’ S//7 S///)

H1,2
(2.4.5) / " n / / " "
Grg(S'US",5") n1s Grg(S',8"US")

//‘1‘2N KIH,Q

Grg(S'US" U S™).

H2,3

Finally, we remark that there are a few straightforward variants of the construction
above that will be useful:

— one can work with G,, x £LTGBP-equivariant complexes instead of just £TGBP-
equivariant complexes;
— one can carry out these constructions over C° instead of C.

We will use obvious notations for these variants.
2.4.4. Nearby cycles. — Let S = (S1,...,S5,), and consider the structure map
Grg(S) — C . Using Lemma [2.3.18] we have a nearby cycles functor
¥ = Vg : D?(Grg(S)|co, k) = D2(LG x' -+ x' LG x' Flg, k),
where the number of factors on the right-hand side is as in Lemma [2.3.18] For any
F € DY(Grg(S)|ce. k), the object Wg(.#) is equipped with a natural “monodromy
automorphism” (see §9.1.3)):
mg : \I/g(ﬁ‘) — \Ili(y)

As explained in Section this functor can be “upgraded” to the level of equiv-

ariant derived categories: since (£LTGBP)y 22 I, we have functors
Vg : D?L+QBD)|CO(GPQ(§)‘CO,H§) — DY(LG x! - x! Flg, k),

Vs : D(Em[x(.ﬁgBD) (Grg(§)|co,k) - D]}),Gm—mon(LG xlooxd Flek)r

|ce
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and mg can be considered as a morphism in the appropriate equivariant derived
category. (In the second case, we use the notation from Section for the Gy,-
action by loop rotation.) To simplify notation we will use the same notation for the
equivariant and nonequivariant versions of these functors; it should always be clear
which version is used.

Since nearby cycles commute with proper push-forward (see Proposition )7
in view of Remark we have a canonical isomorphism

(2.4.6) (Hi)ox 2 V(sy,.80) = V(81,0085 1,810-US5,8; 11,080 © (Mij|co)s-

Moreover, the monodromy automorphisms on the left- and right-hand sides are iden-
tified via this isomorphism:

(2.4.7) (ui’j)g*my = m(myﬂco)*g.

We will use these observations repeatedly in the sequel.

Lemma 242. — Let ﬁl = (517 ey Sz) and ﬁ” = (Si+17 ey Sn) Let
Z € DE(GI‘g(ﬁ/)wo,k) resp. DE)L-{.QBD)‘C() (Gl‘g(ﬁl)‘co,k)

and
9 e D](DL+gBD)|CO (G’I‘g(ﬁu)‘co y k)
Then, setting S = (S1,...,Sn), there is a natural isomorphism

VUs(F Koo 9) = Ug (F) R Ugn (F)

in DP(Grg(S)o), resp. in D®(Grg(S)o). Moreover, via this isomorphism, we have

mﬂlilcog = Mg X Mg .

Proof. — Let m > 0 and j,,, > 1 be integers such that FNR oY can be computed using
(the restriction to C° of) the diagram . Since the nearby cycles construction
commutes with external tensor product (see Proposition ), we have a natural
isomorphism
L L
v m(ﬁ@kg)%\y (F) By g (9),

Gr(gjvn)(il)mXCGrg(gu) Grgm)(ﬁl)m

where .Z is the pullback of Z to Grgm)(ﬁ')mwo. Moreover, the monodromy au-
tomorphism of the left-hand side is the external tensor product of the monodromy
automorphisms on the right-hand side. The result then follows from compatibility
of the nearby cycles functor with smooth pullback (see Proposition ) and the
fact that the maps p and ¢ in are smooth since they are principal bundles
under smooth groups. O

Combining Lemma [2.4.2] with (2.4.6) and (2.4.7), we obtain the following result.

Corollary 2.4.3. — If
F € D2(Grg(S1)|ce,k) resp. D]()L+QBD)‘CO (Grg(S1)|co,k)
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and
9 € DE)£+QBD)‘ (Grg(52)|co7]k),

co

there is a natural isomorphism
V(5,08 (F *co 4) =2 Vs, (F) ' U, ()

in DP(Grg(S1USs)o), resp. in D?(Grg(S1US2)o). Moreover, via this isomorphism,
we have

I
MZipow = Mg * Myg.

2.4.5. The functor Z. — Consider the special case of the construction from §2.4.7]
when S = y. In this case, since the action of L*GBP factors through an action of

L1G, one can also consider \IlX as a functor
Wy D2+g,co (Grg(y)|ce, k) = D}(Grg(y)o, k),

or in other words (using the identifications (2.2.7) and (2.2.8), together with
Lemma [2.3.6)), as a functor

Uy : Dy (Grg x C°,k) — D (Flg, k).
We can now define the main player of this book, namely the functor
Z: DY, (Grg, k) — DY(Flg, k)
defined by setting
(o) = V(o ék ko [1]).

The functor Z is called the central sheaf functor. Perverse sheaves of the form Z(),
where o/ € Pervy+g(Grg, k), are called central sheaves. This terminology will be
justified in Chapter [3]

Remark 2.4.4. — 1. The idea of constructing “central sheaves” on Flg using
nearby cycles seems to be due to Beilinson (inspired by a similar construction
in the framework of Shimura varieties suggested by Haines and Kottwitz), and
was first realized concretely by Gaitsgory, see [G1]. However, the ind-scheme
used by Gaitsgory is not the same as the one considered above: specifically,
over a point of C°, the fiber of Gaitsgory’s ind-scheme is Grg x G/B, while
the fiber of GI‘Sen is just Grg (see (2.2.8])). The idea of using a nonconstant
group scheme over C' in this construction is suggested in [He, Remark 3|, and
used concretely in [PZ] and [Zh1]. It seems reasonable to expect that Grg®™ is
isomorphic to the closure of Grg x C° in Gaitsgory’s ind-scheme, but no proof
of this claim appears in the literature, as far as we know.

See Remark [3:2.4] below for an explanation of why we prefer working with
GrgCn rather than with Gaitsgory’s ind-scheme.

2. Of course, it is not necessary to consider equivariant derived categories when

defining Z: in the nonequivariant setting, the same construction yields a functor

(2.4.8) Z: D2 (Grg,k) — D2 (Flg, k).
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(Once again, for simplicity we will not distinguish the equivariant and nonequiv-
ariant versions in the notation.) Indeed, the papers [G1l, [Zh1] do not mention
the equivariant version. This is not so problematic for these authors, since
they are mainly interested in perverse sheaves, and one can still prove without
considering £TG-equivariant categories that Z sends L™ G-equivariant perverse
sheaves to I-equivariant perverse sheaves: see [G1l Proposition 4] and [Zh1l
Lemma 7.2]. However this creates some technical complications in some proofs,
which we want to avoid. Considering the equivariant version will also allow us
to state (and prove) properties of the complexes Z(«7) similar to those obtained
in [G1l, [Zh1], but now for any & in DE+G(GrG7k), and not only for perverse
sheaves.

Lemma 2.4.5. — The functor Z is t-exact for the perverse t-structures.

Proof. — The functor . +— F KL kqo[1] is t-exact (as a pullback under a smooth
morphism), as is the functor U grgen (see Theorem ) Therefore their compo-

sition, namely Z, is t-exact. O]

As in §2.4.4] we have a monodromy operator

for any & in DE+G(Grg,k). The proof of the following claim is based on some
constructions recalled in Section [3.3l

Proposition 2.4.6. — 1. For any < in DE+G(Grg,]k), the automorphism m g
18 unipotent.
2. For any @, % in D}, ,(Grg,k) and any f € Hompy (g1, ) (Z(), Z(%8)) we
have fomgy =mgo f.

Proof. — Using the constructions of §2.4.2|we can apply Proposition|10.3.1} which
shows that the complex Z(«7) is monodromic, and moreover that we have mg, =

tz(y(—1). Now by Lemma and Corollary the automorphism piz(.)(—1)
is unipotent, and follows.

(2) The claim follows from similar considerations, using the fact that monodromy
in the sense of Section [9.3| commutes with all morphisms, see Proposition O]

Remark 2.4.7. — 1. An alternative proof of Proposition in case & is
perverse, based on different considerations, will be given in below.
2. Using the notation of Proposition says in particular that for <7
in Pervy+(Grg, k) we have Wy (o R keo[1]) = U (o B koo [1]).
3. In this statement it is important to restrict to LT G-equivariant complexes. We
do not know if these properties hold for the functor .
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2.5. Global affine Grassmannians and nearby cycles for G¢

All the work carried out in Sections and can be repeated with the
group scheme G replaced by the constant group scheme

Gc:ZGXC.

Roughly, this has the effect of making the fiber at 0 look like all other fibers. In the
present section we explain more precisely how this affects the previous constructions.
The proofs of all the statements we make are similar to (and in general simpler than)
their counterparts for G, and will therefore be omitted.

2.5.1. Global group scheme and global affine Grassmannian. — First, as
in one can define global loop and arc groups LG¢ and LT G¢ associated with
G¢. In this case, using the additive structure on C = A' and the fact that our group
scheme is constant we see that we have canonical identifications

LGc =LG xC, LTGc=LTGxC.

Then we have a central affine Grassmannian Grg‘;“, which identifies with the fppf
sheafification of the quotient LG /LT G, and an identification

(2.5.1) Grg™ = Grg x C.
There is a natural proper morphism
(2.5.2) @ : Grg™ — GrrcCn
which sends a triple (y, &, ) to the triple (y, g, B) where € is the Go-bundle induced

from & via the canonical morphism G — G¢, and ﬂ is the trivialization of 5|co induced
by 5. Here the induced map

W|co - (Gl‘gen)‘co — (Grgecnhco

is an isomorphism (in fact, the identity map under the identifications (2.2.8)
and (2.5.1)). On the other hand,

wp (Grgcn) (Grccn)
can be identified with the map n : Flg — Grg from .
2.5.2. Beilinson—Drinfeld group schemes and affine Grassmannian. —

Next, as in §2.3.2| we have Beilinson—Drinfeld group ind-schemes £LGEP and £+GEP
over ', and two natural morphisms

LTGEP = LTG x C
defined as in (2.3.1]) and (2.3.2]). We also have
(LTGEP) = LTG, (LTGEP)jce 2XLTG x LTG x C°.

As in 3| we have an ind-scheme GrG Ge over C, which identifies with the fpqc
sheaﬁﬁcatlon of the quotient LGEP/L+GEP | and a canonical morphism

. (1.BD BD
w:Grg — Grg,
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In fact, Grgg is the restriction to {0} x C of the ind-scheme Fusg from E We
have canonical identifications

(2.5.3) (Grgl) oo =2 Grg x Grg x C°, (GrgP)o = Grg
(compare with (1.3.3) or [BRJ, (1.7.3)]).

2.5.3. Iterated global affine Grassmannians. — Next, one can define iterated
global affine Grassmannians Grg,, (S1, ..., Sy) associated with the group scheme G¢.
In this setting we have

Grg, (@) =(C, Grg, (Q) =~ Grg x C,
Gre,(y) = Grg? = Gig x C,  Grg,(yu0) = Gre?,

and there is a natural morphism of functors
(2.5.4) w = wgs : Gl‘g(Sl, ey Sn) — Gch(Sl; ey Sn)

Variants of these spaces have already appeared in the “global version of the convolu-
tion diagram” from [BR), §1.7.4]; for instance, Grg,, (0,y) is the restriction to {0} x C
of the ind-scheme on the top of [BR] p. 64]. Using appropriate principal bundles, as
in §2.3.5|one shows that the functors Grg, (51, - ., Sp) are represented by ind-proper
ind-schemes.

As in Lemma 2.3.18 we have

Gra, (S1... ., Sp)o 2 LG x2 0. XM LG <6 Grg,

m factors

where m is the number of labels S; with S; # @. And the analogue of (2.3.16)) states
that we have a canonical isomorphism

Grg.(8)ce = (LG <TG LTG Gre) x (LG xLTG . LTG Grg) x C°

n factors n’ factors

where n is the number of symbols belonging to {y,yU0}, and n’ is the number of
symbols belonging to {0, yU0}.

2.5.4. Nearby cycles. — The constructions and results from Section[2:4]also make
sense (and hold true) when G is replaced by G¢, except that all mentions of I-
equivariance should be replaced by L™ G-equivariance. The counterpart in this setting
of the functor ¥g will be denoted ¥g. In particular, as an analogue of Corollary
we have that for

F € DY(Grgy(S1)|ce,k)  and Y€ D?ﬁc%D).co (Grg (S2)|ce, k),
there is a natural isomorphism
— — + —
U(s,,50)(F xco 9) = Vs, (F) # 9 U, (9).

In analogy with Z, we can define the functor

— L
Z°P" . DP, o (Grg, k) — DYy o(Grg,k) by  ZPM(&7) := U (o Ky koo,
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where we implicitly use the analogue of (2.2.8]) for the group scheme G¢. This may
appear to be a somewhat silly definition to make: by (2.5.1) we have a canonical
isomorphism

(2.5.5) 7P (o) =2

Nevertheless, this is useful because it lets us highlight parallels with the situation
considered in the preceding sections. Here again we also have a nonequivariant version

Zsph : DE(Ger k) - DE(Ger, k)7
and (2.5.5) also holds for this version. For & in D}, ,(Grg, k) or D2(Grg, k), the
monodromy automorphism of ZP(&7) (see §9.1.3) will be denoted
mD" 2P (o ) — 7P ().
In fact, the reasoning for (2.5.5) also shows that mif;h is the identity morphism of
Z5°h (7).
Recall the proper map

w = wg : Grg(ﬁ) — Gch (Q)
from (2.5.4). Using the fact that nearby cycles commute with push-forward along a
proper map (see Proposition ), we obtain a natural isomorphism

(w0) ¥s(F) = Us((w|ce)sF)
in D?(Grg,k) for any .7 € DF£+QBD)\CO (Grg(S)|ce,k), or in D}(Grg,k) for any
F € DP(Grg(S)|ce.k). In the special case S = (y), in view of (2.5.5) we deduce the

following claim.

Lemma 2.5.1. — For any & in D}, ,(Grg, k), resp. for any o in D2(Grg, k),
there are canonical isomorphisms

T () =2 75PN (o) = o
in DY(Grg,k), resp. in D?(Grg, k). Moreover, under these identifications we have

_ pSph
TsxMg =M, .

In particular, Lemma implies that for any & in DP(Grg,k) we have a canon-
ical isomorphism
(2.5.6) H*(Flg,Z(#)) = H*(Grg, o).

(This isomorphism can also be obtained directly from compatibility of nearby cycles
with proper pushforward—see Proposition —applied to the structure mor-
phism Grg™ — C.)



CHAPTER 3

BRAIDING COMPATIBILITIES

In Chapter [2] we have explained the definition of the functor
Z: D}, . (Grg, k) — D?(Flg, k).

Both the domain and the codomain come with monoidal structures (given by convo-
lution), and our goal in this chapter is to prove that this functor is compatible with
these monoidal structures in various ways.

Recall in particular from Chapter [I] that when k is a field, the convolution product
on D}j+ o(Grg, k) is t-exact for the perverse t-structure, and the resulting monoidal
structure on the abelian category Pervy+q(Grg, k) is symmetric. Perhaps the most
significant result in this chapter is a description of how the commutativity constraint
on Pervy+¢(Grg, k) interacts with the monoidal structure of D?(Grg,k) under the
restricted functor

Z: Pervy:¢(Grg, k) — DY(Flg, k).

A precise statement will be given in Section along with a discussion of what one
can say when k is not a field. Along the way, we will see that general properties
of nearby cycles functors yield additional properties of Z (in particular in terms of
exactness of convolution and of total cohomology), which we record in this chapter
for later use in Chapter [4

The most important tool used in the proofs in this chapter is the theory of iterated
global affine Grassmannians associated to the group scheme G (see Section . In
Section 2.5 we saw a variant of this theory in which G is replaced by the constant
group scheme G¢, and one can ask what happens when one carries out the arguments
of this chapter using these G¢-versions instead. It turns out that this idea leads to
new perspectives or alternative approaches to certain aspects of the Satake category

that were discussed in Section see Section [3.3] and for details.

3.1. Overview of central functors

To explain the kinds of compatibilities we are interested in, we recall the notion of
a central functor from [Be2| Definition 1]. Consider a monoidal category (A, ®@%),
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and a symmetric monoidal category (B, ®B). Then a central functor from B to A is
a monoidal functor

F:B—=A

together with an isomorphism
(3.1.1) o:F(=)@* (=) = (—) @* F(-)
of functors from B x A to A, which satisfy the following conditions:
1. For X, X' in B, the isomorphism ox g x/) coincides with the composition
FX)@* F(X') S F(X @B X') 3 F(X' 9B X) S F(X') @* F(X)
where the middle isomorphism is the image under F' of the commutativity con-
straint of B (applied to (X, X’)), and the first and third isomorphisms are

induced by the monoidal structure on F.
2. For Y1,Y5 in A and X in B, the composition

oX,y, ®idy, % idy, ®ox,v,
% 1

F(X)e* Y @ Ys @8 F(X) @2 Y, v, @2 Y, @A F(X)
coincides with ox y,gay, (where we omit the associativity constraint of A).
3. For Y in A and X3, X5 in B, the composition

idp(x,)®0x,,y
—0r e,

F(X,0BX0)02Y & F(X))@AF(X,)02Y F(X)@AY @A F(X,)

~

o id ~
Xy Sdecg) g oA F(X;) 2% F(Xy) = Y @* F(X; @8 Xb)

(where the first and last isomorphisms are provided by the monoidal structure
on F') coincides with ox, B x, v-

As explained in [Be2 Remark 1], these conditions have natural interpretations in

terms of the Drinfeld center Z(A) of A:

— the datum of a functor F' : B — A together with an isomorphism
satisfying is equivalent to the datum of a functor F from B to 2 (A);

— the datum of a monoidal structure on F’ satisfying (3|) is equivalent to the datum
of a monoidal structure on F ;

— condition means that F (with its monoidal structure considered above) in-
tertwines the commutativity constraint of B with the natural braiding on Z(A).

The main results of the present chapter can be compactly stated as follows. (This
statement combines parts of Theorems [3.2.3] [3.4.1| and [3.5.1] below.)

Theorem 3.1.1. — 1. Assume that k is a field. Then the functor
Z : (Pervp+ g (Gra, k), «" ¢) = (DP(Flg, k), ')

admits a natural structure of central functor. That is, this functor factors
through a monoidal functor from Pervi+g(Grg,k) to the Drinfeld center
Z(DY(Flg,k)) that intertwines the commutativity constraint on the category
Pervi+q(Grg, k) with the braiding on Z(D?(Flg,k)).
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2. For a general noetherian commutative ring k of finite global dimension, the
functor Z factors through a monoidal functor from (DEJrG(Grg,]k),*UG) to
Z(Dyp(Flg, k).

This result was initially proved by Gaitsgory in the setting of étale Q-sheaves
in [G1] (where the “centrality” and “monoidality” isomorphisms were constructed)
and [G2] (where the relevant compatibilities are checked). Our proofs essentially
follow those of Gaitsgory, although there are some new features here: notably, the
systematic use of iterated global affine Grassmannians, and of equivariance with re-
spect to global group schemes such as £¥G or £L+GBP. (These features help clarify
the details of some arguments from [G2].)

Theorem appears to suffer from two deficits: it requires k to be a field, and
it restricts the domain of Z to just perverse sheaves. Part drops these restrictions
but has a weaker conclusion. Let us briefly discuss why Theorem has this form.

First, when k is not a field, the monoidal structure *L7G on DE+G(Gr,k) need
not be t-exact, so part would not make sense as stated. Of course, by passing
to perverse cohomology, we do obtain a monoidal structure *HG on Pervy,+g(Gr, k)
for general k, and one could ask whether a version of Theorem holds in this
setting. We will see later that Z does indeed intertwine *15+G with a certain bifunc-
tor x4 on Perv/(Flg, k), and prove a version of property above in this generality
(see Theorem ; however, the latter bifunctor does not make Perv;(Flg, k) into
a monoidal category (in particular, it does not seem to admit an associativity con-
straint).

Second, we will see in Theorem that the commutativity constraint on
(Pervi+c(Gra, k), x5 G) can indeed be extended to a commutativity constraint for
(DEJrG(Grg,k),*HG), raising the possibility that Z might define a central functor
from (DE+G(GrG7k),*L+G) to (D®(Grg,k),*). Unfortunately, there is a technical
obstacle to this: our proof of this property in the context of Theorem [3.1.1]1)) uses
the theory of “nearby cycles over a 2-dimensional base” (reviewed in Section 7
but this theory is only available (at least, from the point of view adopted here) for
perverse sheaves.

3.2. Centrality isomorphism

In this section, we will construct the “centrality” isomorphism (3.1.1]) for the func-
tor Z, and prove that this isomorphism satisfies property from the definition of
a central functor. (As in §1.3.3] we will later need to adjust this isomorphism by a

sign.)
3.2.1. Convolution with central sheaves. —

3.2.1.1. Notation. — Throughout this section, we will make frequent (and silent)
use of various identifications from Table especially to regard external tensor
products (“X") of sheaves as objects living on some Grg(S)|c-. In addition, for clar-
ity, we will explicitly mention the associativity constraint in the category D}’ (Flg, k),
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denoted by
agg.nw: (FK G H = F (G H).
In the proof, it will be convenient to make use of the functors
70 : D?(Flg, k) — D})ﬁgBD)‘CO (Grg(0)ce, k),

7yt Dpig(Gra,k) = Disigony . (Grg(y)ce, k)

|ce

both defined by the formula .# +— F KLk [1]. We will sometimes regard g, resp. Ty,
as taking values in D} o(Grg(0)|ce, k), resp. in D2+9|co (Grg(y)|ce, k), instead;
this should not cause any confusion. It is immediate from the definitions that for
F € DE+G(Grg,k) we have

(3.2.1) L(F) = Vy(1y(F)).

On the other hand, it follows from the second isomorphism in Lemma that for
F € D?(Flg, k) there is a canonical isomorphism

In practice, we will often omit the subscript and denote both 7y and 7y simply by 7.
No ambiguity should result from this.

3.2.1.2. Convolution with central sheaves as nearby cycles. — Let us consider the
bifunctor

C: D;+o(Grg, k) x DY(Flg, k) — DY (Flg, k)
given by
L L
o, F):= \I/Xug(,cf Xy .7 Xy ko [1])
This bifunctor has partially equivariant counterparts
Dy o(Grg,k) x D2 (Flg, k) — DE(Flg, k),
DP(Grg, k) x DY(Flg, k) — DP(Flg, k)
which will also be denoted by C.
Proposition 3.2.1. — 1. For & in D2(Grg,k), resp. in D, (Grg, k), and F
in D?(Flg,k), there is a canonical isomorphism
Clod, F)2ZL(A)+ F

in DP(Flg, k), resp. in D?(Flg, k).
2. For o in DEJrG(Grg,k) and F in DP(Flg,k), resp. in D?(Flg,k), there is a
canonical isomorphism

C(,F)=F ' 2(H)
in D(Flg, k), resp. in D?(Flg, k).
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Proof. — The proof will make use of the commutative diagram

GI‘G X FIG x C°
& T
(323) Grg(x, Q)|Co J{V GI‘g(Q, X)|C°
e —
Grg(yUo)co

v

in which every map is an isomorphism. (See §2.3.4| for the definition of p.) In the
setting of , the left-hand part of this diagram gives us a natural isomorphism

L L
T(Q{) *Co T(y) >~ o &k F |Z]k kco [1]

(where we identify all the spaces in (3.2.3) without mention). Using Corollary
along with (3.2.1)) and (3.2.2)), we deduce the desired isomorphism

Co, F)22A)+ F,

either in D?(Flg, k) or in D?(Flg, k).
The proof of is similar, using now the natural isomorphism

L L
T(egz) *Co T(%) >~ gk F IZ]k kco [1]
provided by the right-hand part of (3.2.3). O

Remark 3.2.2. — As in the case of Grg (see §1.3.1)), for #,¥4 in Perv;(Flg, k) we
set

F b g =2 (F ' 9G).

(Note that it is not clear, and probably false, that one can endow the bifunctor } with
an associativity constraint.) Taking the perverse degree-0 part in Proposition
in the setting of , if & and Z are perverse we obtain a canonical isomorphism

L L
Wy (P (o Ry F) Ry ko [1]) 2 Z() x4 F
and in the setting of , if o and .# are perverse we obtain a canonical isomorphism
L L ;
Wyuo (P (o By F) By koo [1]) = .F x5 Z().

3.2.1.3. Centrality isomorphism and compatibilities. — The following theorem is the
main application of Proposition and the main result of the present section.

Theorem 3.2.3. — For @ € D}, ,(Grg,k) and F € D}(Flg,k), there is a natural
isomorphism

Gz L(H) K F = F Al 2()
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in D¥(Flg,k). Moreover, for & € D}, (Grg,k) and F, %> € DY(Flg,k), the
following diagram commutes:

QL(t), F1,Fa

(Z() +L F2) +! T
&W,gl*fidgzl
(F 1 Z(2)) T Fy
(3.2.4) - B mut s,
T L (Z() <1 Fy)
A, %/ 5,5, |

:7551 *I (g\z *I Z(Q{))

Z(ot) 1 (Fyx Fy)

-1
O T, Fy,2(ef) (F
B L

F1 *I jg) *I Z(ﬂ)

Proof. — The isomorphism ¢, & is obtained as the composition of the isomorphisms
() F S, F) S F AL ()

provided by Proposition [3.2.1
For the second part of the theorem, consider the following two diagrams:

GI‘G >< LG X Flg) x C° 5 Grg( y)‘co

/ l ln X
(325)  Gra(y,0,0)c0 Grg(0,y,0)jco —“— Grg(0,yU0)jce  Grg(0,y) oo

T, L I

Grg(yU0,0)jce —— Grg(yU0),co,

Grg X LGX FIG XCO%GI‘gOOy‘Co

S TR,y

(326)  Grg(y,0,0) 00 —“— Grg(y,0)j00 +—— Grg x Flg x C° ¥ Grg(0,y) e
| ! |

e

Grg(yUo,0)|co —"— Grg (yu0)co,

in which once again g is as in §2.3.4and v is as in §2.3.7] Both diagrams are commuta-
tive; indeed, they are both assembled from copies of the commutative squares ,
£43). and G23).

By tracing through and using associativity, we obtain the sequence of
maps along the left-hand side and bottom of the following diagram; by tracing
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through (3.2.6)) and using associativity, we obtain the maps along the top and right-
hand side:

(T(Jf) *Co T(L?zl)) *Co T(gfg) % T(W) *Co (7‘(91) *Co T(ng))
&*coidl iz
(T(F1) *co T(H)) *xco T(F2) 7(2t) %o T(F1 %1 Fo)
al l&
T(fl)*co (T(ﬂ) *xCo T(?2)) ’T(ﬁl *I 9\2)*00 T(ﬂ)
idx oo &l iz
7(F1) xco (T(F2) *co () —2—— (7(F1) *xco T(Fa)) xco T(H).

This diagram commutes because (3.2.5)) and (3.2.6) agree along their outermost edges.
We apply Wy to this diagram to obtain (3.2.4), which is therefore commutative. [

Remark 3.2.4. — The proof of Theorem [3.2.3] is precisely the point where it is
more convenient to work with the ind-scheme Gr(gjen rather than the ind-scheme
considered in [G1] in the definition of the functor Z. In fact, in [G1l, Proposition 6]
the isomorphisms of Proposition are proved only in the case & and % are
perverse sheaves, which makes it impossible to state the commutativity of in
a reasonable way (since . x! %, might not be perverse even if .#; and .%, are). This

issue was mentioned (and solved along the lines above) in [Zh1].

3.2.2. Some consequences. —

3.2.2.1. Convolution exactness. — The following corollary (to Proposition [3.2.1]
will play an important role in Chapter [

Corollary 3.2.5. — For o/ € Pervp+g(Grg, k) and .7 € Perv(Flg, k), the complex
F «L Z() is concentrated in nonpositive perverse degrees. If o RWL' F € DP(Grg x
Flg, k) is perverse, then F ! Z(a/) is perverse.

Similarly, for o/ € Perv(Grg,k) and F € Pervi(Flg, k), the complex Z(o/) x' F
is concentrated in nonpositive perverse degrees. If o KL F € DP(Grg x Flg, k) is
perverse, then Z(</) x1 .F is perverse.

Proof. — The claims follow from Proposition and the t-exactness of nearby

cycles (see Theorem [9.1.3([2))). O

Remark 3.2.6. — In case k is a field, the assumption that o/ KL .Z is perverse
is always satisfied. Hence, in this case, Corollary says that central sheaves are
“convolution exact” in the sense that convolution with such an object (on the right,
and on the left for I-equivariant objects) is an exact functor with respect to the
perverse t-structure.

3.2.2.2. Total cohomology. — Proposition also has the following consequence
for total cohomology.
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Corollary 3.2.7. — 1. For o in D?(Grg,k) and # in D?(Flg,k), there are

canonical isomorphisms
L L
RT(Flg, Z(#) x* F) = RT(Grg x Flg, o Ry F) = RT(Grg, /) @ RT(Flg, F)
in DPMofy. In particular, if H*(Grg, /) or H*(Flg, %) is k-flat, there are
canonical isomorphisms of graded k-modules
L
(3.2.7) H*(Flg, Z(&/ )+ F) = H*(Crg xFlg, ¥ Xy F) =2 H*(Grg, o )@ H® (Flg, 7).

2. For o in Dy, ;(Grg,k) and F in D?(Flg, k), there are canonical isomorphisms

L L
RT(Flg, # »' Z(+7)) = RT(Grg x Flg, o Ry .F) = RT(Grg, o) @ RT(Flg, .F)

in DPMofy. In particular, if H*(Grg, /) or H*(Flg,.%) is k-flat, there are
canonical isomorphisms of graded k-modules

L
(3.2.8) H*(Flg, Z+'Z(e7)) = H*(Grg x Flg, o/ Ky F) = H*(Grg, o ) @ H* (Flg, Z).

Proof. — By compatibility of nearby cycles with proper pushforward (see Proposi-
tion [9.1.4([1))) applied to the structure morphism Grg(yU0) — C, in both settings we
obtain a canonical isomorphism

L
RP(Flg, C(%,ﬁ)) = RF(GI"G X Flg,% X ﬂ’)

By a general form of the Kiinneth formula (see [Ac3l, Proposition 2.9.2]), the right-
hand side identifies with R['(Grg, o) ®L RT'(Flg, #). In each case the first claim
follows, in view of Proposition [3.2.1

The second claim in each part of the proposition is a consequence of the following
well-known property of derived tensor product (cf. [Ac3, Lemma A.6.17]): for M, N €
DPMofy, there is a natural map

H® (M) @y H*(N) — H* (M & N)

that is an isomorphism if H*(M) is k-flat (or if H*(N) is k-flat). O
3.2.2.3. Interpretation in terms of equivariant cohomology. — Recall that there ex-
ists a canonical algebra homomorphism

(3.2.9) H? (pt; k) — H®(Flg; k)

constructed as follows. Denote by I, the preimage of U under the projection L*G —
G. (This subgroup is sometimes called the “pro-unipotent radical of 1.”) We denote

by Flg) the fppf quotient (LG/I,)ppr- As for Flg, this functor is represented by a
separated ind-scheme of ind-finite type, and we have a canonical isomorphism
H* (Flg, k) = HE:(FI, k),

where T acts on FIS) via the action induced by the action on LG given by -y = vt~ 1.
This provides an algebra morphism H¥.(pt; k) — H®(Flg, k). Now it is well known that
the composition I — B — B/U = T induces an isomorphism H%(pt; k) — H%(pt; k).
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We deduce the desired morphism . Using this morphism, for any complex .%#
in DP(Flg, k) we obtain a canonical action of H$(pt; k) on H*(Flg, %).

Consider, as in Corollary , a complex & in DP(Grg, k) and a complex .Z in
DY (Flg, k). Then, as in the proof of this corollary, there exists a canonical morphism
of graded k-modules

L
(3.2.10) H*(Grg, &) @k H*(Flg, #) — H*(Grg x Flg, o Ky 7).
On the other hand, we also have a canonical morphism of graded k-modules
(3.2.11) H* (Fla, Z()) @ns (pti) HY (Fla, F) — H* (Fla, Z( ) «" F)

which sends f ® g, where f € HP(Flg, Z(«)) is regarded as a morphism k — Z(<7)[p]
and g € HY(Flg, %) is regarded as a morphism k — % [¢] in the I-equivariant derived

category, to fXg:k=kXk — Z() X Fp+ q], regarded as an element in
HP+(LG x! Flg, Z(«/) K .F) = HPH(Flg, Z() «* F).

Lemma 3.2.8. — The following diagram commutes, where the right-hand vertical
arrow s induced by the isomorphism of Corollary , and in the left column
the top vertical arrow is induced by the forgetful map from equivariant cohomology to
cohomology and the bottom vertical arrow is the natural one:

H* (Gra, o) @5 H* (Flg, F) H* (Gre x Flg, o RE F)

H.(Grg, JZ%) R H;(Flg, 3‘\)
1| (2.5.6) ¢

H*(Flg, Z(<«7)) @k H}(Flg, %)

He (Flg, Z(7)) @4 sy H3 (Fl, F) H* (Flg, (/) «! 7).

Proof. — The isomorphism of Corollary [3.2.7|(1)) is obtained by remarking that there

exists a canonical isomorphism

Gr(go’o)(y) xT Flg = Grg(y,0).

From this construction and the description of (2.5.6) in terms of nearby cycles (see
the last sentence in §2.5.4)) it is clear that we have a commutative diagram

H.(Grg,%) Rk H;(Flc,y) —_— H.(GI‘G X Flg,ﬂ&ﬂg 5‘\)

2.5.6l? IJ/

H* (Flg, Z(«7)) @ HY(Flg, F) —— H*(Flg, Z(«) ' 7).
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Here the lower arrow factors as a composition
H* (Flg, Z(«)) @ H (Flg, F) = H*(Flg, Z(#)) @ns (pt) HT (Fla, F)
&z, H*(Flg, Z() ' F)

where the first map is as above. On the other hand, since the restriction of the map
Grfjog) (y) = Grg(y) to C° is the trivial projection (see Example [2.3.17), the upper
arrow factors as a composition

H'(Gr& 42{) Rk H;(FIG, y) — H'(Gr& 427) Rk H.(Flg, f)

L
—>3.2.10 H.(GTG X Flg, o &k y),

which implies our claim. O

3.3. Variants for G¢

The constructions of Section [3:2] have obvious counterparts in the setting where
the group scheme G is replaced by the constant group scheme G¢, which we explain
in this section. These analogues provide different perspectives on the convolution
product in Pervy+q(Grg, k) (explained in and on the tensor structure of the

functor F (see §§3.3.3H3.3.4)).
3.3.1. Convolution as nearby cycles. — We consider the bifunctor
Car : Dr+o(Grg,k) x DPy o(Grg, k) — Dyyg(Grg, k)
given by
_ L L
Car(, RB) := \I!XUQ (42% Xy 2 Xy ko [1]),

where we are using the identifications in ([2.5.3)). This bifunctor has partially equiv-
ariant counterparts

Dy ¢(Grg,k) x D (Grg, k) — Dg(Grg, k),
DP(Grg, k) x Dy (Grg, k) — DP(Grg, k)

which will also be denoted by Cg;,.
The proof of the following claim is similar to that of Proposition [3.2.1] and will
therefore be omitted.

Proposition 3.3.1. — 1. For & in D?(Grg,k), resp. in Dy, (Grg,k), and &
in DE+G(GFG7H€); there is a canonical isomorphism

Cor(o, B) = oA +C B
in D (Grg, k), resp. in D}, (Grg, k).
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2. For o in D, ,(Grg,k) and 2 in D?(Grg,k), resp. in DY (Grg, k), there is
a canonical isomorphism
Corl(et, B) = B+C of
in DY (Grg, k), resp. in D}, (Grg,k).

Applying Proposition [3.3.1|(1]) in the case where &/ and % are perverse sheaves,
and taking the 0-th perverse cohomology, we deduce a canonical isomorphism

— L L
(3.3.1) Ty (P (o Ry, B) By ko [1]) = o 557 C 2.

See §3.3.2] below for the comparison with the “fusion product” construction of convo-

lution recalled in
As for Theorem one deduces the following theorem.

Theorem 3.3.2. — For &/, % in DEJrG(Grg,k), there is a natural isomorphism
G AC B B

These isomorphisms are compatible with the associativity constraint for *L+G, mn

the sense that (together with this associativity constraint) they endow the pair

(DEJrG(Gr(;,]k),*UG) with the structure of a symmetric monoidal category.

The commutativity constraint considered in this theorem is closely related to the
constraint of see Corollary below for a precise statement.

As for Corollary we obtain the following corollary, which generalizes some
results from §1.3.] (see Remark [1.3.3).

Corollary 3.83.3. — For o € Perv(Grg, k) and B € Pervp+g(Grg, k), the complex
o ¥TC B is concentrated in nonpositive perverse degrees. If o ®RE % € D (Grg x
Grg, k) is perverse, then o KTC B s perverse.

We also obtain the following counterpart of Corollary
Corollary 3.3.4. — For & in D(Grg,k) and 2 in D} ,(Grg, k), there ezists a

canonical isomorphism
L
RT(Grg, o «%' ¢ B) = RT(CGrg, &) ®x RT(Grg, 2)
in DPMofy. In particular, if H*(Grg, ) or H*(Grg, B) is k-flat there exists a canon-
ical isomorphism of graded k-vector spaces
H® (CGrg, o +~ ¢ B) 2 H*(Grg, &) @ H(Grg, B).

Finally we state a variant of Corollary which will be considered more closely
in §3.3.3| below.

Corollary 8.3.5. — For o/, % in Pervi+o(Grg, k), there exists a canonical isomor-
phism
H®(CGrg, o 5 ¢ B) 2 H*(Grg, &) @y H*(Grg, B).
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Proof. — Starting from (3.3.1]), arguments similar to those encountered in the proof
of Corollary (i.e. relying on the compatibility of nearby cycles with proper push-
forward) provide a canonical isomorphism

L
(3.3.2) H* (Gra, o +5 ¢ ) = H*(Grg x Grg, P (o Ry B)).
The claim follows, in view of (|1.3.7). O
3.3.2. Comparison with the fusion product. — Proposition [3.3.1] provides a

description of convolution of LTG-equivariant complexes on Grg in terms of nearby
cycles. On the other hand, the proof of the geometric Satake equivalence involves
a description of convolution in terms of a “fusion product,” see Let us now
explain the relationship between these two descriptions.

The fusion product involves the fusion space Fusg, which comes with a structure
map Fusg — C?. Recall from that Gch;]g is identified with the restriction of
Fusg to {0} x C C C?. Let i, j, i, j', a, and b be the embeddings shown in the
following diagram:

. y
CGrg —— Grgg 1  Grg x Grg x C°

| . |

GI‘G x C 41> FusG <J7 GI‘G X GI‘G X (02 AN AC)

The maps 7 and j were previously introduced in §1.3.3] and the maps i’ and j’ come

from (2.5.3).

Lemma 3.3.6. — For any € in Perv(Grg X Grg, k), there exists a canonical iso-
morphism

0" (€ B ko acl2]) = 51, (€ B koo [1)[1]

Proof. — Using the additive structure on C' = A! we obtain an isomorphism C x
({0} xC) = C x C defined by (x,(0,y)) — (z+y,y), which identifies {0} x ({0} x C)
in the left-hand side with AC in the right-hand side. Using this isomorphism (and
the fact that the group scheme G¢ is constant), given points z,y € C' and a principal

G-bundle over I‘my with a trivialization away from I'g U I, one obtains a G-

bundle over FxfyUFy with a trivialization away from I';1, U Iy, which provides an
isomorphism of ind-schemes

C x Grgg = Fusg.

Under this identification, the perverse sheaf ji.(4 KL ko2 ac[2]) on the right-hand
side corresponds to the perverse sheaf

L L
(e [1]) B jt, (€ R ko [1])
on the left-hand side. The claim follows. O
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Proposition 3.3.7. — For any o/, B in Pervi+g(Grag, k), there exists a canonical
isomorphism

L L _ L L
b*i* i (P (o Wy B) Ry ke ac[2]) = Wy (P (o By B) By koo [1]) 2]

Moreover, this isomorphism is compatible with those in (1.3.4) and (3.3.1) in the
obvious way.

Proof. — We have i0b =a o1, so that the left-hand side identifies with

L L
(&) a" ju (P (o By B) My Kz ac[2)-

In view of Lemma |3.3.6] our problem reduces to that of constructing an isomorphism

(-/)* -/ (P 2400 L L 1~ T P 20 L L
i) i (P (o Wy B) Wy Ko [1])[1] = Wy00 (WA (o K B) R ko [1]).

Since the left-hand side is known to be perverse (see (1.3.4)) this isomorphism will
follow from Lemma [9.1.9] provided we prove that the monodromy automorphism of
the right-hand side is trivial. However, using the compatibility of nearby cycles with
proper pushforward applied to the structure morphism Grg.(yU0) — C (as in the
proof of Corollary and the fact that the monodromy is trivial for a constant
family, we obtain that this monodromy automorphism is sent to the identity by the
functor H®*(Grg, —). Since the latter functor is faithful on perverse sheaves (see Propo-
sition , this concludes the proof.

The compatibility between the various isomorphisms is left to the reader. O

The isomorphism of Proposition [3.3.7] can be described more explicitly as follows.
By definition (see §9.1.1) we have

_ L L L L

Uyuo (P20 (o By B) Ry koo [1]) = (1)L (20 (o Ry B) Ry exp, ke[1])[-1],
where exp : C — C* is the exponential map. Now we have canonical morphisms

L L L L
(PO (o B B) B ko [1]) — L (A (o By B) By ko 1))
and koo — exp, k¢, which induce an isomorphism
L L L L

(@)t (P (o B B) R ko [1]) [-1] > (i) 5L (PH° (o B B) Ry exp, k[1]) [-1]-

3.3.3. Monoidal structure on total cohomology via nearby cycles. — Corol-
lary provides a monoidal structure on the functor
F= H.(GI“G, 7) : PervL+G(GrG,k) — Mof.

On the other hand, another monoidal structure on this functor is involved in the
proof of the geometric Satake equivalence, see §1.3.41 We will now prove that these
structures in fact coincide.

Proposition 3.3.8. — For any o/, 8 in Pervy+g(Grg, k), the isomorphisms
F(o x5 ¢ B) = (o) x F(B)
constructed in and in Corollary[3.3.5 coincide.
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Proof. — In the construction of both isomorphisms, one produces an isomorphism

L
(3.3.3) H*(Gra, o 5 ¢ ) = H*(Grg x Grg, P (o Ry B)),
and then uses (1.3.7). To conclude, we therefore only have to prove that the two

versions of ([3.3.3) coincide.
Set

L L
€ = ji, (pﬁﬂo(% Ny B) K ko [1]),
and denote by f’ : Grg.(yU0) — C the structure morphism. Then, taking into
account Lemma [3.3.6] the construction of is based on the fact that the complex

1% is constant in the sense considered in Example then, identifying the stalks
of these sheaves at 0 and 1 € C* = C° (see (9.1.3])) one obtains an isomorphism

L
RT(Grg, o x5 6 B) = RT(Grg x Grg, P (o Ky B)),

from which one deduces (3.3.3) by taking cohomology. On the other hand, the con-
struction in Corollary is based on applying the nearby cycles functor associated
with id : C' — C' to

L L L L
RT(Grg x Grg, 2 (o By B)) @ koo [1] = (floo )« (CH (o Ry B) @1 koo [1]),

and observing that the complex so-obtained identifies with RT'(Grg x Grg, PA#° (o KL
28)) on the one hand (see (9.1.4)), and with RI'(Grg, &/ *{;JrG Z) on the other hand
(by and compatibility of nearby cycles with proper pushforward). Once again,
taking cohomology we deduce the isomorphism .

Once these constructions are recalled, the claim follows from the commutativity of
the diagram in Example (applied to the constant complex f.%). O

3.3.4. Monoidal structure on total cohomology via equivariant cohomol-
ogy. — We conclude this section by giving a third description of the monoidal struc-
ture on the functor F, in terms of equivariant cohomology, valid under the assumption
that all the torsion primes of G are invertible in k. (For a brief reminder on how to
compute the torsion primes, see [JMW] §2.6]. For a more detailled account, and
more details, see [To].) This construction of the monoidal structure is considered in
particular in [Zh4l §5.2] (in the case when k is a field of characteristic 0) and (in a
“mixed characteristic setting,” and again for characteristic-0 coefficients) in [Zh3].
Under our assumption on k, it is known that the equivariant cohomology Hg, (pt; k)
is concentrated in even degrees, and free (of finite rank in each degree) over k. A
construction similar to that of yields a canonical algebra morphism

(3.3.4) * . o(pt:k) = H*(Grg; k).

From this morphism we deduce, for any & in DP(Grg,k), a canonical action of
Hs . o (pt;k) on H*(Grg, «/). Note also that the projection L¥G — G induces an
algebra isomorphism

HE (pt; k) = HE o (pts k).

Lemma 3.3.9. — Under our assumption above:
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1. the morphism (3.3.4) vanishes on @, Hi . (pt; k);
2. for any o in Pervy+g(Grg, k), there exists a (noncanonical) isomorphism of
graded H} , . (pt; k)-modules

H{ﬁrG(Gerd) = £+G(pt7k) ®]k H.(GTG,%).

As a consequence, the forgetful functor induces an isomorphism of graded k-
modules
k ®H£+G(pt;k) H£+G(Grg, ﬂ) = H*(Grg, o).

In part of this lemma, we regard H} , .(Grg, o) as an H} | ,(pt; k)-module in
the usual way for equivariant cohomology (cf. [Ac3l §6.7]).

Proof. — There are two ways to construct a ring homomorphism H} . ,(pt; k) —
H? o (Grg;k). The first is the “usual” way that comes from the general theory of
equivariant cohomology. The second, which we will call the “special” way, arises by

repeating the construction of (3.3.4)) (following (3.2.9))) with H®*(Grg, &) replaced by
H? ;- (Grg, #7). Now consider the compositions

. usual N forget
HL+G(pt;]k) ﬁ HL+G(GTG§k) &)

special

H*(Grg; k).

In the usual case, this composition factors through the forgetful map H; , . (pt;k) —
H®(pt; k) = k: thus, it vanishes on B, Hi+G(pt; k). In the special case, this com-
position is equal to the map .

Thus, to finish the proof, it is enough to show that the usual and special maps
HP . o (pt; k) — H} . (Grg;k) coincide. This claim is essentially established in [MR2),
proof of Lemma 3.6], following an argument of Ginzburg. (A different proof of this
claim is given in [Zh4, Lemma 5.2.5].) We will not repeat the argument here, but will
only briefly explain how to translate from our setting into that of [MR2]. Consider
the ring homomorphism

(3.3.5) Hi+ (Pt k) @k HE (Pt k) = Hi 1 (Gra; k)

given by having the left-hand, resp. right-hand, copy of H} . . (pt; k) act by the usual,
resp. special, action. Since H}, .(pt;k) is free (and hence flat) over k, the Kiinneth
formula (in the form stated in, say, [Ac3l Proposition 6.7.5]) lets us identify the
domain of with H} ;o 1+ o(pt; k). In view of this observation, the argument
explained in the second half of the proof of [MR2| Lemma 3.6] (starting with equation
(3.9)) shows that factors through the multiplication map

HE + ¢ (pt; k) @k H + ¢ (pt; k) — HE 1 (pt; k),
and thus the usual and special actions coincide.

As usual one can assume that &7 is supported on a single connected component
of Grg. Recall that there exists a (Leray—Serre) convergent spectral sequence

EPY =HP, .(pt;k) @ HI(Grg, o) = HPTL(Grg, o).

Our assumption guarantees that H€+ o (pt; k) vanishes unless p is even. On the other
hand, since 47 is supported on a single connected component of Grg, all the coweights
A such that Fy (&) # 0 belong to the same ZR-coset. Therefore the parity of the
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integer (A,2p) is the same for all these A’s, which implies that H®*(Gr¢g, &) is con-
centrated in degrees of constant parity. These observations imply that the spectral
sequence above degenerates at the Fs-term, from which we deduce our claims. O

As for (3.2.10)—(3.2.11)), for o7, 2 in Pervy,+ ¢ (Grg, k) we have canonical morphisms
of graded k-modules

L
(3.3.6) H*(Gra, o) @i H*(Grg, &) — H*(Grg x Grg, 20 (of Ky, B))
and
(3.3.7) H® (Gra, o) @ns . (pus) HE v (Gra, B) — H* (Grg, o+ ¢ ).

The following lemma is analogous to Lemma and its proof is similar. (In
particular, this proof does not require our running assumption on k.)

Lemma 3.3.10. — For any o7, % in Pervi+q(Grg,k) the following diagram com-
mutes, where in the left column the upper arrow is induced by the forgetful map from
equivariant cohomology to cohomology and the lower arrow is the natural one:

H* (Crg, o) @ H* (Crg, B) — 829

I

H*(Grg, &) @k Hy 1 5(Gra, £) | B32)

J

H'(GI"G, 1!27) ®H]._,+G(pt;]k) H£+G(Grg, 33)

H'(GI‘G X Grg,p%O(JZf |Z]]€ %))

E2D , He(Gre, o +57C¢ 2).

Now we combine Lemma and Lemma|[3.3.10, Under our assumptions on k, for
o, B in Pervy+q(Grg, k), Lemma implies that we have a canonical isomorphism

H®(Grg, ) ®H£+G(pt;k) H£+G(Grg, L%)) &~ H'(Grg,ﬁ) Rk H’(Grg,@).

(We insist that this isomorphism uses the construction in the second claim of part
of Lemma which is canonical, and not the noncanonical isomorphism in the
first claim of this statement.) Moreover, the upper map in the left-hand column of
the diagram of Lemma [3.3.10] coincides with the composition of the lower map in this
diagram with this isomorphism. This shows that the composition of the upper arrow
with the right vertical arrow (i.e., the monoidal structure on F from Proposition
coincides with the lower horizontal arrow. In other words, the latter arrow provides
a third equivalent description of the monoidal structure on F.

3.4. The central functor is monoidal

We now drop the restrictions on k from
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3.4.1. Monoidality isomorphism. — Our main goal in this section is to construct
the “monoidality” isomorphism for Z, and to prove the analogue of property of a
central functor, along the following lines.

Theorem 8.4.1. — For & € DP, . (Grg,k), resp. & € DP(Grg,k), and B €
DE+G(Grg,]k), there is a natural isomorphism

bz L(A) ¥ Z(B) > Z( +C B)

in D®(Flg,k), resp. in D2(Flg,k). Moreover, for o, o € DE+G(Gr0,k) and F €
DY(Gr, k), the following diagram commutes:

I
Doty oty * idg

(Z(on) ¥ Z(t)) ¥* 7 Z(o «1TC ) # F

szwl),zwz),@l f’dl*ﬁcx‘g@,g
Z(ah) +! (Z(t) x! F) T+l (ot %V C o)
(3'4'1) idz(,dl)*la.dz,gl lidy*ltzﬁ;;g@
Z(ah) +" (9‘ *1 Z(;zig)) F ! (Z(m)*l Z(%))
—1 —1
O‘Z<a«1>,5«“,2<w2)l l‘ly,zwn,ua@)

~ I
Oary, 7% idz(ery)

(Z(a) *' F) +! Z(t) (F «1 Z(h)) + Z(ts).

Proof. — The proof is very similar to that of Theorem Let n : (LG xL'G
Grg) x C° = Grg(y)|ce be the unique map making the following diagram commute:

(LG x"¢ Grg) x C°
n
T —

Grg(y)|co

(3.4.2) Grg(y,y)|ce

(see (2.3.16)). Comparing the two sides of (3.4.2]), we obtain natural isomorphisms

() ko T(B) = (o BB Ky koo [1]) = (o 577C B).

We define ¢ : 7() *co 7(B) = (o #Lta 2) to be the composition of these isomor-

phisms. By Corollary along with (3.2.1) and (3.2.2), we obtain an isomorphism

bor . L(H) + Z(B) S Z(d KT C B).
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The rest of theorem involves the study of the following two diagrams:

(LG X Grg) x Fla x C° 5 Grgl0.y.y)jee

— \

Grg(y, \CO Grg x Flg x c° —— Gl‘g( \CO (yUO y)|Co

2
7 x”l £/

GI‘Q(X, )\CO —> GI‘g( 0)‘007

(LG "% Grg) x Flg x C° % Grg(0,y,y)|co

/\,\

Grg(y,y,0)jco —— Grg(y,yU0)jco +—"— Grg(y,0,y)|ce % Grg(yUo,y)|co

Grg(y,0)jco —— Grg(yU0)|ce.

Both diagrams are assembled from copies of m, -, and (3.4.2), and they

coincide along their outermost edges. From this point on, the proof of Theorem [3.2.3
can be repeated essentially verbatim. We omit further details. O

The isomorphism from Theorem [3.41]is compatible with monodromy in the sense
of the following claim.

Proposition 3.4.2. — For any </, % in D}, . (Grg,k) the following diagram com-
mutes:

()% Z(B) 222 7(a +1TC )

m
mpx/*lm@l l w+LT Gz

2(t) ' Z(B) 27 7(at SVC )
Proof. — After tracing through the construction of ¢ in the proof of Theorem
this claim is easily deduced from the last assertion in Corollary O

Recall the bifunctor «{ introduced in Remark Theorem and the t-
exactness of Z (see Lemma [2.4.5)) ensure that for o7, & in Pervy+g(Grg, k) we have
a bifunctorial isomorphism

(3.4.3) 0% g 2(A) % 2(B) = (ot 5 C B).

3.4.2. Projection to Grg. — The isomorphism of Theorem [3.4.1 has no meaning-
ful analogue in the setting where G is replaced by G¢, since forgetting Z and replacing
I by LT™G we obtain a tautology. This suggests that this isomorphism “disappears”
when one applies the functor 7,. In this subsection, for later use we make this idea
precise.

Consider the map

X7 LG x! Flg — LG xV" ¢ Grg.



3.4. THE CENTRAL FUNCTOR IS MONOIDAL 133

For o/, % € PervL+G(Grg, k), using the fact that 7, Z(«) = o and 7. Z(#) = A
(see Lemma [2 7 it is not difficult to check that we have a canonical isomorphism

(3.4.4) (1 % 7). (Z(d)&Z(%)) ~ o/ R B.

Recall the maps m and m’ from ) and (2.2.2)), respectively. Applying the functor
my, and using the fact that m o (7r X 7r) =7 om/, we deduce an isomorphism

(3.4.5) m(Z(0) ¥ Z(B)) =5 o #7C .
Lemma 3.4.3. — The following diagram commutes:
. (Z() +T 2(B)) Tt mZ(o %G )
Lemma 25T
o 56 .
Proof. — Consider the following two commutative diagrams:

(LG x~"C Grg) x C°

(3'4'6) Grg(y, )|Co —= Gch(y, )|Co GI"G x C°

Grg( )|C° ? Gch )|C°7

(LG x“"C Grg) x C°

T

(347) Grg(y y |Ce Grg x C°

T b

Grg(y)ce ——=— Grau(y)|ce-

Arguing as in the proof of Theorem [3.2.3] using these diagrams we obtain a commu-
tative diagram

7. (2(<0) ¥ Z(B)) m.Z(a) %G 1, 7(B)
ﬂ'*¢a¢,3zll ZlLemmam
mZ(o ¥ C B) ZoPh (o) $17 G 7P ()
Lemma mlz zl
(2-5.5)

750 (o +17C B) o *C

where the maps along the left-hand side and bottom come from (3.4.7)), and those on
the top and right-hand side come from ([3.4.6)). O

~
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The isomorphism ({3.4.5]) also explains the relationship between the isomorphisms

~ ~sph
o_,— and o™, as follows.

Lemma 3.4.4. — For any </, % in Dy (Grg, k) the following diagram commutes:

Tx0 ot 7(B)

T (Z() " Z(B)) 7. (Z(B) +' Z())
€23 |6
o 76 3 T BATC

Proof. — The claim follows from the compatibility of nearby cycles with proper push-
forward, see Proposition O]

3.5. Compatibility of commutativity

The goal of this section is to establish a compatibility result between the natural
transformation o,/ & of Theorem and the intrinsic commutativity constraint of
the symmetric monoidal category Pervy+q(Grg, k), which specializes to property
in Section B.1]in case k is a field.

not the commutativity constraint for the monoidal category (Pervy+c(Grg, k), 5 @):;
they differ by a sign modification. To take this into account, we will similarly modify
the definition of 5. #. By additivity again, we only have to explain this modification
in the case where &/ and .%# are supported on a single connected component of Grg

and Flg respectively. In this case, we set

3.5.1. Statement. — Recall (see &j that the morphism of bifunctors o™ is

O, 7 = 0. F

in case the connected component supporting &7 and the image in Grg of the connected
component supporting .# are both odd, and

Owt.F = 0o, F

otherwise.
We are now ready to state the main result of this section. In the following state-

ment, the maps ¢Y, , and ¢% , are defined as in (3.4.3).

Theorem 3.5.1. — For any o/, B in Pervp+q(Grg, k) the following diagram com-
mutes:

2( ) L 2(B) —22— Z(a 557G B)
P° (U,d,z(.@))J/ lz(ggf‘;})
2(B) +1 Z(t) —227 ., 2(BAEC ),

The proof will be given in §3.5.8] following some preliminaries.
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3.5.2. Affine Grassmannians over a 2-dimensional base. — The proof of The-
orem will require the use of “nearby cycles over a 2-dimensional base.” A general
theory of nearby cycles over an arbitrary base exists, and has seen progress recently
(see [I2]), but this is not the theory we will use. Instead, in Section (following
Gaitsgory [G2]) we explain how such a functor can be constructed (and sometimes
computed) in the situation at hand by generalizing Beilinson’s construction of (unipo-
tent) nearby cycles. (The latter construction is reviewed in Section )

In the present subsection we introduce the geometric data that will be used in this
construction, namely certain analogues of the iterated affine Grassmannians intro-
duced in Section but which now are ind-schemes over C? = A2,

Let Grg(x) be the ind-scheme over C? representing the functor given by

~ O . . . .
and 8 : & —= — & a trivialization
B [PoUTy Ty LUy ~T,

R {(x, v, &, B) z,y € C(R), € a principal G-bundle over Fr/U\Fy, }

(Here, following the same conventions as in and Chapten the right-hand
side we denote by I',, resp. Iy, the graph of z, resp. y, and by I';, UT'y the completion
of Cr along the closed subscheme I'; UT",. Also, we tacitly consider the equivalence
classes of quadruples (z,y, &, 8) for the obvious equivalence relation.) By restricting
£ from Fx/U\Fy to fx and g from I‘x/U\Fy NI, to f;, we get a map

Grg(x) — Grg®™ x C.

Reasoning similar to that in Remark shows that this is an isomorphism, which
justifies the claim that this functor is indeed represented by an (ind-projective) ind-
scheme over C2.

Similar considerations allow to define the ind-scheme Grg(y) over C? representing
the functor given by

z,y € C(R), £ a principal G-bundle over Fx/U\Fy, }

and 8 : & —= =80 a trivialization
2 P, Uy \Ty LU, ~T,

R~ {(x,y@ﬁ)

Next, let ﬁgBD be the affine group scheme over C? defined by

R {(z,y.7) | 2,y € C(R), v € G, UT,)}.

(The representability of this functor can be obtained as an application of [HR1]
Lemma 3.2], as for Lemma Moreover, as in this case, this group scheme is an
inverse limit of smooth group schemes of finite type over C2.) We also let Q(goo)(g)
be the ind-scheme over C? given by

Gr§® (x)(R) = {(x,y.£,8,7) |
x,y € C(R), £ a principal G-bundle over Fm/ﬁy, }

B & = &0 and v:E& = €% trivializations
ITa ULy Ty LUy~ r,ur

Y
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There is a natural right action of E*QBD on this ind-scheme (by twisting ), and as

in Lemma the map
Gr5(x) — Grg(x)

given by forgetting ~ is an étale locally trivial principal E*gBD—bundle.
Let Grg(x,y) be the functor from C-algebras to sets defined by

R {(z,y781,82”81762) |

z,y € C(R), £, £? principal G-bundles over FI/U\Fy,
and B; : € g0 oo B & — &l isom.

1
—— — —
T, Ul ~T, LUl ~ [T, Ul ~Ty [T Ul ~Ty

In analogy with Proposition [2.3.11} one can show that
-~ £+QBD
Grg(x,y) = Gri? (x) xgs” Grgly),
and thereby conclude that Grg(x,y) is represented by an ind-proper ind-scheme over
c2.
Finally, given z,y € C(R), recall the scheme (I'; UT,)° =T, UL, ~ (T, UT,)
from §1.3.3] We define the functor Grg(xUy) by

R'_) {(x7y787/8)

x,y € C(R), € a principal G-bundle over F$/U\I’y, }

and 3 : & =, g0

— ., — an isomorphism
(0T, )° (50T, )° p

As in the proof of Proposition using [HRI, Corollary 3.10] (now for the noethe-
rian ring @ = C|z,y], the O-curve X = (3, and the divisor given by the union
{(z,y,2) : 2,y € CYU{(z,y,y) : z,y € C}) one obtains that Grg(xUy) is represented
by an ind-scheme over C2. There is an obvious proper map

p: Grg(x,y) = Grg(xUy)
s 1 2 2
given by (1'7?},6 75 761aﬁ2) = (xayag ’ﬁ1|(rﬁy)o o 62‘(1-*;_,?“0)'

3.5.3. Convolution. — We are now ready to combine these ingredients. Using the
natural maps

(3.5.1) Grg®™ x GrS™ = Grg(x) x o2 Grgly) ¢ Gri™ (x) x = Grg(y)

% Gr) (x) x529 Gry(y) = G CNFe!
= Grg ' (x) xgz Grgly) = Grg(x,y) — Grg(xUy)

we can define a twisted external tensor product and a convolution product over C?,
denoted by

Mee : DP(Grg™ k) x D2, 5(Grg®™, k) — DP(Grg(x,y), k),
xc2 : DE(Grg®™ k) x D2 5(Grg™, k) — DP(Grg(xUy), k)

respectively, by the same procedure as in or in Of course, they are
related by

L (ﬁ gcz g) =7 *C2 9.
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These bifunctors have obvious analogues over (C°)? instead of C?, which will be
denoted X (coy2 and *(coy2 respectively.

3.5.4. Relation with the fusion product. — The ind-schemes introduced above
in §3.5.2] have obvious analogues in the setting where the group scheme G is replaced
by the constant group scheme G¢, which have in fact already appeared in the con-
struction of the fusion product from (see also [BRI §1.7] for more details).
Namely, the ind-scheme Grg,, (x,y) coincides with the one denoted Grg, XQGrG, X
in [BR), §1.7.4 the ind-scheme Grg , (xUy) coincides with the one denoted Grg, x»
in [BR] §1.7.3] (and denoted Fusg in ; and the analogues of the constructions
from in this setting were considered in [BR) §1.7.5]. We will use the same
notation for these variants.
We have a canonical isomorphism

Grg,. (%,y)c2eac — (Grg,. (%) xc2 Grg,, (X))‘CQ\AC

which sends the datum of (€1, &2, 81, B2) to ((EL,B1), (52732)) where €2 is obtained
by gluing the trivial bundle away from I';, with £% away from ', using the composition
of B2 and Sy as gluing datum. In turn, we have a natural identification

(Grg, (x) X2 Grg, (X))|C2\AC = Grg x Grg x (C? N AC)

obtained by moving = and y to the origin, under which the restriction of 7() Mo
7(%) identifies with o K" 2 X" k2], for any </, % in D}, ,(Grg, k).
The natural morphism

Grg, (x,y) = Grg, (xUy)

restricts to an isomorphism over C? \. AC and, from this point of view, [BR]
Lemma 1.7.10] states that for <7, % perverse sheaves such that o/ KL % is perverse
we have

(o) xex 7(B) = juu(f B BRK[2])[-1],

where we use the notation of §1.3.3] Restricting to the diagonal we obtain the iso-
morphism

L L
(o ¥ B) =i, (o K BREK[2))
from (1.3.4). Now, exchanging the points z and y defines an automorphism
swap : Grg, (xUy) = Grg,, (xUy)

which stabilizes the preimage of C? \. AC, and restricts on this preimage to the
automorphism of Grg x Grg x (C? ~ AC) sending (a, b, (z,y)) to (b,a, (y,x)). The
commutativity constraint Ug“f% is then obtained using the fact that i = swap o 4, so

that ¢* = ¢* o swap*.

W1n [BRI, the curve A! was denoted X rather than C.
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3.5.5. Restriction to subvarieties of C?. — The ind-schemes defined above can
be restricted to various subsets of C2, such as the open subset (C°)?2, or the diagonal
copy AC of C inside C%. We also consider AC® := (C°)? N AC, and the open subset

C? = (C°)? N ACC.
The following observations are essentially immediate from the definitions.

1. Over (C°)?, since the restrictions of G and G¢ coincide we have canonical iden-
tifications

Grg(x,y)|(coy2 = Grg,. (X, Y)|(co)2
Grg (xUy)|(co)2 = Grg,, (xUy)|(c0)2 = (Fusg)|(co)2-

2. Over {0} x C we have

Grg(x,y)[{orxc = Grg(0,y), Grg(xUy)foyxc = Grg(ylo).
3. Similarly, over C' x {0} we have

Grg(x,y)ox oy = Grg(y,0), Grg(xUy)cxioy = Grg(yUo).
4. Over AC, we have

(Grg(x) xc2» Grg(y))jac = Grg™ x¢ Grg™,
Grg(x,y)jac = Grg(y, y),
Grg(xUy)jac = Grg®™.
5. Over C?', the morphism
Grg(x,y) 2t — Grg(xUy)|cet
is an isomorphism, and these ind-schemes identify canonically with Grg x Grg X

C?t.

3.5.6. Iterated cleanness. — Below we will make use of the “2-dimensional
nearby cycles” construction from Section applied to the ind-schemes Grg(x,y)
and Grg(xUy). For this, it will be convenient to let #* denote either of the inclusion
maps

Grg(x,y)jace = Grg(x,y)ceyz, Grg(xUy)ace = Grg(xUy)|ce)2-

If 7 is a perverse sheaf that lives on Grg(x, X)‘(CO)Z or QG(KUX)KCOP, one can
ask whether it is iterated-clean in the sense of Definition

Lemma 3.5.2. — Let o, % € Pervy+q(Grg, k) be such that o BE % is perverse.
Then () Wgoy2 T(AB) and 7() *(coy2 T(A) are iterated-clean.

Proof. — Consider the perverse sheaves 7(«), 7(£) in Perv.g, (Grgen‘co k). Our
assumption implies that the object

L L L
T(,Q{) |Z|]k T(%) >~ o &k B |Z|]k k(co)Q[Q]
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is perverse. It is iterated-clean by Lemma|9.4.15] Since the maps p and ¢ involved in
the definition of convolution are smooth (and surjective), and the map u is proper,
applying Lemma repeatedly yields the result. O

For the rest of this subsection and the next one we fix &7, # € Pervp+g(Grg, k)
such that o ML % is perverse.

Lemma 3.5.3. — Let o, B € Pervy+¢(Grg, k) be such that of KL B is perverse.

1. Let h: Grg (ZUZ)\CQ* — Grg(xUy)(ce)2 be the inclusion map. Then there is a
natural isomorphism

() *(coy2 T(B) = i ék B ék koot [2]).
2. There is a natural isomorphism
(i) (7() *(goy2 T(B)) [-1] 2 (o <7 C B).
In particular, these complexes are perverse.

Proof — These statements are clear from the study of the scheme Grg  (xUy)

in since Grg(xUy) and Grg_ (xUy) coincide over (C°)? (see §3.5.5)). O

3.5.7. Study of nearby cycles over C?. — We continue with our </, % ¢
Perv,+¢(Grg, k) such that o KL % is perverse. We first want to apply the for-
malism of Section to the ind-scheme Grg(x, X) over C? and the perverse sheaf
T() Iil(CO)Q 7(%). By Lemma this object is iterated clean. In order to apply
Proposition (which guarantees in particular that the 2-dimensional nearby
cycles construction is well defined), we need to check two further conditions, stating
that some nearby cycles are unipotent. By Lemma and Remark [2.4.7](2) these
assumptions are satisfied by the object 7(e7) KL 7(#) on Grg™ x Grg®™. Using
Remark we deduce that they also hold for Grg(x,y) and 7() g(CO)Z 7(AB).
Therefore applylng Proposition [9.4.8| one can consider the objects

F(Xy (sz 93) = TG"g(&X) (T(JZ{) &(00)2 T(e%’)),

(2) o ~
F(Xy (d %) Grg(x y)( (d) &(00)2 T(‘%))7

Fo (. B) = V&, (o) a0 (377 (7() Bycoys 7(2)[-1]).

Now, consider the ind-scheme Grg(xUy) over C? and the perverse sheaf 7(./ )*(cey2
7() (see Lemma [3.5.3). Using again Remark [9.4.14] we obtain that the conditions
of Proposition [0.4.8] are again satisfied in this context, so that one can consider the
objects

(427 e%’) = TGr (KUX) (T( *(Co)z T(%))
Flay (7, B) = WEL ) (T() x(cor2 7(B)),
Fap (. 8) = U8 ao (87 (1() %oy 7(2))[-1]).
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Lemma 3.5.4. — Let o, % € Pervy+q(Grg, k) be such that o BE % is perverse.
We then have natural isomorphisms

(3.5.2) Fley) (7 B) < Fiey) (o, B) = i) (o, B),

and likewise for the (xUy) versions. Moreover, there is a commutative diagram

Fg)y (o, B) = pFiuy) (7, B) — w.FG ) (o, B)

(3.5.3) | ZJ J{z

ngy)(,qf B) " Faoy) (o, B) —— Fly,,) (o, B)

where the horizontal maps are induced by (3.5.2) and its variant for (xUy).

Proof. — As explained above Proposition applies in both settings, which justi-
fies the isomorphisms

Fiy) (7, B) = F (T B), Fiay) (o, B) = nggy)(m@).

The isomorphism in the left column of and the commutativity of the left part
of this diagram follow from Corollary - and its proof.
By Lemma [0.4.12] we also have natural maps

(3.5.4) Fiay) (7. B) = Fa ) (o, B), Frauy) (o, B) = Fy) (o, B).

To check that these maps are isomorphisms, we first work on Grg(x) xc2 Grg(y). In
this setting, as above we have a morphism

L L
(355)  Tarywxoatrow) (1) B m(B)) = Vhcon, o uoen (1) Bi 7(B),

which now is known to be an isomorphism thanks to Proposition [9.4.18] The first
map in (3.5.4)) is related to that in by smooth pullback along the maps p and
q from , S0 it is an isomorphism by Proposition .

For the second map in 7 we use the proper map p from E[) The fact
that our map is an isomorphism follows from Proposition . Similarly, the
isomorphism in the right column of , and the commutativity of the right part
of this diagram, follow from the proof of this proposition. [

3.5.8. Proof of Theorem — We can finally give the proof of Theorem|[3.5.1
So, we fix &7, % in Pervy+g(Grg, k).

Assume for now that H*(Grg, o) is flat over k. This implies that & XL 2 is
a perverse sheaf (see Remark [1.3.10)), so that the discussion above can be applied.
Using the compatibility of (iterated) nearby cycles with smooth pullback along the
maps p and ¢ in (3.5.1)) and the considerations in §9.4.6) we obtain an isomorphism
(3.5.6) (X y)(gf B) = L(A)KL(B).
On the other hand, Lemma [2.4.2] implies that we have
(o, B) = Z(o/) R Z(B).

(>< y)



3.5. COMPATIBILITY OF COMMUTATIVITY 141

In fact, unwrapping the constructions we see that the isomorphism

F& (o, B) > m(ﬂ B)

(x7y)
obtained by composing the two identifications in is the identity.

For the complexes constructed using the (xUy) variant, we remark that from the
definition (see the discussion following (9.4.1)), if Z C (C°)? is a closed subset that
remains closed in C' x C°, then the output of the functor ¥(?) depends only on the
restriction of the given perverse sheaf to (C°)2 \ Z. In particular, this holds for
Z = AC°®, in which case (C°)? \ Z = C*I. Over C?', the ind-schemes Grg(x,y),
Grg(xUy) and Grg(x) X2 Grg(y) are all canonically identified (see , and from

this we obtain a canonical isomorphism

(xLy)
where C is defined as in On the other hand, from the definitions we see that
+
(3.5.7) F@UD(,@%, B) = L(A +~C B).
Combining these identifications, we conclude that the commutative diagram (3.5.3)

can be rewritten as
id

/\

Z(d) #! Z(B) " puF ) (A, B) — Z(d) +! Z(B)

(3.5.8) ,l r ll

C(B. L)) " Fry) (o, B) —— L(d s+ C B).

Moreover, here the right vertical isomorphism coincides with the isomorphism ¢ 4
from Theorem 3.4.1} and the left vertical isomorphism coincides with that of Propo-
sition [3.2.1{(2]).

In the construction of FEX y)(,;zf A) and F (,saf A), we have made a choice of
first applying nearby cycles in the direction of {0} x C' C C?, and then in the direction

of {(0,0)} € C x{0}. But we could have also first taken nearby cycles in the direction
of C x {0} C C?, and then in the direction of {(0,0)} C C x {0}. If we denote by

F(i)y')(,ef B), o | B)

ny

ny)(

the objects obtained in this way, then we have canonical isomorphisms

(3.5.9) Xy)(@f RB) = ()R Z(B), F{;’Uy (o, B) = C(A,Z(B)).

We also have a canonical isomorphism

1 F 2 (o, B) = FD (o, B),

(x:y) (xVy)

which now coincides under the identifications ([3.5.9 - ) with the isomorphism of Propo-
sition 1) and these complexes are related to F (%7, %) and F (2, %) by

canonical isomorphisms.
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For the next step, we observe as in that we have an automorphism of the
ind-scheme Grg(xUy) obtained by exchanging the points 2 and y, which we will also
denote by swap : Girig(gUX) — Grg(xUy). This automorphism preserves the preimage
of {(0,0)}, and induces the identity on this preimage. As in the construction of 05;237

we therefore obtain a canonical isomorphism

Yar, oy (T(F) (002 T(B)) = Targ xuy) (SWap™ (7() x(coy2 7(58))),
or in other words (in view of Lemma ) a canonical isomorphism
(3.5.10) Fxuy) (&, B) = Fxuy) (2, ).

More generally swap restricts to the identity on the preimage of AC, so that we
similarly obtain an isomorphism

(3.5.11) Fouy (7, B) = Fouy) (B, )

(xUy

which, by construction (see §3.5.4)), identifies under the isomorphism ([3.5.7]) and its
version for the pair (%4, &) with Z(a5},).
The automorphism swap does not stabilize the preimage of {0} x C, so it does not

. 2) . . Lo .
“commute” with F'?)  in the sense above. Instead, we obtain a canonical isomorphism

(xUy)

(2 ~, g2y
(3.5.12) F(ZUX) (o, B) — F(zUx)(‘@’ o).
As explained above, both of these complexes identify with C(%,Z(<)), and in fact
the isomorphism so constructed is just the identity map of this complex. But this
identification can be combined with the isomorphisms
(o, B), pF0 (B, o) = Fo (B,

(xy (xUy)

(2) ~ 2
M*F(&x)(d"@) - F(éux)

to provide a canonical isomorphism

1 Foy) (o, B) =5 p.F ) (B, ),

which via the identifications oincides with 7. 7(%)-

Of course the isomorphisms (3.5.10f), (3.5.11) and (]35_12[) are compatible in the
obvious way, and from the identifications above we deduce the commutativity of a
diagram similar to that of Theorem but for the isomorphisms 7. 7(2) and
UEZS@. Twisting by the appropriate signs, this proves the theorem in the special case
where H*(Grg, &) is flat over k.

For the general case, recall that any o/ € Pervy+g(Gr,k) can be written as a
quotient of a perverse sheaf o/’ such that H*(Grg, «7’) is flat (see [BR), Proof of
Lemma 1.10.10]). Consider the commutative diagram

Z(F") K Z(B) —— Z(A) % Z(B)
DB, ot 0ot 7(B) —Z(U;O/r,ngng/,@l ld’gg,dpﬁfo(U,a{,z(@))*z(dgf%)&g,@

Z(BAC o —— Z(BATC ),
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where the horizontal maps are induced by the quotient morphism &/’ — . The left-
hand vertical map is 0 by the special case of the theorem that is already proved. The
upper horizontal arrow is surjective by Corollary It follows that the right-hand
vertical map is 0 as well, which finishes the proof of the theorem.

3.5.9. Alternative description of the commutativity constraint of the Sa-
take category. — We conclude this chapter with some consequences of Theo-
rem 3.5.11

First, as a corollary of Theorem [3.5.1] and Lemma we get a commutative
diagram

PO, (Z() ¥ Z(B))) o +5°C 2

Com
pﬂo(mdﬂz/,z(@))i )

PO (1, (Z(B) + Z(H))) BALC o

for all <7, % in Pervy,+ ¢ (Grg, k). Informally, this diagram says that “r, sends 0. 7(2)

Com »
to OB

If we further take Lemma/|3.4.4]into account we obtain the following corollary, which

can be used to provide an alternative description of the commutativity constraint
Com
o .

)

Corollary 3.5.5. — For o/ | B € Perv+¢(Grg, k) we have

~ 5 + ~ +
PG, =0l g OB Bl G






CHAPTER 4

CENTRAL SHEAVES, WAKIMOTO SHEAVES, AND THE
SATAKE EQUIVALENCE

In this chapter we establish a number of properties of central sheaves due to
Arkhipov—Bezrukavnikov [ABJ]. In particular we explain the construction (due to
Mirkovi¢) of “Wakimoto sheaves,” which are certain I-equivariant perverse sheaves
on Flg parametrized by XV which “categorify” the Bernstein elements in the affine
Hecke algebra (in a sense that will be made precise in Chapter . We then show that
for each & in Pervp+g(Grg, k) the central sheaf Z(/) admits a canonical filtration
whose subquotients are Wakimoto sheaves, with multiplicities governed by weight
spaces of S(7). The proof of this fact uses in a crucial way the results on centrality
and convolution-exactness proved in Chapter [3]

We then explore some consequences of this property, and use it in particular to
provide yet another equivalent description of the fiber functor F. These properties
are essential for applications of central sheaves to representation theory, and in par-
ticular for the construction of the Arkhipov—Bezrukavnikov equivalence explained in
Chapter [6]

In the constructions from [AB], a distinguished role is played by the dominant
weights. Here, following Zhu [Zh1], we generalize these constructions in a way that
allows this role to be played by any choice of Weyl chamber. The other main difference
from [AB]J is that we allow the coefficients to be an arbitrary noetherian commutative
ring of finite global dimension, instead of a field of characteristic 0.

4.1. Standard sheaves, costandard sheaves, and their convolutions

4.1.1. Affine Weyl group combinatorics. — The (extended) affine Weyl group
is the semi-direct product

W .= Wf D(Xv.

To avoid any possible confusion, for A € XV we will denote by t(\) the element
(e,\) € W (where e € Wt is the unit element). The group W parametrizes the
I-orbits on Flg; more precisely if w = t(A)v with A € XY and v € Wy, we set

Flg,, := I -21/I C Flg,
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where v is any choice of lift of v in Ng(T'). Then we have

(Fle)rea = | | Flow,
weWw
see [PR), Proposition 8.1]. If we denote by ¢(w) the dimension of Flg ,,, then a formula
due to Iwahori-Matsumoto [IM] states that if w = zt(\) with z € W; and A € XV,
we have

(4.1.1) lw)y= > [Na)l+ > [(hae)+1]
aei)%+ aei)%r
z(a)ERy z(a)E—Ny
This function ¢ defines a structure of a “quasi-Coxeter group” on W. In more
detail, recall that )RY C XV denotes the set of coroots, and set

Weox := Wi x ZRY C W.

If we also set S := {w € Weox | £(w) = 1}, then the pair (Weox, S) is a Coxeter
system, with length function the restriction of ¢. Furthermore, if we set Q := {w €
W | ¢(w) = 0}, then conjugation by any element of Q) stabilizes S, and hence acts
on Weox as a Coxeter group automorphism. Finally, multiplication in W induces a
group isomorphism

Q x Weox = W

Remark 4.1.1. — One can easily check that the composition of natural projections
W =W x XV — XV - X"/ZRY

factors through a group isomorphism W/Wgex — XV /ZRY. In particular we have
a group isomorphism  — XV /ZRY, showing that Q is a finitely generated abelian
group.

This bijection can be made explicit as follows. Recall the subset XY..

minuscule coweights, see §1.2.1.6] Then it is known that we have bijections
Q& XY = XY/ ZRY

min

C XV of

where the right arrow is the composition of natural maps XY, < XY — XV /ZRY

and the left arrow sends A to t(A\)v, where v € Wk is the unique element of minimal
length such that v(\) € —XY.

The Bruhat order <p,, on Wge can be extended in a canonical way to W by
setting, for w,w’ € Wgoy and w,w’ € Q,

ww <gpy W' iff w=w and w <y, w'.
We then have, for any w,w’ € W,
(4.1.2) Flgw C Flgw iff w <gpn w'.

We denote by XY C XV the subset consisting of dominant coweights. If A is
dominant, then (\, ) > 0 for all & € 934, so (4.1.1)) implies that

(4.1.3) 0(t(N) = (A, 2p) for X e XY.
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In particular, it follows that

(4.1.4) LN+ ) = L(t(N) + £(t(p)) for A\, pe XY,
Similarly, using one sees that

(4.1.5) (t(xN)) = L(t(\)) for A € XY and z € W.
It is also well known that for A, u € XY we have

(4.1.6) t(A) <pro t(p) iff p— A€ ZsoRy.

This can e.g. by justified as follows. Observe first that t(\) <p, t(u) iff t(=\) <ppu
t(—p). Now using one can check that for any v € —XY, the element t(v) is
minimal in the coset t(v)Ws. Using , one can see that the restriction of <g,, to
the elements w € W which are minimal in wW; describes the closure order on I-orbits
in Grg. Since for v € —XY the I-orbit attached to t(v) is dense in the LT G-orbit

Grg"(y) attached to w,(v), using the description of closures of LT G-orbits in Grg
(see (1.2.2))), we conclude that t(A) <pyy t(p) iff wo(—p) — wo(—A) € Z>oR, which
is equivalent to the condition that p — A € Z>oR .

Recall that the (closed) Weyl chambers are the closures of the connected compo-
nents of the complement in XV ®z R of the hyperplanes determined by the elements
of MR. In this section we fix such a chamber, and denote by A, resp. A°, its intersection
with XV, resp. the intersection of its interior with XV. Then there exists a unique
element zp € Wy such that A = z,(XY), and we set R := x5 (Ry). The subset
RA is a positive system in PR, and A consists of the weights which are dominant with
respect to M. Attached to S8* we have a partial order <, on XV, determined by

A=ap iff p— € ZseRN

The following statement generalizes (4.1.4) and (4.1.6) to the setting where XY is
replaced by A.

Lemma 4.1.2. — For any A\, u € A, we have:

LoL(t(A + ) = £(E(N) + £(t(w));
2. t(A) <gra tlp) iff A 2a p.

Proof. — The formula in part (I) is immediate from (£.1.4) and (£.1.5)). For part (2),
we start from the fact that t(zy'(\) <pr t(zy () iff 3 (u — \) € ZsoRy
(see (4-1.6)), which is equivalent to the condition that A < p. Now since z;*(\) and
x (1) are dominant, using ([A1.1]) we see that

Uzat(zy (V) = Lza) + Ltz (V) Laat(ey (0) = Uaa) + Ltz (1)),
which in view of (4.1.5)) can also be interpreted as

((t(N)aa) = £(t(N) + Lxa),  L(t(p)za) = L(t(w)) + ().

Now for x,y,z € W such that ¢(xz) = ¢(x) + {(z) and £(yz) = {(y) + £(z) we have

T<BY < 2z <Yz

(To establish this claim, it is enough to prove it when ¢(z) € {0,1}. If £(z) = 0
then the equivalence is clear from definitions, and if £(z) = 1 it holds by, e.g., [Hu2l
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Proposition 5.9].) Similarly, for z,y,z € W such that ¢(zz) = £(x) + {(z) and {(zy) =
L(y) + £(z) we have

X SBru Yy < zZr SBru Y.

We deduce in our setting that
t(xXl()\)) <Bru t(xXl(M)) iff x/\t(x/_\l(/\)) <Bru xAt(xXl(M)) HE t(A) <pru t(p),

which finishes the proof. O

4.1.2. Standard and costandard objects on Flg. — For w € W, we denote by
Jw : Flg.w = Flg the embedding. Then for M in DPMofy, we set

ALM) = (M, J(w)], Vi, (M) = (u) M, |, [(w)],

where My, ~means the pullback of M (considered as a constructible complex on
a point) under the map Flg,, — pt. Note that since the latter map is smooth and
since the embedding Flg ,, — Flg is affine (because Flg is separated and Flg,,, is
affine), the complexes AL (M) and VL (M) are perverse sheaves if M is concentrated
in degree 0 (see [Ac3l Corollary 3.5.9]). In other words, the functors

Al (=) : DPMof, — D?(Flg, k)

and
V! (=) : D"Mofy — D% (Flg, k)

are t-exact. If k is a field, we will also denote by .#% the image of the canonical
morphism Af (k) — VI (k); then .#%€/ is a simple perverse sheaf, and any simple
I-equivariant perverse sheaf on Flg is isomorphic to some 7% .

The following claim will not be used in this chapter, but it will be required in later
chapters.

Lemma 4.1.3. — Assume that k is a field. Let w € W, and let w € Q be the
unique element such that w € wWeox. Then the socle (resp. top) of the perverse sheaf
AL (k) (resp. VI (Kk)) is €2, and moreover the multiplicity of this simple object (as
a composition factor) is 1.

Proof. — A proof of an analogous claim for ordinary flag varieties appears in [BBM),
§2.1] under the assumption that k has characteristic 0. In fact, the arguments given
there apply for any field of coefficients, and also for affine flag varieties. O

The following (standard) properties will be very useful to us in various places.

Lemma 4.1.4. — 1. For any two elements w1, wa € W such that {(wiwe) =
{(wy) +€(w2) and any My, Mo in DPMofy, there exists a canonical isomorphism

o L
19A,]\/[17M2 . A’{UI(MI) i Aiz(Mz) = Al (Ml Ok Mz).

wi,w2 w1 w2
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Moreover, if wy, wa, ws satisfy £(wiwaws) = L(w1)+L(wa)+L(ws), the following
diagram commutes:

A, My, My T4

I I AT I AT w1,%2 I L I AT
4>.
Awl (Ml) * sz (Mg) * Aw3 (Mg) = Awlwz (Ml ®]k Mg) * Awg
i3 T gA, Mo, M. A, My ®@L Moy, M.
dx" 92 SJ/Z At arel Zlﬁ'uyl'wé,u&% s
92 M1, 2®j° M3
I M I I M. L M. wi.waws I M L L
Auu( 1) * szws( 2 ®j 3) ~ ? Awlwzw;;( 1 ®y Ma @ 1%3).

2. For any two elements wy,ws € W such that £(wiws) = £(wy) + £(ws) and any
My, My in DPMofy, there exists a canonical isomorphism

L
(Ml K Mz)-

Moreover, if wy, we, ws satisfy L(wiwaws) = £(wy) +£(wa)+£(ws), the following
diagram commutes:

O oML (M)« VL (M) =5 V)

wi, w2 w1 w2

vV, My, My Iiq

V{Ul (Ml) *I Vi)Q (MQ) *I v{u;; (Mg) L) VI

~ w1 w2
s 1, 19V, My, Mg
idstd 00 l

L I 71
(Ml ®]k MQ) * Vw3
zlﬂV,Ml&ﬁ‘luz.Mg
wiwy,ws

V! (M ®F My o M3).

~ W1 w2w3

V., My, Ma®F M3
w1, wywg

9
V{ul (Ml) *I VI (M2 ®ﬂ€ Mg)

Wwa2wWw3
3. For any w € W there exist canonical isomorphisms
AL (k)T VI (k) = ALk) = VI, (k) «f AL (k).
In particular, the objects AL (k) and VI (k) are invertible in the monoidal cat-

egory (DY (Flg, k), +1).

Note that in parts and (2)), the condition £(wiwows) = €(wy) + (ws) + £(ws)
implies that ¢(wyws) = €(w1) 4+ £(ws) and £(wows) = £(wsg) + £(ws3).

Proof. — Tt is well known from the (affine analogue of the) Bruhat decomposition
that if £(wywse) = €(w1) + £(ws) then multiplication induces an isomorphism

¢ (Flo,uw,) %! Flow, = Flouwu,,
where ¢ : LG — Flg is the quotient map. Now it is easily seen that

AL (My) «" AL (Ms) 2 m{ 0 (Juy ws): (%FIGM X %Flcw)

where ju, w, © ¢ (Flgw,) x! Flgw, = LG xI Flg is the embedding, and m/ is the
multiplication morphism for Flg (see (2.2.2))). We also have
. L
%FIG«W] &%Flc,wz = Mq—

I(FIG,wl)XIFlG,wz :

We deduce the isomorphism

To prove the commutativity of the diagram in the setting where ¢(wjwews) =
L(wy) + £(wa) 4 £(ws) it suffices to consider the restrictions of all the objects involved
to the stratum Flg i, wows; then the claim is obvious.

The proof is similar to that of .

A, My, M.
191”171”12 z
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1D We start with general considerations on stalks of complexes Al (k) " V} (k)
for w,y € W. Let z € W, and consider the stalk

(4.1.7) (AL (k) +" Vi (K)).r
of this complex at the point zI € Flg. By the definition of convolution and the base
change theorem, we have
(AL« V() = R ((m') 7 (D), (ALK) B V3R )1 (o1))
Next, there exists an isomorphism
Flg = (m/)"*(2I)
which is given by gI + [g,¢g'2I]. Under this identification, we have

_ L

(Aqlﬂ(k) X vé(k))\(m/)*l(zl) = A{u(k) Ok (]z,y)*k[g(y)]a
where j, , is the embedding
(4.1.8) {9 € Flg | zI € glyl} — Flg

and k is the constant sheaf on the left-hand side. (This can be checked by taking
pullbacks to LG.) Using the projection formula (see e.g. [Ac3l Theorem 1.4.9]), we
deduce an isomorphism

(A () " Vy(K)=1 = RU(Flg w, (juw) " (z.9) k) [€(y) + L(w)].

Now, assume that y = w™! and 2z = e. Then the left-hand side in (4.1.8) is Flg 4,
so that (ju)*(je.w-1)<k = kg, ,, and we obtain an isomorphism

(A (k) " Vi, (k)1 22 RTc(Flg,w; k)[26(w))]-

Since Flg,,, is an affine space of dimension ¢(w), the right-hand side identifies canon-
ically with k.
Next, assume that w = y = z € S, and denote this element by s. In this case, the

left-hand side in (4.1.8]) is
(F1G75 N {SI}) L Flg,e,

hence (j5)*(js,s)«k is the s-pushforward of the constant sheaf under the embedding
Flgs ~ {sI} = Flg . The orbit Flg s identifies with A', in such a way that {sI}
corresponds to the origin 0. It is well known that
HE(AY, kg1 o)) = 0
where j : Al < {0} — A! the embedding, see for instance [Ac3l Lemma B.2.6 or
Lemma B.6.1]; so the stalk (4.1.7) vanishes. To summarize, we have shown that
k ify=w"'!andz=¢;
AL (k) +f VE(Kk)),; = ’
(Au () U( )1 0 ifw=y=2z€85.

(1)This part of the proof, which improves on a weaker claim from an earlier version of this book, was
explained to us by G. Dhillon.
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Similar considerations show that

(Ve (k) " Ay (K))=r = {

k ify=w"'and z=¢;
0 fw=y=2€S5.

In case s € S, since the complexes AL (k)«! VI(k) and VI (k)x! Al(k) are I-equivariant
and supported on Flg 4, these computations provide canonical isomorphisms

Al(k) «f VI(k) = AL = VI(k) «f Al(k).

It follows that AZ(k) is invertible for the product %!, with inverse V£ (k).

If w € Q, since Flg,,, is reduced to a point, and closed, it is clear that AL (k)
is also invertible, with inverse VZ _, (k). For a general w € W, using and (),
and chosing a reduced decomposition of w, we deduce that Al (k) is an invertible
object in (D?(Flg, k), «'), and that its inverse identifies (noncanonically at this stage)
with V! _, (k). Above we have constructed a canonical identification of (Al (k)
V! _.(k)); with k; this provides the desired canonical identification of the inverse
with V! _, (k). O

Remark 4.1.5. — Combining the isomorphisms proved in Lemma [.1.4] one can
obtain more relations between the standard and costandard objects; for instance one
can check that if {(wv) = ¢(w) — £(v) then we have

I I oI I L
Ay (M) *" Vi (N) =2 A, (M @k N)
for M, N in D"Mof.

4.1.3. Convolutions of standard and costandard objects. — In this subsec-
tion we will study some objects obtained by convolving a standard and a costandard
object. For this we will need the following observation.

Lemma 4.1.6. — For any w € W and any closed finite union of I-orbits X, the
morphisms

¢ Y(Flgw) x! X - Flg and ¢ '(X)x!Flg,, — Flg
induced by the morphism m’ from (2.2.2) are affine.

Proof. — Write w = zt(\) with x € Wy and A € XV, and choose a lift © of x in
Ng(T). Then if we write I, for the stabilizer in I of the point #2*I € Flg, the map
g+ gi2*I induces an isomorphism I/1,, — Flg,w. Let Y be a closed finite union of
I-orbits containing #2* - X. Then we can identify ¢~ (Flg,) x! X with I xTv i2*. X
and the map ¢~ (Flg ) x! X — Flg with the composition

IxlvizA X 5 Ix»Y 5 1/I,xY =Y < Flg

where the second map is given by [g,y] — (91w, g y), and the third one is projection
on the second factor. Here the first and last maps are closed immersions (and hence, in
particular, affine), and the third one is projection along the affine space I /I, = Flg 4.
Thus, our map ¢ *(Flg,.) x! X — Flg is indeed affine.
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The proof for the map ¢~ }(X) x! Flg,, — Flg is similar, using instead a closed
finite union of orbits Y’ C Flg such that ¢~ 1(X) - i2* C ¢~ 1(Y"). O

This lemma will allow us to prove the following claim.

Lemma 4.1.7. — For any w,y € W and any M, N in Mofy such that the complex
M ®L N is concentrated in degree 0, the objects

ALM)«"VI(N) and VM)« AL(N)
are perverse sheaves.
Proof. — We treat the case of the object AL (M)« VI(N); the case of VL (M) !
A(N) is similar.
First, we remark that the object AL (M) ' VI(N) can be obtained from the com-
plex M, ®Np, =MLN
under the embedding

-1 (Flg0)x T Flg by first taking the x-pushforward

q_l(FIGﬂU) x! F1G7y — q_l(FIGﬂU) xT Flg,y,
and then the !-pushforward under the morphism
¢ *(Flg,w) x' Flg,, — Flg

induced by m’. Here the first map is an affine embedding, so the associated x-
pushforward functor is t-exact for the perverse t-structure (see [Ac3l Corollary 3.5.9]),
and the second map is affine by Lemma [4.1.6] so that the associated !-pushforward
functor is left t-exact (see [Ac3l Theorem 3.5.8]). This shows that our object is con-
centrated in nonnegative perverse degrees. Similar arguments using the composition

qil(FlGﬁw) xT F1G7y — qil(Flg,w) xT F1G7y — Flg

show that this complex is also concentrated in nonpositive degrees, and hence that it
is perverse. O

Remark 4.1.8. — 1. It is clear from the proof of Lemma that the objects
AL(M)*"'VI(N) and VL, (M)+"Al(N) do not depend on M and N individually,
but only on the derived tensor product M ®ﬂ€ N (up to canonical isomorphism).
For this reason one can always assume that N =k, which we will do below.

2. Lemma [£.1.7) has the following slight extension, which will also be used below.
If X is a separated scheme of finite type over C, if .# is a k-perverse sheaf on
X, and if M, N € Mofy are such that .F @L (M ®L N) is perverse, then for any
w,y € W the complexes

ﬁék (AL(M)*"VI(N)) and yék (Vi (M) " AL(N))

are perverse sheaves on X x Flg.
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4.1.4. Support of convolutions of standard and costandard objects. — Our
next goal is to study the support of the perverse sheaves from Lemma [{.1.7} First we
consider the case when k is a field.

Lemma 4.1.9. — Assume that k is a field. Then, in the Grothendieck group
[DY(Flg, k)] of the triangulated category D?(Flg,k), for any w,y € W we have

[AL (k) +" Vy(k)] = [V, (k) *" Ay (k)] = [Ag, (k)] = [Vi, (K)]-

In particular, the perverse sheaf Vi (k) x! Aé(k) is supported on Flg .y, and its re-
striction to Flg wy is kg, ,, [((wy)].

Proof. — We have a natural isomorphism of abelian groups
¢ (D} (Flg, k)] = Z[W]
sending [.#] to

> <Z(_1)" - dim H””(Z)(Flaz,jjﬁ)> 2,

2€W \nez
i.e. sending [AL(k)] to 2 for any z € W. For any s € S, using the exact sequences
IC! — Al(k) - 7€ and €] — Vi(k) » 5!
we see that [Al(k)] = [VI(k)]. Next, Lemma implies that ¢ is in fact a ring
homomorphism, and that it satisfies
P([ViK)]) = ([ALK)]) = 2
for any z € W. We deduce that

P([A (k) " Vi (K)]) = o([Vi, (k) +" Ay (K)]) = wy,

which proves the desired equalities.
Now if .# is a perverse sheaf in D?(Flg, k) and if Flg_, is open in its support then
the complex j}(.%) is concentrated in degree —¢(z); in particular the sum

> (=1 dim H" M) (Flg ., j2.7)
nez

is equal to the rank of j*(%#), which is necessarily nonzero. In the case at hand, we
deduce that Flg .y is the only I-orbit open in the support of Al (k) »' V}(k), and
that the restriction of this perverse sheaf to this stratum has rank 1. O

We next come back to the case when k is a general ring (satisfying our running
assumptions), and extend Lemma to this case, as follows.

Lemma 4.1.10. — For any M in Mofy, the perverse sheaf VL, (M) «' Al(k) is
supported on Flg wy, and its restriction to Flg uy is isomorphic to Mg,  [{(wy)].
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Proof. — To simplify notation, we denote by Fy : DPMof, — D?(Flg, k) the functor
given by
Fe(M) = V5L(M) " Al (k).
Then for any M we have
L
F]k(M) = M ® Fk(ﬂ(),

and if ¢ : k — k' is a ring homomorphism (where k and k' satisfy our running
assumptions) there is a canonical isomorphism of functors

/ L ~ / L . b b /
kK @y Fi(—) 2 Fo (k' @ (=) : D°Mofy, — D?(Flg, k).

Here the first isomorphism lets us reduce the proof to the case M = k, and the second
one (applied to the unique ring homomorphism Z — k) reduces it to the case k = Z.

Now let .7 := Fy(Z) = VL (Z) «' Al(Z). By Lemma Z is a perverse sheaf.
Let Flg,, be an open I-orbit in its support. Then there is a nonzero and finitely
generated Z-module J such that

FFlg. = lFlg,IV(Q«")]-

For any prime number p we have
L o L
(Fp ®z J)‘FIG,.T, =F,®z JFIG [t(z)],

and if these objects are nonzero then Flg , is open in the support of F, ®£ Z. In
particular, choosing p such that F, ®% J # 0 and using Lemma we deduce that
x = wy, and then using again this lemma we obtain that for any p the complex of
F,-vector spaces F, ®% J is concentrated in degree 0, and of dimension 1. It follows
that J = Z, as desired. O

4.2. Wakimoto sheaves

4.2.1. Wakimoto functors. — Recall that in Section .1l we have fixed a closed
Weyl chamber A. We now consider another order on XV determined by A, defined by

Adap Mt p—AeA.
(This order should not be confused with the order <, considered in §4.1.1})
For A € XV we set
M={peA|p-—reAt={peA[Xdypu}

We will consider Ay as a (filtered) poset, for the order obtained from <, by restriction.
Given A € XV and M € D"Mofy, we consider the inductive system in D?(Flg, k)
parametrized by A, which is defined as follows. Given p € Ay, the corresponding
object is
I I AT
Vi (M) *" Ay, (k).
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and if pu <5 v the corresponding morphism is the composition

V{(ﬂ)(M) X! Atl()\fp,) (k) = th(p)(M) « V{(Vfu)(k) « A{(ny)(k) « Atl(/\—p) (k)
= Vi) (M) " Al (K),
where the first morphism is induced by the isomorphism of Lemma [L.1.4)@3), and
the second one is induced by the isomorphisms of Lemma [4.1.4)(1)—(2)) (which are
applicable by Lemma [4.1.2((1))). All the transition morphisms in this system are
isomorphisms, so its inductive limit exists; we set
JN(M) = lim Vi (M) «" Al (k).
HEAN
It is clear that this construction is functorial in M, so that we obtain the Wakimoto

functor
J4 . DPMofy, — DY (Flg, k).

Lemma 4.2.1. — For any \ € XV, the functor JQ is t-exact.
Proof. — This follows from Lemma {4.1.7] O

Remark 4.2.2. — In view of Remark , we have the following slight extension
of Lemma given a separated scheme X of finite type over C, a perverse sheaf
Z on X, and a finitely generated k-module M such that .# @L M is perverse, the
complex .F KE J{ (M) is a perverse sheaf on X x Flg, for any A € XV.

Objects of the form J3 (M) will be called Wakimoto objects. In the case when M
is concentrated in degree 0 (so that J3 (M) is a perverse sheaf) we will also speak of

Wakimoto sheaves. These objects will play a crucial role throughout the rest of the
book.

Proposition 4.2.8. — For any A € XV and M € Mofy, the perverse sheafJg}(M) 18
supported on Flg ¢y, and its restriction to Flg ¢() 4s isomorphic to MFlg_tm [£(t(A)].
If M =k, then this object is invertible in the monoidal category D?(Flg,k).

Proof. — The first claim follows from Lemma and the second one from
Lemma [4.1.4{(3). O

Remark 4.2.4. — Assume that k is a field. From Lemma [4.1.3] and Lemma [4.1.9
we see that if w € 2 is the unique element such that t(A) € wWeoy, then the simple
object .#€! is a composition factor of J4 (k) with multiplicity 1.

4.2.2. Full faithfulness. —
Proposition 4.2.5. — Let A € XV.
1. The composition
DPMof, 25 DP(Fle, k) % Db (Flg, k)
18 fully faithful. In particular, the functor
F — Homper,, (p15 1) (I3 (K), F)
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is a left inverse to the fully faithful functor J3 : Mofy — Perv;(Flg, k).
2. Forany A € XV and any M, M’ in Mofy, the functor J’A\ induces an isomorphism

EXt%/Ioﬂk(Mv M’) = HomD?(FIG,k) (J/A\(M)vJ/A\(M/)U])

In particular, the essential image of Jﬁ\\ : Mofy — Perv;(Flg, k) is stable under
extensions.

Proof. — Choose some p € Ayx. Then since the functor of right convolution with

Atl()\_u) (k) is an autoequivalence of DP(Flg,k) (see ﬁb the first claim follows

from the fact that the composition of the functor VtI( #)(—) with the forgetful functor

D?(Flg, k) — D2 (Flg, k) is fully faithful, which is clear from adjunction.

The second claim follows, using the fact that the forgetful functor Perv;(Flg, k) —
D! (Flg, k) is fully faithful, see e.g. [Ac3, Proposition 6.2.15] or [BRY §1.16].

As in , choosing 1 € Ay we reduce the proof to the case A € A. In this
case, for any M in DPMofy we have J4 (M) = (Jen) )« My, o [¢(t(N\))], so that by
adjunction we have ’

Hompp g, 1) (JRX(M), IN(M)[1]) = Hompe (g, o, 10 (MLE(EN)], M[E(E(N)) +1]).
Now, by general properties of t-structures (see e.g. [BR], Equation (1.4.1)]) we have
Hompep gy, o) k) (MIe(E(N))], MI[e(E(N)) + 1))
% Extbere 100,19 (L)) M),

Hence the first claim follows from the observation that the functor M +— M[¢(t(\))]
induces an equivalence of categories Mof,, — Perv; (Flg gy, k).

For the second claim we simply have to remark that extensions of J{(M’) by
J4 (M) are governed by the space

EXt}’ervI(Flg,]k) (X (M), I3 (M),
which as above identifies with
HomD‘I’(FlG,k)(JQ(M)a Jf\\(M/)[l]),
hence with Extyg, (M, M). O

In particular, part in this lemma implies that JQ induces an equivalence of
categories between Mofy and its essential image in Pervy(Flg, k), with quasi-inverse
the functor .Z + Hompery, (Fig 1) (I (k), F).

4.2.3. Wakimoto functors and convolution. — The construction of Wakimoto
objects is compatible with convolution in the sense of the following lemma.

Lemma 4.2.6. — For any \,N € XY and any M, M’ in DPMofy there exists a
canonical (in particular, bifunctorial) isomorphism

L
INM) K IR (MT) =2 I8, 5 (M @ M).
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Proof. — Let € AxNAxyy. From Lemma we obtain canonical isomorphisms
IXM) K TN (M) V(&) 2 IN(M) &V, (M)

L
= I (M) " ()« VI(M') = V] (M)« V(M) = V) (M @ M)

and
L L
I (M @ M) "],y (k) 2V (M @ M),
Since the functor of right convolution with VtI( H—A—\) (k) is an equivalence, we deduce

an isomorphism as in the lemma. One can check that this isomorphism does not
depend on the choice of i, and hence that it is canonical. O

As a special case of Lemma [4.2.6] we have
V(M) = I3 (k) +' VE(M) =I5 (k) «" AL(M).

Using Lemma one can consider the collection (J{)yexv as a “monoidal collec-
tion of functors.” More precisely, consider the category (Dbl\/loﬂk)Xv whose objects
are pairs (\, M) with A € XV and M in D"Mofy, and morphisms from (A, M) to
(N, M') are {0} if X # X, and Hom(M, M") otherwise. We turn this category into a
monoidal category by setting

L
(0 M) % (N, M') = (\+ X, M &y M),

Then the assignment (A, M) ~— J{(M) defines a functor from (DPMof )X to
DP(Flg, k), and one can check that the isomorphisms of Lemma endow this
functor with the structure of a monoidal functor.

4.3. Wakimoto filtrations
We continue with the closed Weyl chamber A from Sections 4.2

4.3.1. Wakimoto functors and morphisms. — We now study morphisms be-
tween Wakimoto objects.

Lemma 4.3.1. — For A\, \' € XV, M, M’ in D’Mofy and n € Z, we have
HomD‘;(Flg,k) (Jf\\(M),Jf\\,(M’)[n]) =0
unless X <p .

Proof. — Choose v € XV such that A+ v € A and X + v € A. Then it follows from
Proposition that right convolution with J2 (k) is an equivalence of categories, so
that we have

HomD}’(Flc,k)(Jf\\(M)a I3 (M")[n])
HomD}’(Flg,k) (JQ(M) ! J{}(k)a JN (M) ! Jf}(k) [n]).
Using Lemma and our choice of v we deduce an isomorphism

HomD}’(Flc,k) (JQ(M% Jf\x/ (M)[n]) = HomD*;(Flc,k) (V{(Hu) (M), V{(Auru) (M")[n]).

1%
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Finally, using adjunction we obtain that

1%

Holeg(Flc,k) (Jf\‘(M), I (M")[n])
Homph i, i k) (j:(XJru)vt{()nLv)(M)? M/FIGJ(A/JW) [n + LN +v)))).

Now, using Lemma and ([(.1.2) we see that jj\ ) Vi, (M) = 0 unless
XN + v =a A+ v, which is equivalent to A < A. O

4.3.2. Wakimoto filtrations. — If .% belongs to Perv;(Flg, k), a (A-) Wakimoto
filtration of F is a (finite) filtration whose subquotients are of the form J{ (M) with
A € XY and M in Mofy. We will say that .# admits a (A-) Wakimoto filtration if such
a filtration exists, and will denote by Perv?(Flg,k) the full additive subcategory of
Perv;(Flg, k) whose objects are those which admit a Wakimoto filtration. Note that
Perv} (Flg, k) is not in general an abelian category.

We will say that a subset Q C XV is an ideal (with respect to the order <,) if for
any A € Q and any p € XV such that u <5 A we have pu € Q.

Lemma 4.3.2. — If ¥ € Perv?(Flg,k), then for any ideal Q C XV there exists a
unique subobject Fq C F which admits a Wakimoto filtration with subquotients of
the form JY(M) with A € Q, and such that the quotient F | Fq admits a Wakimoto
filtration with subquotients of the form J{ (M) with A\ € XV ~\ Q. Moreover, the
assignment F — Fq is functorial.

Proof. — We prove the existence by induction on the length of a Wakimoto filtration.
If this filtration has length 0 then % = 0 and there is nothing to prove. Otherwise,
consider an object # and an embedding J3 (M) — F (with M € Mofy) whose
cokernel 4 admits a Wakimoto filtration, and assume the result is known for 4. We
will denote by #’ the preimage of %, in Z. If A € Q, then Fq := %' satisfies the
required properties. If A ¢ Q, then we consider the short exact sequence

JNM) = T — G

Lemma {4.3.1|implies that Extéem(plcyk) (%, I3 (M)) = 0, so that this exact sequence
must split. Choose a splitting %, < %#’; then the cokernel of the embedding %, — %
fits in an exact sequence

INM) — F %0 — 9%,
so that Zq := %, satisfies the required properties.
Now, assume that we have two subobjects Zq and %, satisfying the desired con-
ditions. Then the composition
Fq— F - F|F,

vanishes by Lemma so that Zq C #(,. By symmetry we also have %}, C Fq,
so the two subobjects coincide.
The functoriality of the assignment .% — Fq follows from similar arguments. [

Consider now two ideals ,I" C XV such that Q C T.
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Lemma 4.8.8. — For any F in Perv?(Flg, k), we have Zq C Zr, and moreover the
quotient Fr|Fq admits a Wakimoto filtration with subquotients of the form J4 (M)
with A € T' Q.

Proof. — The subobject (Fr)q of & is such that the cokernel & /(Fr)q fits in a
short exact sequence

(Fr)/(Fr)a = F[(Fr)a — F [ Fr.
It follows that Zo = (%1)q, and the claims follow. O

It follows in particular from Lemma and Proposition [4.2.5((2)) that if we choose
any bijection Z = XV, denoted by i — \;, such that

(4.3.1) AiZa A = 1<
then any .% in Perv} (Flg, k) has a functorial filtration
" CF 4 CHFCFC-CF

indexed by Z such that each %#;/.%;_; is isomorphic to Jf\‘(Mz) for some (unique)
M; € Mofy, and finitely many of the M;’s are nonzero.

4.3.3. The associated graded functor. — We can now define a kind of “associ-
ated graded of the Wakimoto filtration” as follows.

Lemma 4.3.4. — Let A € XV and .Z € Pervy(Flg,k). Choose an ideal Q C XY
such that A € Q and X\ is mazimal in Q (in other words, Q ~ {\} is again an ideal).
Then the quotient Fq/Fq qxy is independent of the choice of @ up to canonical
isomorphism, and belongs to the essential image of Jg} : Mofy — Perv;(Flg, k).

Proof. — By Lemmamthe quotient yg/ﬁg\“} admits a filtration with all sub-
quotients in the essential image of J{ : Mofy — Perv;(Flg,k). Hence by Proposi-
tion it itself belongs to this essential image.

Since Q is an ideal containing A, it must contain I := {u € XV | u <z A}. Hence
by Lemma[4.3.3| we have #r C Fq. Similarly, setting €' := Q~{A} and I := T\ {\}
we have 1 C Fq. We deduce that there is a canonical morphism

(4.3.2) Fr | Fr = Fal Far.

To finish the proof, it suffices to prove that this morphism is invertible. Now, as
observed above both of these objects belong to the essential image of J f\\ : Mofy —
Perv;(Flg, k). Since this functor is fully faithful (see Proposition [£.2.5|[T)), by the
Yoneda lemma, to prove that is invertible it suffices to prove that for any
M € Mofy the induced map

Hompery, (rig k) (Fa/ Far, TN (M) = Hompery, (116 k) (Fr/ Fre, X (M)

is an isomorphism. Now Lemma implies that the quotient morphisms .#q —
FalFq and Fr — Fr/Fr induce isomorphisms

HomPerVI(Flg,k) (yﬂ/yﬂﬁ J§\\<M)) = HomPeFVI (Flg k) (,?97 Jj)}(M»
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and
Homper, (pig 1) (Fr/F17, J¥(M)) = Homper, (rig k) (T, JY(M)).
Another application of Lemma implies that
HomPervl(Flc,k) (jﬂ/jrv JA;\\(M)) = EXtIIDerVI(FIG,Jk) (jg/ﬂp7 Jl)}(M)) = 0’

so from the long exact sequence associated to Fr — Fq — Fq/Fr, we obtain an
isomorphism

HomPervl(Flc,k) (ﬁg, JQ(M)) = HOInPerVI (Flg k) (91", Jﬁ\\ (M))’
and the proof is complete. O

We can now define the functor
gry : Perv} (Flg, k) — Perv;(Flg, k)
by
g (F) = Fa/Fa )
where 0 C XV is any ideal in which X is maximal. From Lemma we see that

gry is well defined and takes values in the essential image of the functor J3, and from

the considerations in §4.3.2| we see that for any given .% in Pervy (Flg, k), there exist
only finitely many \’s such that gry (F) # 0. We will also set

Grad?(ﬁ) = Hompery,; (F14 k) (Jf\\(lk), gff\\(y»?
so that we have a canonical isomorphism
(4.3.3) grh (F) 22 I3 (Grad) (F)),

see Proposition. Observe that .Z belongs to the subcategory of Perv;(Flg, k)
generated under extensions by the objects Jf\‘(GradQ(ﬁ )), where A runs over those
values such that gri (F) # 0.

It is clear that for any A\, u € XV and M in Mofy, we have

M ifp=MX\

4.3.4 Grad® (J) (M) =
( ) e “( > (M) {O otherwise.

It will sometimes be convenient to combine all the Grady (for A € X) into a
single object. Let MofkX be the (abelian) category of XV-graded finitely generated
k-modules, and define a functor
(4.3.5) Gradi. : Perv?(Flg, k) — Mof]kXv
by

Gradi. (F) := EB Grad} (Z),
AEXY
where the right-hand side has the obvious XV-grading.

Remark 4.3.5. — It is not clear from the definition whether the functor gr’/\X is
exact. We will address this question in Remark below.
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4.3.4. Stability under direct summands. — In this subsection, we will prove
that Pervf (Flg, k) is closed under taking direct summands. To do this, we will need
the following auxiliary notion: a perverse sheaf % € Perv;(Flg, k) is said to admit a
(A-)dominant Wakimoto filtration if it admits a finite filtration whose subquotients
are of the form J4 (M) = th(/\)(M) with A € A and M € Mofy.

Lemma 4.3.6. — A perverse sheaf & € Pervi(Flg, k) admits a A-Wakimoto filtra-
tion if and only if there is some A € A such that th(/\)(lk) 1 F is perverse and admits
a A-dominant Wakimoto filtration.

Proof. — If # admits a Wakimoto filtration, say with subquotients denoted by
JQI(M1)7"'7J§T(MT)7 then choose A € A such that A + Aq,..., A + A, all lie in
A. In this setting Lemma implies that VtI( (&) xI F is perverse and admits a
dominant Wakimoto filtration.

Conversely, let ¥4 = V{( )\)(k) xI Z, and assume that & is perverse and admits a
dominant Wakimoto filtration. Since A € A we have th(/\)(k) =~ J4(k), and using
Lemma [1.2.6] we see that

F=JN (k) 9.
Using again Lemma we obtain that .# admits a Wakimoto filtration. O

Lemma 4.3.7. — Let % € DY(Flg,k). We have that F is a perverse sheaf admit-
ting a A-dominant Wakimoto filtration if and only if

(4.3.6) PAGLU(FN A0 = n=0andw e {t(u): pec A}

Proof. — The condition is clearly stable under extensions, and it is satisfied
by JY (M) = VtI(A)(M) for any A € A and any M € Mof. Thus, if a perverse sheaf
% admits a dominant Wakimoto filtration, it satisfies .

For the opposite implication, suppose .% is a perverse sheaf satisfying . Of
course, there can be only finitely many w € W such that j!,.% # 0. Moreover, if
Flg, is open in the support of .#, then jLF #0.

We proceed by induction on the number of w’s such that j.,.# # 0. If there are
no such w, then we must have .# = 0, and there is nothing to prove. Otherwise, let
v be a maximal element of W such that j).% # 0, and set M := Hom(Al(k), #) =
Hom(kg,,, , [¢(v)], j5F). We then have an isomorphism Z gy, , = Mg, ,[¢(v)], and a
canonical map 6 : % — VI(M). (The maximality of v implies that Flg , is open in
the support of .7, so j.. 7 = j*F = Z|p1s.,-) Complete the map 6 to a distinguished
triangle

1

F' =75V S
Since @ is an isomorphism over Flg ,, we have
0 if w=w.

Therefore, .#' satisfies ([4.3.6]) as well, but there are fewer w’s for which j!, F' #
0. By induction, .#’ is a perverse sheaf with a dominant Wakimoto filtration. By
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assumption, v = t(p) for some p € A, so VL(M) = Jl/}(M) The distinguished triangle
above shows that .# is also a perverse sheaf with a dominant Wakimoto filtration,
which finishes the proof. O

Corollary 4.3.8. — The subcategory Perv? (Flg, k) C Pervy(Flg, k) is stable under
direct summands.

Proof. — Condition (4.3.6]) is clearly stable direct summands, so this follows from
Lemmas [4.3.6] and [4.3.7] O

4.4. Central sheaves admit Wakimoto filtrations

4.4.1. An existence criterion. — Our goal in this subsection is to explain the
proof of the following criterion which guarantees the existence of a Wakimoto filtra-
tion.

Proposition 4.4.1. — Let F in Pervi(Flg, k). Assume that
1. for any v € —A we have an isomorphism
(441) At(u)( ) I F = * At(l/)( )

and moreover these objects are perverse;
2. for any v € A the object Vt(u (k) ! F is perverse.

Then .Z admits a (A-)Wakimoto filtration.
The proof will require some preliminaries.

Lemma 4.4.2. — Let X C Flg be a finite union of I-orbits. Then there exists a
finite subset Ax C W such that for any x € W we have

m' (¢ (Fleo) <" X) € |J Flawy, m'(g(X)x"Flea) € | Floy.a.
YyEAX yEAX

Proof. — Of course we can assume that X = Flg,, for some w € W. In this case,
we prove the statement by induction on ¢(w). In case {(w) = 0, the subset A =
{w} satisfies the required properties, since for any € W the morphism m’ induces
isomorphisms

q_l(FIGJ) xT FlG,w = F‘lgﬂgw7 q_l(Flc;,w) xT FIG@ = Flg,wm.
Now we assume that £(w) > 0, and write w = sw’ = w”t with £(w') = L(w") =
f(w) — 1 and s,t € S. By induction we have finite subsets A’, A” C W such that
m (¢ (Flaz) ' Flaw) € | Flowy, m'(¢ (Flow) x Flaz) € | Flaya
yeA’ yEA

for any x € W. Then the morphism m’ induces isomorphisms

“HFlgs) X! Flguw > Flg, and ¢ (Flgwr) X' Flg: = Flg .
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Since moreover we have, for any = € W,

m/ (¢ (Flg,.) X! Flgs) C Flg., UFlg 4,

m' (¢ (Flg,¢) ' Flgo) C Flg » UFlg 1o,
we deduce that the subset A := A’ UsA’ U A” U A"t satisfies the required property
for w. O

We now define the *-support and the !-support of an object .%# of D}’(Flg,k) as
follows:

#-Supp(F) = {w € W | j,(F) # 0};

-Supp(F) = {w € W | j,,(F) # 0}.
The main point of introducing these notions is given by the following lemma.
Lemma 4.4.8. — For any F in D?(Flg,k), the object F belongs to the subcategory
of D?(Flg, k) generated under extensions by the objects (ju)ijiF where w runs over

*-Supp(.F), as well as to the subcategory of D?(Flg,k) generated under extensions
by the objects (ju)«j.,-F where w runs over -Supp(F).

Proof. — We proceed by induction on the smallest closed union X of I-orbits over
which % is supported. If X = @& then .% = 0, and there is nothing to prove.

Now, assume that X # &, and choose w € W such that Flg ,, is open in X. Then
we have j¥.7 = ji F # 0, so that w belongs both to *-Supp(.#) and to !-Supp(.%).
If i : X N\ Flg,, — X is the closed embedding, then we have distinguished triangles

Wi T = T > Gu)ednZ s and (Gu)ihZ — F it 7 U

Moreover, for any x € W such that Flg , C X \ Flg,,, we have

R F Z T, i F 2T
Using these isomorphisms and induction (with the first claim applied to i.i*.%, and
the second one applied to i1i'.%), we deduce the desired claims for .Z. O

Proposition 4.4.4. — For any F in D}’(Fl@,k), there exists a finite subset Ag C
W such that for any x € W and any M in D®Mofy we have
#-Supp(AL(M)«! F)Cax- Az, -Supp(VL(M)«' F)Ca- Az,
#-Supp(F «' AL(M)) C Az -2, -Supp(F +' VL(M)) Cc Az - x.
Proof. — Let X C Flg be a closed finite union of I-orbits such that .# is supported
on X. Then the base change theorem shows that j (AL(M)*! %) = 0 unless Flg ., C
m'(¢1(Flg..) x! X); in other words we have
*-Supp(AL(M) «! F) C {w € W | Flg.,, € m/(¢" (Flg.) x! X)}.
Similar considerations for the objects VL(M) «! .7, F xI AL(M) and .# +! VI(M)

show that if Ax is a finite subset of W as in Lemma (for our given X)), then the
subset Az = Ax satisfies the required properties. O
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Proof of Proposition — Let Az C W be a finite subset as in Proposition [4.4.4
and choose (as we may) v € —A such that

t(v) - Ag C{t(p) -x:pe —A°, z €W},
Az -t(v) C{x-t(p): p € —A°, x € Wi}

Then, in particular, we have
(4.4.2) (tv) - A5) N (A - t(1)) C {e(u) : p € —A%),

see e.g. [Hull §13.2, Lemma A].

Since v € —A, we have J} (k) = Af (k). Hence (#.4.1), ([#.4.2), and the choice of

Ag imply that

Supp(IA (k) # ) C {t(u) : jr € —A°).

On the other hand, we have assumed that J%(k) «/ . is perverse, so that for any
w € W the complex j (JA (k) «! .F) is concentrated in degrees < —¢(w). These two
observations, together with Lemma ensure that the object J2 (k) «’ .# belongs
to the full subcategory of D};(Flg,k) generated under extensions by objects of the
form At[(u)(M)[n] with p € —A°, M € Mofy and n € Zsg, or in other words by
objects of the form J/}(M)[n] with € —A°, M € Mofy and n € Zx.

Convolving on the left with J* (k) and using Lemma we deduce that .# can
be obtained from some collection of objects (J5 (M;)[n;])icr where I is a finite set,
i € XV, n; € Z>o, and M; € Mofy, by taking successive extensions. If we choose
some 7 € A such that p; +n € A for any 4, it follows (using again Lemma that
the object J %(]k) xI F belongs to the full subcategory of D?(Flg, k) generated under
extensions by objects of the form J;}(M)[n] with p € A, M € Mofy and n € Z>g, or in
other words by objects of the form V{(N)(M)[n] with u € A, M € Mofy and n € Z>.
We then have !-Supp(J2 (k) +* #) C {t(u) : p € A}, and moreover for each p € A the
complex jé(u) (Jﬁ(k) *1 F) is concentrated in degrees < —/(t(u)). On the other hand,
by assumption Jﬁ\, (k) I .# is perverse, so that this complex is also concentrated in
degrees > —/(t(u)). Hence it is concentrated in degree —¢(t(p)). By Lemma
Jﬁ}(]k) x! F admits a dominant Wakimoto filtration, and then by Lemma
admits a Wakimoto filtration. O

4.4.2. Central sheaves admit filtrations by Wakimoto sheaves. — We can
now prove the main result of this section.

Theorem 4.4.5. — For any & in Pervy+q(Grg, k), the perverse sheaf Z(F) admits
a Wakimoto filtration.

Proof. — We will apply the criterion of Proposition to the perverse sheaf Z(.%).
Theorem guarantees the existence of isomorphisms (4.4.1), so to conclude it
suffices to prove that for any w € W the objects

Al k)« Z(#) and VI (k) Z(F)
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are perverse. For this, in view of Corollary it suffices to prove that the complexes

L L
F Ky AL (k) and Z Xy VI (k)

are perverse sheaves. However, the first complex can be obtained from the perverse
sheaf .# by shifted pullback along the natural projection Grg x Flg.,, — Grg (a
smooth morphism) followed by !-pushforward along the embedding Grg X Flg , <
Grg xFlg (an affine embedding). Since both of these operations are t-exact (see [Ac3),
Corollary 3.5.9 and Proposition 3.6.1] respectively), it follows that . KL AZ (k) is
indeed perverse. Similar considerations show that % KL VI (k) is perverse, which
finishes the proof. O

4.5. Cohomology of Wakimoto-filtered perverse sheaves

4.5.1. Cohomology. — In this subsection we study the consequences of the exis-
tence of a Wakimoto filtration on cohomology. For this we must first describe the
cohomology of Wakimoto sheaves.

Lemma 4.5.1. — For any A € XV and M € Mofy, we have canonical isomorphisms

M ifn=—{z3" (V). 2p);
Hn Fl ’JA M g A i ’
(Fl, JX (M) {0 otherwise.

In order to prove this lemma we will need some preparation. It is well known that
the algebra H$(pt; k) identifies canonically with Sym, (k ®z X). For .# in D?(Flg, k),
we can consider its ordinary cohomology H*®(Flg, %), as well as its equivariant co-
homology H}(Flg,.#). By construction the latter k-module is a graded module over
H$ (pt; k); this action will be called the left action. But since Flg is obtained by taking
the quotient of LG by I, H}(Flg, #) has a second HY(pt; k)-module structure, called
the right action. The right action is inherited by H*(Flg,.%).

Consider now two objects .# and ¢ in D?(Flg, k). Then there exists a canonical
morphism of graded k-modules

(4.5.1) H* (Fla, 7) @ns (i) HE(Fla, &) — H* (Flg, Z +' 9)

where the tensor product is taken with respect to the right H}(pt;k)-action on
H*(Flg, %) and the left H}(pt; k)-action on H}(Flg,¥). This morphism sends f ® g
(where f € H"(Flg,.7) is regarded as a morphism kg, . — #[n] and g € H}'(Flg,¥)
is regarded as a morphism kg, , — ¢[m]) to the morphism

fRyg: kigoxirmg = Krig ngIG - 7 @g[n +m],
regarded as an element in

H" ™ (LG x! Flg, F KY) = H'" " (Flg, .7 +' 9).
(This construction is similar to that in (3.2.11)).)

Lemma 4.5.2. — In case 4 = V1% (k) for some w € W, the morphism ([£.5.1)) is an
isomorphism for any .Z in DP(Flg, k).
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Proof. — 1f 4 = V! (k) then we have

HS(Fle, @) = H ™) (Flg k),

which is canonically isomorphic to H;H(w)(pt; k). On the other hand,

H*(Flg, .Z ' 4) = H*(LG x! Flg, # X 9)

identifies canonically with the total cohomology of the shifted pullback of .# under
the morphism LG x! Flg ., — Flg defined by [a,b] — al. The desired claim is then
clear. O

Proof of Lemma[{.5.1f — Choose some p € Ay, and recall that we have a canonical
isomorphism

IR+ Vi, (k) = Vi, (M),

t(p)
Applying Lemma we obtain a canonical isomorphism
H® (Flg, I3 (M) ®us (pi) HT (Fla, Vi) (k) = H* (Flg, Vi, (M)).
Since (as in the proof of Lemma ) H? (Flg, th( u—x (k)) is canonically isomorphic
to H;M(t(”_’\))(pt; k) and since
M ifm=—L(t(p));
H™ (Flg, Vi, (M)) = ’
(Flo, Vi (M) {O otherwise,

we deduce isomorphisms

M if m = —L(t(p)) + £t = N));

4.5.2 H™ (Flg, JA (M) =
( ) (Fla, JX (M) {O otherwise.

Now since p and p — A belong to A, using (4.1.5) and (4.1.3]) we see that
Ut(n) = E(t(zx " (1)) = (" (1), 20)

and similarly that
Ut(n—N) = (3! (1= X), 2p),

so that

(4.5.3) U(t(p)) — Lt = A)) = (23" (A), 20)-

One can check that the isomorphism (4.5.2) does not depend on the choice of u, and
hence is canonical. O

Remark 4.5.3. — Lemma shows that the functor H=(za (3):20) (Flg, —) is left
inverse to the functor
J% . Mofy, — Perv;(Flg, k).
We deduce that there exists a canonical isomorphism
Grad(#) = H= 3" 020 (Flg, grd (7))
for any .Z in Perv} (Flg, k). In fact, if Q = {u € XV | u <a A}, we similarly have a
canonical isomorphism

(4.5.4) Grad) (F) = H~ex ):20) (Rl Fq).
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As a consequence we obtain the following property.

Proposition 4.5.4. — For any F in Perv?(Flg,k) and any n € 7 there exists a
canonical (in particular, functorial) isomorphism of k-modules

(4.5.5) H™ (Flg, F) = T Grad} (7).
xexV
(zx ' (N),2p)=—n
Taking the sum over all n, this proposition yields a canonical isomorphism

(4.5.6) H*(Flg,.7) = Grady. (7).

Proof. — We set X = {\ € XV | Grady (%) # 0}. We can of course assume that .7
is supported on a connected component Y of Flg; then, in view of Proposition [4.2.3
for any A € X we have Flg +(») C Y. It follows that X is contained in some ZRY-coset
in XV, so that <xl_\1()\),2p> has the same parity for all A € X. In this setting, we
proceed by induction on the cardinality of

{(zx'(N),2p) : A€ X} C Z.
If this set is empty then % = 0 and there is nothing to prove. Otherwise let n
be the smallest integer in this set, and let Xpin = {\ € X | (z,'(\),2p) = n}.
Since the function y + (' (u),2p) is order-preserving with respect to <, and the
standard order on Z, all the elements in X,,;, are minimal in X. In particular, if
Q = Ujex,,, i € XY | p 2o A}, then Fq has a Wakimoto filtration with subquo-
tients grﬁ\\ (&) where A runs over Xp,in, and # /g has a Wakimoto filtration with
subquotients grﬁ(ﬁ ) where p runs over X N\ Xp,;n. Now since the elements in Xy, are
pairwise incomparable, Lemma and (4.3.3]) ensure that there exists a canonical
isomorphism
Fo = P IV (Gradl(7)).
)\E—Xmin
In particular, by Lemma we have
@ Grady(Z) if m = —n;
H™(Flg, Za) = ¢ AeXumn
0 otherwise.
On the other hand, by induction we have
@ Gradﬁ(ﬁ) ifm < —n—2;
m T\ o~ HEX
H" (Fle, 7/70) 2 | (21 (w20 =—m
0 otherwise.

From these computations we obtain that the exact sequence Fq — F — F/Fq
induces isomorphisms

Hm(Flg, 9\9) ifm= —n;

H™(Flg, #) =
(Flg, 7) {Hm(F]G’ﬂ/yﬂ) otherwise,
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which completes the proof. O

4.5.2. Equivariant cohomology. — Proposition [£.5.4] also has consequences for
the equivariant cohomology of perverse sheaves admitting Wakimoto filtrations. We
first start with the following lemma, which should be compared with Lemma.
(Note however that we do not have to impose any assumption on k in the present
case.)

Lemma 4.5.5. — For any F in Pervy (Flg, k), there exists a noncanonical isomor-
phism of HY(pt; k)-modules

(4.5.7) H}(Flg, 7) = H}(pt; k) @ H® (Flg, Z).
Moreover, the forgetful functor induces an isomorphism

k®H;(pt;k) H;(Flg,y) = H.(Flg,f).

Proof. — Of course we can assume that .% is supported on a single connected com-
ponent of Flg. There exists a convergent spectral sequence

ER = H(pt; k) @ HU(Flg, ) = H™(Flg, #),

and to prove both claims it suffices to prove that this spectral sequence degenerates
at the Fy-page. However, we have HY(pt;k) = 0 unless p is even (see . On
the other hand, it follows from our assumption that all the coweights A such that
Grady (%) # 0 belong to the same Z9R"-coset, so the parity of (z}*()\),2p) is con-
stant for these coweights. Thus, Proposition 4.5.4] implies that the integers ¢ such
that H?(Flg,.#) # 0 all have the same parity, so that the spectral sequence indeed
degenerates for parity reasons. O

Let us explain the noncanonicity of in more detail. The degeneration of the
spectral sequence in the preceding proof means that H$(Flg, .#) admits a filtration
(as an H}(pt; k)-module) whose subquotients are of the form H$(pt; k) ®x HY(Flg, F).
The isomorphism is obtained by choosing a splitting of this filtration.

To get a better description of equivariant cohomology one can proceed as follows.
For brevity, given % in Perv?(FlG7 k) and A € XV, we set

(458) gzj/\/\ = g\{MEXVWﬁA)\}'

Proposition 4.5.6. — For any % in Perv[}(Flg,k), the natural morphism of
H? (pt; k)-modules

- 371 ) °
P H3(t: k) @ Hy N (Flg, 75,5) = HY(Flg, 7)
AEXV

18 an 1somorphism.
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Proof. — We begin by analyzing the left-hand side. By Proposition [4.5.4] we have
Grad} (F<,n) = Crady () if n=—(z3 (\),2p),
@ Gradﬁ(ﬁ) if n > —(x,1(N),20),

pEXY, p<aX
(@3 (n),20)=—n

0 if n < —(xz (N, 2p).

Since H"(Flg, #=<,) vanishes if n < —<xX1(A),2p>, Lemma implies that the
morphism

. .
(4.5.9) Hy o 20l m1, 2l ) = H @ D20 (Rl 25 )

induced by the forgetful map is an isomorphism. Moreover, both sides vanish for
all but finitely many A (namely, those A such that Grady (%) # 0). In particular,
the direct sum appearing in the statement of the proposition has only finitely many
nonzero terms.

Now we can prove the statement. As usual one can assume that .# is supported on
a single connected component of Flg, and we proceed by induction on the number of
X's such that Grady (.Z) # 0. (Note that our assumption guarantees that the parity
of —(z3(\),2p) is constant on these coweights.) If this number is 0 then .# = 0 and
there is nothing to prove. If it is 1, then .% = Jﬁ(M) for some u € XV and M € Mofy,.
The summand in the left-hand side parametrized by A vanishes unless A = u, and the
claim follows easily from Lemma and Lemma [£5.5] If this number is at least 2,
we choose p minimal such that Grad,, (%) # 0, and consider the exact sequence

yj/\u%g_»y/gj/\#'
Lemma|4.5.1] Lemma and parity considerations imply that applying H}(Flg, —)
we obtain an exact sequence
Hi (Fla, #<,u) = Hi(Flg, #) — Hi(Flg, 7 /.7 <,,.).-
On the other hand, the identifications above show that this exact sequence also induces
an exact sequence

Hn(Flg,fjA)\) =

(g7t
P Hit:k) @ H, O VP (Flg, (52,0 <,0) <

AexXV
° —(z () 2
P Hiptsk) @i H 7 (Flg, Z2,0) -
AeXV
ol . —(2x"(X):20) 7/ F
@ H7 (pt; k) ®x H; (Flg, (7 /JjA#)jA)\)‘
AeXV
We conclude using the 5-lemma. O

Using the calculations carried out in the preceding proof, we can rephrase Propo-
sition as follows: there is a canonical isomorphism

P Hi(pt; k) @k Grady (F) — H(Flg, 7).
AEXV
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4.5.3. Cohomology with support. — Let &5 be a lift of 25 in Ng(T'). We then
set

Bl =i, BT i}t
so that the roots appearing in the Lie algebra of B/J{ are those in 8", We also denote
by UJJ{ the unipotent radical of B/J{. Let x € XV be a cocharacter such that xxl(x)
is regular dominant. As in the action of G, on G via conjugation with x
defines an attractor scheme, which is the subgroup BX', and a fixed points scheme,

equal to T'. We can also consider the action of Gy, on Flg via x, which turns to be
Zariski locally linearizable (see [HR2] Lemma 4.3]), and the associated ind-schemes

(Fle)*,  (Flg),

see Theorem Here (Flg)? is discrete, with underlying topological space W (seen
as a subspace in Flg via the assignment t(\)w +— 2 for A € XV and w € Wy, where

w is any lift of w in Ng(T)). As in §1.1.2.2| of Proposition the natural morphism
(Flg)* — (Flg)° induces a bijection between sets of connected components, so that

the connected component of (Flg)™t are in a natural bijection with W. We will denote
by

GA
the connected component associated with w. If w = t(\)-x with A € XV and z € W%,
and if & is a lift of  in Ng(T'), then we have

(&8)(C) = (LUF)(C) - 2.
The corresponding inclusion will be denoted
od .64 = Flg.
(As in this morphism is representable by a locally closed immersion.)
Lemma 4.5.7. — For any A € A we have Flg () = (IN LU) - 2.

Proof. — For « € R and m € Z we denote by U,,, C LG the subgroup which
identifies, for any choice of isomorphism u,, : G, — U, (where U, is the root subgroup
of G associated with «), with the image of the morphism ¢ — u, (tz™). If we fix an
arbitrary order on R and —R, and set, for any A € XV,

(

)
(4.5.10) re=| II 1II Vo | x| ]I

acRy m=1 acE—NR4
(M\aY)>0 Aa¥)>0

AaVy—1
IT Uam |,
m=0
then it is well known that the I-action on the point 2*I € Flg induces an isomorphism

I 55 Flg -

In (4.5.10)), only the roots a such that (A,a") > 0 contribute. If we assume that
X € A, then these roots all belong to SR*, which implies the desired claim. O
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Lemma 4.5.8. — Forany A € A, w € W and . in D%(Flg,k) we have a canonical
isomorphism

HEs - (Flo, Vi) )+ 7) = HE W (Flg, 2).

L]
A
Gt()\)w

Proof. — By definition we have

(Fla, Vi) (0«7 7) = H* (81, (0ftay) (Vi (0) = 7).

Let X C Flg be a closed finite union of [-orbits over which % is supported. Then
from the definition we see that V{( (&) *xI . is the *-pushforward of the complex

k X .Z[¢(t(\))] under the map ¢ ' (Flg ) x! X — Flg induced by m'. Now since
A € A, by Lemma we have

Flg i = (INLUY) -2 1.

(]
A
Sinw

We deduce isomorphisms
q_l(FlG,t(A)) oI X o [ 1Nt Ay o (INLUY) 1Nz [z~ ANLUF X,

under which k K .Z[((t()))] corresponds to k X (2*),.Z[¢(t(\))] (where by abuse we
denote by z* : Flg — Flg the left multiplication by z*). The preimage of 61{\()\)10 in
the right-hand side is then

(I N LUIJ\r) ><Iﬁw’\Iw7>‘ﬁLUXr ({L‘AX n Gé\()\)w)
=(InN LU/J() s Ina* [z~ ANLUL A (XN 63)

since 611:\(>\)w =2 - &A. Tt follows that

(4.5.11) H%,

t(N)w

(Fla, Vi + 7) =
HY (I N LU ) x 0 120U A (X 01 65),k R (22). (o)) Z(t ).
The scheme on the right-hand side of this formula is a bundle over
(INLUY)/(INa*M Mz NLUY) 2 Flg ),
which is contractible, so the Leray—Serre spectral sequence identifies with
He (- (X N6, (). (o) ZEN)])

This, in turn, is identified with Hg

Ae(t(/\))(FlG, F), so we are done. ]

Lemma 4.5.9. — For any A € XV and M € Mofy we have canonical isomorphisms

{M ifn=—(x,'(\),2p) and w = t(\);

na (Flg, JY (M
oy (Fla XD =4 0 rvise.

1%
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Proof. — Choose p € Ay. Then by Lemma we have a canonical isomorphism

Vf(,k,\)(k) K IN(M) = V{(u)(M)-

Using Lemma [4.5.8] twice, we obtain canonical isomorphisms
n ~ —L —A
&y (Fla, 3 (M) = HE M2 (Flg, Wi, (M)

~ Hgt_/\i(igﬂ_”)—ﬂ(t(#)) (Flg, Vg(M))

Now Flg,. C &2, so the right-hand side vanishes unless w = t(\) and n = £(t(u —

A))—£(t(p)), in which case it is isomorphic to M. Using (4.5.3) we deduce the desired

description. One can check that our isomorphism does not depend on the choice of

4, SO it is canonical. O
Proposition 4.5.10. — Let .F € Perv} (Flg, k).

1. For any A € XV, we have canonical isomorphisms
Grad)(Z) ifn=—(x;*(\),2p);
HTéA (FIGMQ\) ~ ra )\( ) an ‘ <$A ( )7 p);
ey) 0 otherwise.

2. For any w € W~ {t(\) : A € XV} we have
H (Flg, #) = 0
for anyn € Z.
Proof. — The claims are immediate from Lemma [£.5.9] O

Remark 4.5.11. — For any A € XV we have W(Gé\()\)) = LUy, w, - L, where we use

the notation of Remark In particular, if G{\(A) - 6{‘(“) then

LUgpw, - Ly C LUz w, - Ly,
so that (by [BR] Proposition 1.3.4]) we have A <x p. If A # u, this guarantees that
(1 (N),2p) # (3" (1), 2p). Using this and standard arguments (see e.g. [BR), Proof
of Theorem 1.5.9]), from Proposition}4.5.10|we deduce that for any .% in PervII\ (Flg, k),

for any locally closed union X of orbits G,,, and for any n € Z we have a canonical
isomorphism

H% (Flg, F) = P Grad} (7).
AeXY, &,,CX,
(231 (V),2p)=—n

4.6. Consequences

The results proved in Section have a number of significant consequences for the
functors Grady and grd (and also for the functor Z) that we explain in the present
section.

4.6.1. First consequences. —
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4.6.1.1. Acyclicity. — Recall the functor Grad. from (4.3.5)). The first observation
is that this functor “detects” acyclic chain complexes of Wakimoto-filtered perverse
sheaves, in the following sense.

Proposition 4.6.1. — Let
(4.6.1) Fe (TSI F

be a bounded chain complex over Perv?(FlG7 k). If this chain complez is acyclic (when
regarded as a chain complex over Pervi(Flg,k)) then the chain complex

(4.6.2) .- = Grady. (Z 1) — Grady. (#°) — Gradix. (F1) — - -

is an acyclic complex of XV-graded k-modules. Conversely, if n € Z and if the

chain complex (4.6.2) has no cohomology in degree n, then the complex (4.6.1) has
no cohomology in degree n.

Proof. — Suppose first that is acyclic. Define a functor
f: Db(Flg, k) — D"Mof X"

by

s (D)~ (V). 20))-

t(X\)

f(@):= P Rr's

AeX

By Proposition 4.5.10} if ¥ € Pervf(FlG7 k), then the chain complex f(%¥) is concen-
trated in degree 0, and there is a natural isomorphism

f(9) = Grady. (9).
Thus, the chain complex (4.6.2)) can be identified with
S (T S () 5 S5

To see that this complex is acyclic, apply Lemmabelow (with @y = Perv;(Flg, k)
and ot = Mokav).

Conversely, fix n € Z, and assume that has no cohomology in degree n. To
show that has no cohomology in degree n, we proceed by induction on the size
of the set

X = {\ € X | for some i € Z, Grad} (.Z?) # 0}.
(Note that this set is finite because only finitely many .#%’s are nonzero.) If X is
empty, then #¢ = 0 for all i, and there is nothing to prove.

If X is a singleton, say X = {\A}, then by Lemma all #¥s are in the essential
image of the functor J4 : Mofy, — Perv;(Flg, k). Since the latter functor is fully faith-

ful (see Proposition [4.2.5|), the entire chain complex (4.6.1]) is obtained by applying
J ﬁ\\ to some chain complex

(4.6.3) s MY MO s M
in Mofy. By (4.3.4]), the complex (4.6.2)) identifies with (4.6.3); in particular, (4.6.3))

has no cohomology in degree n. Since J4 is exact (see Lemma |4.2.1), we conclude
that (4.6.1) has no cohomology in degree n as well.



174 CHAPTER 4. CENTRAL, WAKIMOTO, SATAKE

Now suppose that X contains more than one element, and choose an element
A € X that is minimal with respect to <5. By Lemma we can form two new
chain complexes as follows:
Fini=(— 3@‘/& — ﬁ%w\ = FLa— ),
F|Fspni= (= F I = FOYFE = FHYFL =),
and we have a short exact sequence of chain complexes
0— Fx = F = F/F<,00— 0.

Using the long exact sequence of cohomology associated with this short exact se-
quence, we see that to conclude it is enough to show that both %<,y and % /%<,
have no cohomology in degree n. It is immediate from the definitions that

Cradg. (F) = Gradg. (F<,2) © Grady. (F/F<,n);

since is assumed to have no cohomology in degree n, this implies that the
chain complexes Grady. (F<,») and Gradg. (F/.F<,1) also have no cohomology in
degree n. By induction we deduce that .#<, \ and .# /%<, » have no cohomology in
degree n, which concludes the proof. O

Lemma 4.6.2. — Let 91 and P> be triangulated categories equipped with t-
structures, and let @y C D1 and ol C Do be their respective hearts. Let
0—-X1—-Xo— =X, =0
be an exact sequence in oy, with n > 2. Let f: 21 — P4 be a triangulated functor.
LI f(X0), f(Xa), ..., f(Xn_1) all lie in oy, then f(X,) lies in 95°.

2. If f(Xo), f(X3),..., [(X,) all lie in o, then f(X,) lies in D5°.
3. If all terms f(X1),..., f(X,) lie in of, then the sequence

0= f(X1) = f(X2) = = f(X,) =0
18 an exact sequence in .

Proof. — We proceed by induction on n. If n = 2, the claim is obvious. If n > 3,
let Y be the kernel of X,,_; — X,,, so that we have two exact sequences

(4.6.4) 0—-X1 >Xo—= X, 0—>Y =0, 0—-Y—>X,_1—>X,—0
in 7. By induction, the first exact sequence shows that f(Y) € @;O. The second

short exact sequence comes from some distinguished triangle Y — X,,_1 — X, Lll in
2. Apply f to this distinguished triangle; the claim follows.
(2) This is similar to part .
(13) We proceed by induction on n. If n = 2, the claim is obvious. If n > 3, define
Y as above, and consider the two exact sequences (4.6.4)). Parts and together
imply that f(Y) € @%. By induction, the sequences
0— f(X1) = f(X2) = - f(Xn—2) = f(Y) =0,

are both exact. The claim follows by concatenating these sequences. O
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Remark 4.6.3. — The “converse” implication in Proposition also holds for
unbounded complexes, in the sense that if n € Z and if .% is any chain complex over
Perv? (Flg, k), if the complex obtained by applying the functor Gradgv to all terms
has no cohomology in degree n, then the same holds for the complex .#. In fact, it
suffices to apply the property for bounded complexes to the complex .#’ whose i-th
term is Z?if i € {n — 1,n,n + 1}, and 0 otherwise.

We can now answer the question raised in Remark

Remark 4.6.4. — Although Perv?(Flg,]k) is not an abelian category, it inherits
from Pervy(Flg,k) the structure of a (Quillen) exact category. Since a short exact
sequence in Perv?(Flg,k) can be regarded as a three-term acyclic chain complex,

Proposition implies that

Gradd. : Perv? (Flg, k) — MofX
is an exact functor of exact categories. Using (4.3.3)) and the exactness of the functor
J4 (see Lemma [4.2.1)), we see that

gry : Perv} (Flg, k) — Pervy(Flg, k)

is also an exact functor of exact categories.
Since an isomorphism in Perv/I\(Flg, k) can be regarded as a two-term acyclic chain
complex, Proposition also tells us that Gradg(v is conservative.

4.6.1.2. Cohomology with support for central sheaves. — We now turn our attention
to central sheaves. The ind-subschemes &% are analogues in Flg of the “semi-infinite
orbits” Sy considered in More specifically, consider a cocharacter y as in
and the associated action of G, on Grg. As in @ the fixed points for this action
identify (at the level of reduced ind-schemes) with XV, hence the connected compo-
nents of the associated attractor ind-scheme are parametrized by XV, and we denote
by Sﬁ\\ the connected component associated with A\. Comparing with the setting
of we see that for any A € XV we have

Sx =@a - S,-10)-
With this notation, it is easily seen that for any A € XV we have
(4.6.5) S = | ] Sl

weWp
Proposition 4.6.5. — For any .F in Pervy+g(Grg, k) we have
Grad} (Z(F)) if n = —(ay (\), 20);

n g\ o~
HSQ (Gre, 7) = {0 otherwise.

Proof. — Recall from Lemma that we have .# = w,Z(.%). Using the base
change theorem we deduce a canonical isomorphism
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In view of Theorem and (4.6.5)), the result follows from Remark [4.5.11] applied
with X = 7~1(5%). O

Remark 4.6.6. — 1. The vanishing statement in Proposition is not new:
it is one of the fundamental ingredients in the Mirkovi¢—Vilonen proof of the
geometric Satake equivalence, see Proposition m (More specifically, Propo-
sition corresponds to the case when A = —XY. For the more general case,
see Remark [1.3.7])

2. Combining Proposition with Proposition [4.5.10f|1) we obtain isomorphisms

H2\ (Grg, ) ifw =1,
<F1G,z<ﬂ)>g{ 5p(Gre #) fw=1,

Hn
&r .
0 otherwise.

wt(X)

In this form, this result can be seen as an application of a general compatibil-
ity result between hyperbolic localization and nearby cycles proved in [Rc3];
see [HR2| Theorem A] for this point of view.

4.6.1.3. Support. — Proposition tells us in particular that a Wakimoto sheaf
with label A appears in a Wakimoto filtration of Z(%) iff H§,(Grg, #) # 0. We
A

will apply this observation in the following special case. Assume that A € XY is a
dominant coweight. Then we have perverse sheaves J.(A, k) and Ji(A, k), see
For these objects, it is known that H;‘{) (Grg, J.(\k)) # 0 iff H:?ﬁ (Grg, Ji(\ k) # 0,
and that this happens iff u belongs to the intersection of the convex hull of We - A
with A + ZRY, cf. [BR, Theorem 1.5.2 and Proposition 1.11.1], or equivalently iff
A —ut € Z>oR, where pt is the dominant Wi-translate of p.

Corollary 4.6.7. — Let F € Pervy+¢(Grg, k), and let X C Grg be a closed finite
union of LT G-orbits on which F is supported. Then Z(.F) is supported on

U U Flg o)

pexXy  neWiu
Gré CX open

Proof. — First we consider the case # = Ji(\ k) and X = Gr’c\;. Then, as explained
above, it is known that Z(.%) admits a filtration with subquotients of the form J ﬁ(M )
where p runs over the weights such that A — p* € Z>oR. Since J l/}(M ) is supported
on Flg ¢, (see Proposition , it follows that Z(.%) is supported on the union of
the closures Flg ¢(,,) where p runs over these weights. To conclude the proof in this
case, it thus suffices to show that any of these closures is contained in

U Flg (-

veWs

However, if p is as above, and if v is a Wi-translate of A which belongs to the same
closed Weyl chamber as u, then using Lemma one can check that t(u) <pru
t(v), so that Flg ¢,y C Flg ¢(), which finishes the proof.

We now consider the general case. To fix notation, we denote by A C XY the
set of dominant coweights v such that Grg is open in X, and by A’ C XY the set
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of dominant coweights 7 such that Grl, C X. Then 1 belongs to A" iff there exists
v € A such that v —n € Z>oR .

As explained in [BR), §§1.12.1-1.12.2], there exists an object & in Pervy+g(X, k)
which admits a (finite) filtration with subquotients of the form Ji(n,k) with n € A’,
integers m, m € Z>q, and an exact sequence

PO PIM s F 50
in Pervy+g(Grg, k). By exactness of Z we deduce an exact sequence
(P 5 (PP 5 Z(F) =0

in Perv;(Flg, k). This exact sequence reduces the proof to the case . = &2, and then
to the case F = Ji(n,k) with n € A’. In this case we have seen that Z(7(n,k)) is

supported on
U Flg (o)
veWsen
If 4 € Ais such that p —n € Z>¢M, then as above we have

U Flexoy € U Florw).
veWsen veEWrp

which completes the proof. O

Remark 4.6.8. — In the particular cases considered before the statement, Corol-
lary says that Z(J1(A\, k)) and Z(J.(\ k)) are supported on

U Flg o(0)-
veWe

The orbits which are open in this subset are exactly those of the form Flg () with

v € Wi, and all of them are of dimension £(t(\)) = (X, 2p) (see (4.1.5))). A closer look

at the proof of the corollary shows (using also Proposition 3) that the restriction
of Z(N(A\k)) and Z(J. (A, k)) to each of these orbits is the constant sheaf placed in
degree —(\, 2p).

4.6.2. Monodromy and Wakimoto filtrations. — Recall (see §2.4.5) that as
part of the nearby cycles formalism, there is a natural monodromy map
My : Z() = Z()

for every &/ € Pervy+g(Grg,k). In Proposition we have proved that this
monodromy automorphism is unipotent. Our goal in this subsection is to provide an
alternative proof of this fact based on Theorem and the idea in Remark

Lemma 4.6.9. — For any A € XV, the induced map
Mo » := Grady (m) : Grad} (Z(«7)) — Grad (Z(<))
18 the identity map.
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Proof. — By Proposition [4.5.4] it is enough to show that for any n € Z, the map
H"(Flg, my) : H*(Flg, Z(&)) — H"(Flg, Z(«))
is the identity map. By Lemma we have natural isomorphisms
H™(Flg, Z(«)) = H"(Grg, 1. Z(</)) = H" (Crg, Z°PP (7)),

which identify H"(Flg, m.) with H*(Grg, m®"). As explained in §2.5.4, m®" is the
identity map, which implies that H" (Flg, m) is also the identity map, as desired. O

Proposition 4.6.10. — For o/ € Pervy+g(Grg, k), the map my : Z(&/) — Z()
18 unipotent.

Proof. — Choose a bijection Z — XV as in ([4.3.1)), and let (Z(%/);)icz be the cor-
responding A-Wakimoto filtration of Z(7) (see §4.3.2). By Lemma we have

(id — me )(Z(&);) C Z(«/);—1 for any ¢ € Z. Since the filtration has only finitely
many nonzero steps, it follows that (id — m,)" = 0 for some N > 0. O

4.6.3. Highest weight arrows. — We conclude this section with the construc-
tion and study of some “highest weight arrows” (somewhat similar to the projection
from an induced module over a connected reductive group to its highest weight line,

see §1.5.1)) that will be used in Chapter [6]

This endeavor will require some background on I-orbits on Grg. For u € XV, set
Grgu:=1-L,,

and denote by j, : Grg, — Grg the embedding. (This notation should not be
confused with jy(,), which denotes the embedding of Flg () in Flg.) Then for any
A € XY we have
Gryy = |_| Gra,u;
pneEWse
in particular we have
(Grc)md = |_| GI‘G,#.
peXY

Note also that each Grg,, is isomorphic to an affine space.

Let us now fix A € XY, and let u be the unique W-translate of A which belongs
to A. By Lemma [2.5.1] we have a canonical isomorphism

On the other hand, since u belongs to A we have

I (k) = v{(“) (k).

Since 7 restricts to a trivial fibration Flg i) — Grg,, with fibers isomorphic to
Attm)—dim(Gre 1) e deduce a canonical isomorphism

T8 (k) = () ekarg, [0(E(1)]-

(Note that here the right-hand side is not perverse in general.) We use these isomor-
phisms in the following statement.
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Lemma 4.6.11. — For X and p as above, the functor m, induces an isomorphism

Hompy (1 1) (Z(T: (A, K)), I3 (k) = Hompp (arg i) (T (A k), () <K, [0((12))]),

and moreover both sides are free k-modules of rank 1.

I

t()(K), by adjunction we

Proof. — Since (as explained above) we have J} (k) = V
have

Hom (Z(J. (A, k)), I3 (k) 2= Hom ((je(u)* Z(Te (A ), ey, [E(E(12))]).
By Remark we know that

Ui Z(T A K) = K [ECE()))-

After fixing such an isomorphism, we deduce that the k-module

Hom (Z(J. (A, k), Gy ek, o, [4CE12)])

is free of rank 1, and spanned by the morphism

(4.6.6) Z(T+(NK)) = (e )+ (e)) Z(Te (A K)) = Gy K, [E(E(1))]

induced by adjunction.
On the other hand, again by adjunction we have

Hom (. (A ), () ki, , [(E())]) 2 Hom((j,)* 7o (A ), g, , ().

Now we have Grg, C Gry, and the restriction of J.(\,k) to the subset Gryy
(which is open in its support) is free of rank 1 (with a canonical generator). Since
£(t(N)) = £(t(w)) (see (4.1.5))), we deduce a (canonical) isomorphism (j,)*J.(, k) =
kerp , [(t(p))], so that the k-module Hom(J, (A k), (ju)«karg , [€(t(1))]) is also free
of rank 1, and spanned by the adjunction morphism

(4.6.7) TN ) = ()« (G0)* T (A K) = () Karg , [ ()]

These considerations show that proving the lemma amounts to proving that the
functor 7, sends the morphism (4.6.6)) to a multiple of (4.6.7]) by an invertible scalar.
Now, recall that we have a canonical isomorphism

L
k ®z TN Z) =2 T\ k),
see [BRJ, Proposition 1.11.13]. Since all the functors considered above commute with
the functor k ®Z (—) (see Proposition for the functor Z), it suffices to prove
the claim above in case k = Z. Using then the functor F, ®% (=) we can further
reduce the proof to showing that, in case k is a finite field, the functor m, does not kill
the morphism . In fact we will prove this claim for any choice of coefficients.
For this we observe that we have

H®(Flg, —) 2 H*(Grg, —) o 7.
Hence the claim will follow if we prove that the functor H*(Flg, —) does not kill the

first map in (4.6.6). Let T := {v € XV | v <5 p}. Then the considerations preceding
Corollary show that all the coweights 7 such that GradQ(Z(J* (A, k))) # 0 belong
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to T U {p}. In particular, setting & := (Z(J.(\,k)))r we have an exact sequence of
perverse sheaves

(4.6.8) 0= F = Z(.(\K) = gr (Z(J.(\,K))) = 0.

Here the perverse sheaf gr’)(Z(J.(),k))) is of the form J4 (M) = Vi (M) for some

M in Mofy, and .7 is supported on the image of the closed embedding

k: ( U FlG,t(V)) \FlG,t(u) — U FlG,t(u)~

veWsr veWg
Hence (4.6.8)) is induced by the distinguished triangle

! . . * (1]
kiK' (Z(T2(A k) = Z(TNK) = (i)« Gy ) Z(Te (A K)) —
provided by the gluing formalism. In particular, we have proved that the first map
in (4.6.6) identifies with the surjection Z(7. (A, k)) — gri(Z(J.(),k))). By definition,
the latter map is not killed by the functor Gradﬁ. Using Proposition we deduce

that this map is not killed by the functor H®*(Flg, —) either, which finishes the proof.
O

As seen in the course of the proof of Lemma there exists a canonical mor-
phism f3 : To(A k) = (ju)«karg L[e(t(p))]. We will denote by
2 Z(T(N k) — T0 (k)
the inverse image of this map under the isomorphism of Lemma [4.6.11] From the
proof of this lemma we know that fﬁ\‘ is a surjective morphism of perverse sheaves,
and moreover that its kernel admits a Wakimoto filtration whose subquotients have

labels in the intersection of the convex hull of Wy - A with A 4+ ZfR, and distinct from
w. In particular, this map induces a canonical isomorphism

(4.6.9) Grad} (Z(J.(\k))) = k.

This construction can also be phrased in the following terms. We have a morphism
of functors
()" = () (e ()"
(where 7, is the restriction of 7 to Flg (,)) obtained by adjunction from the natural
morphism 7 = T (Je(e) )« (Je(u))™ = (70 Jie(u) )« (e(u))™ = ()« ()5 (e )" From the
proof of Lemma one can see that applying this morphism to Z(J. (), k)) yields
an isomorphism

(4.6.10) ()" TN ) = ()« () )" Z(Tw (A, K)).

Now the left-hand side has a canonical trivialization (i.e., an isomorphism with
ke, [€(t(p))]). Since m, is a trivial fibration with fibers isomorphic to an affine
space, and since (jy(u))*Z(J+(A k)) is known to be isomorphic to a constant sheaf
(with stalks k) concentrated in degree —¢(t(u)), we deduce a canonical isomorphism
(e ) Z(T(N k) = kg, [€(E(1))]. By adjunction, this isomorphism provides the
morphism fﬁ\\
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4.6.4. Highest weight arrows, convolution, and commutativity. — Consider
now two dominant coweights Aj, Ao € Xi, and denote by p1, uo their Wie-translates
in A. Recall the morphism

Axi Az - ‘7*()\1’]1() *L+G ‘-7*()‘25k) — \7*()\1 + )\2ak)

constructed in §1.5.2L Applying Z and using the isomorphism ¢ 7_(x, k),7. (. ,x) from
Theorem we deduce a canonical morphism

(4.6.11) Z(T. (M, k) +f Z(Te (N2, k) = Z(T (M1 + Ao, k).
This map will be used in the proof of the following statement.

Proposition 4.6.12. — The following diagram commutes:

T Tx (A1,K),Z(Tx (A2,k))

Z(J (M. k) T Z(Ti (M2, k) Z(TJ. (A2, k) " Z(To (M1, k)

fﬁl*fﬁzl lf?z*fi‘l
L L
IA () o 32 () 2 BEG ga gy e EER A (1) W gA (k).
Proof. — For the duration of the proof we set

)\Z:)\1+)\2, M3:M1+,U,2.

Then p is the unique We-translate of A which belongs to A.
The statement claims that two elements in

Hom py p1 1) (Z(T (A1, K)) ' Z(T (A2, k), I} (K))

are equal. Now, by definition, the kernel and cokernel of ay, , are supported on
Grg, ~ Gryy. Hence, by Corollary (and by exactness of the functor Z), the kernel
and cokernel of (4.6.11)) are supported on a closed subset which does not intersect
Flg (). It follows that ax, x, and (4.6.11)) induce isomorphisms
HomD‘g(Flc,k)(Z(j*()‘ak))a']ﬁ(k)) =
Homp (1, 10 (Z(Te (M, K)) ' Z(Te (A2, K)), 7 (K))

and
Hom pp Gre ) (T (A K), () kg, [€(E(10)]) =
+ .
HoleL?(Grng) (j* ()‘1) k) *L “ T ()‘23 k)a (]u)*kGrG.u [g(t(:u))]) .
In view of Lemma [£.6.11] it follows that the functor 7, induces an isomorphism
Hong(Flc,k) (Z(j*()‘la k)) ! Z(J*()\m k))7 Jﬁ(k))
~ + )
— HomD}:’(Grc,]k) (j* ()‘17 k) *L “ \7* ()‘Qa k)v (]u)*k(}rc,“ [e(t(ﬂ))])a

so that to prove the proposition it suffices to prove that the image of our diagram
under the functor 7, commutes.
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For this, we will break the diagram up into three pieces (two of which will be
identical, modulo switching A; and Ag). First we will prove the commutativity of the
diagram
(4.6.12)

7 (Z(T2 (0, k) ! Z( T (Ao, K))) I (7( 7, (M, K)) #! Z(T. (M1, K)))
m.Z(J.(\ k),

where both diagonal maps are images of (4.6.11)) (for the pairs (A1, A2) and (A2, A1)
respectively) under the functor .. By definition the map on the left can be written
as a composition

T (Z(Te (M1, k) " Z(Te (A2, k))) % 7 (Z(Te (A1, k) xLre T (X2, k)))

M T Z(T.(\ k)

where we write ¢ for ¢ 7, (x, k),7. (\»,k)- The map on the right in has a similar
description (switching the roles of A\; and Ag). Now the functor m,Z(—) is isomorphic
to the identity functor by Lemma Since, as discussed in the following
diagram commutes:

T (Z(T2 (0, ) ! Z(To (Ao, K))) IR (Z(7, (g, K)) ! Z(Ta (A, K))

T Q{ TP

T Z(T (M, k) #E T (Mg, k) T Z(T. (Mo, k) #C T (M, )
2 )
J/ UcomA Kk Ao,k J/
NACYR SIS ACPR'Y e APPSRV APV 9
the commutativity of (4.6.12]) follows from Corollary

Now we consider the following diagram:

T (Z(T (M, k) ! Z(T (N2, k) ————— mZ(T (A k)
(4.6.13) o (18, +1, ﬂ J{mf&\
T (I, (k) #1 T3, (k) ——— T (T (K)) 22 ()oK, [0t ()],
where the upper line is induced by . The path in this diagram through the top

right corner is the morphism deduced by adjunction from the composition of natural
morphisms

() T (2T O, 1) ¥ 2T 0, ) P2 (7, 7 (2T, )47 € T2 (2, )

LemmaBEIL ()4 (7, (A, &) 7O T, (o, K)) 2 K, [A(E(0))].
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On the other hand, we have
(2, 2, = me(m)a (73, B H,) = mew. (73, B13,)
where @ := 7 X 7 : LGx'Flg — LGx" ¢Crg. Here f}, and f} are obtained from ap-
propriate trivializations of (ji(,,))*Z(Jx(A1,k)) and (fi(u,))*Z(Tx (A2, k)) respectively.
Therefore, fﬁ\\l X fﬁ; is deduced from the induced trivialization of the restriction of

Z(Je(M1, K)RZ(Te (A2, K)) t0 Fle (1) X Flg (i) (Here we write Flg () X Fla ()
for q_l(FIG’t(m)) x! Flg t(u,); similar notation will be also used for twisted products

over LTG.) It is well known that the morphism Gré‘ X Gré? — Gryy restricts to an
isomorphism on the preimage of Grg. It follows that if we denote by X the preimage
of Grg,,, then this morphism restricts to an isomorphism X = Grg, u» and moreover
we have @(Flg s(,,) X Fla t(u,)) = X. From this we obtain that the trivialization of
Z(J. (M, k)) K Z(J. (A2, k)) involved in the description of f§ B4 is obtained from a

canonical isomorphism
(jx) @ (Z(Te (M1, k) B Z(To (A2, K)))
= (w#huz)*(jt(,ul) X jt(uz))*(z(j*()‘lv k)) g Z(j*()\27 k)))

(where jx : X — LG xL7C Grg is the embedding, and Wy, ,ue 18 the restriction of @
to Flg t(u,) X Fla t(us)), together with the canonical trivialization of the restriction of

Tu(Z(T2 (M1, k) B Z(T(M2, K))) = To (M1, k) B Te(Ag, k)
(see (3.4.4)) to X, as in (4.6.10). We then obtain that the path in (4.6.13) through

the bottom left corner is obtained by adjunction from the composition of natural
morphisms

()" 7 (Z(T2 00, 10) # 2T, k) > () 1 (Z(T (1, ) B Z(T. (Mo, k)
(5" (T (A1) B T, (A2, )

= ()" (J- O, k) #7609, k) = Ky, [0E(R))].

These two constructions coincide by Lemma from which we deduce the com-

mutativity of .

Finally, pasting the commutative diagram with two copies of (one
for the pair (A1, A2), and one for the pair (A2, A1)), we obtain the commutativity of
the diagram of the proposition. O

Remark 4.6.13. — The arguments in the proof above (see in particular dia-
gram (|4.6.13))) show that the following diagram commutes:

Z(7. (M, K) ! Z(T. (Ao, k) Z(T. (M + Ao, K))
fﬁl*fﬁzl lfﬁﬁh
J/[}I (k) *I Jl/)2 (k) = J/[}1 +p2 (k)
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4.7. Associated graded of the Wakimoto filtration and convolution

This section is dedicated to the study of the compatibility of the functors gr{ or
Gradﬁ\\ with the convolution bifunctor (and the associated constraints).

4.7.1. Associated graded of a convolution. — A first difficulty that arises in
our study is that the bifunctor x! is not t-exact. The situation is slightly better for
Wakimoto-filtered perverse sheaves, as shown in the following lemma.

Lemma 4.7.1. — If F,9 belong to Perv?(Flg,k), then the object F +1 4 is con-
centrated in monpositive perverse degrees.

Proof. — Tt suffices to prove the claim when .# and ¢ are Wakimoto sheaves, in
which case it follows from Lemma 2.6l and Lemma 211 O

Recall the bifunctor =} defined in Remark In terms of this bifunctor,
Lemma has the following consequence.

Lemma 4.7.2. — For any & in Perv?(Flg,k), the functors
F +b (=) : Perv} (Flg, k) — Pervy(Flg, k)
and
(=) %} .Z : Perv} (Flg, k) — Perv;(Flg, k)

are right exact.

Note also that Lemma and Lemma [4.2.6] ensure that for A\, )’ € XV and
M, M’ in Mof, we have

(4.7.1) JN(M) b I8 (M) = I, (M @ M).

It is not clear to us whether the perverse sheaf .7 x{ ¢ admits a Wakimoto filtration
for general #,¥ in Perv? (Flg, k), and we will not be able to go further without
assuming this is the case. Note that this property holds at least in the following cases
(which will be sufficient for our needs):

1. if Grad} (%) is flat over k for any A € XV, or if Grad} (%) is flat over k for any
A € XV, in which case we have F x} 4 = .7 «! 4 (see Proposition below
for more details);

2.if F = Z(«) and 4 = Z(AB) for some &/, B in Pervy+q(Grg, k), since in
this case we have an isomorphism ¢, , : Z() % Z(8) = Z(</ *LTC ) see
Section [3.41

Remark 4.7.3. — We mentioned in Remark that the bifunctor x{ does not
seem to admit an associativity constraint. If # ¥, 5 belong to Perv? Flg, k), and
if both .# x} 4 and ¢ x{ ' admit Wakimoto filtrations, then Lemma implies
+G)

(as for the bifunctor x- that there exists a canonical isomorphism

(F %, 9) x H =2 TF x4 (G *b ).

This allows us to define a monoidal structure on Perv?(FlG7 k) in case k is a field (but
not in the general case, since Pervf (Flg, k) does not seem to be stable under ).
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We fix .%, % in Perv} (Flg, k) and A, € XV. Recall the notation .Z<, » introduced
in (4.5.8]). In the following lemma we consider the morphism

(4.7.2) Fiirro Gy — F b9
induced by the embeddings %<, — % and 9<,,, — 9.

Lemma 4.7.4. — Assume that F x} 4 admits a Wakimoto filtration. Then the
morphism ([4.7.2) factors through (F *59) < a4, and there exists a unique morphism

g3 (F) %) g1 (9) = gl W (F %0 Y)

such that the following diagram (where the vertical maps are the natural ones, and
the horizontal maps are induced by the morphisms considered above) commutes:

I I
T2 *0G<an — (F x0 YD) <prtu

| |

grf\\(ﬁ) *(I) grﬁ(g) — grﬁ\‘_ﬂi(ﬁ *é 9).

Proof. — We consider the composition
(4'7'3) yjAA *é gj/\ﬂ - F *é G — (‘? *(I) g)/(ﬁ *é g)jA>\+M‘

Here the right-hand side admits a filtration whose subquotients are of the form
JA(M,) with v Az A+ p and M,, in Mofy, and by Lemma we have

Hompery, (Fig ) (F=<un %6 G=ns (F 56 D) [ (F %6 D) <uasn)
= Hompp g, k) (F<ar* Gy (F 50 D) [(F 56 D) <axtn)-

Now F<,» ! 9<,,, belongs to the triangulated subcategory of D?(Flg, k) generated
by the objects of the form JQ(M) with n <A A+ p (see Lemma , so that

Hompy gy, 1) (F=<an ! Ganr (F 0 9)/(F %o ) <artn) =0

by Lemma [£.3.1] proving that (£.7.3) vanishes. This implies the first claim of the
lemma.
The proof of the second claim is similar: we observe that we have

HomPerVI (Fla k) (yj/\)\ *(IJ gﬁ/\u’ grg}-&-u (g\ *6 g))
~ I A I
= HomD?(Flg,k)(yﬁA)\ * G2 gr)d»,u(y *09))

and similarly with %<, \ and %<, ,, replaced by gr (%) and grﬁ (¥¢) respectively, and
that the cones of the maps

F<axn ! G<an — grﬁ(?) «! G=an
and
gy (F) * Gy — g (F) ! grii(9)
have no nonzero maps to grﬁ\\ +M(35 *6 %). Hence the composition

Fian %0 Gap = (Fxb D) <nin = 80 (F 0 Y)
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must factor through a (unique) morphism
g (F) g g1 (9) = griy o (F <6 D),
which finishes the proof. O

Taking direct sums of the morphisms provided by Lemma [£.7.4] we obtain for
v € XV a bifunctorial morphism

(4.7.4) P e (F) *b e (@) = erd (F <6 9)
Apu=v

for ., % in Pervy (Flg, k) such that .% «} ¢ admits a Wakimoto filtration.

Proposition 4.7.5. — Let Z,9 in Penvy (Flg, k). Assume either that Grad,/;(,?)
is flat over k for any n € XV, or that Gradg(%) is flat over k for any n € XV. Then
Fxb G = F«'9G, this object admits a Wakimoto filtration, and the morphism
is an isomorphism for any v € XV.

Proof. — Of course the two cases are similar; to fix notation we assume that
Grad,[; (Z) is flat over k for any n € XY. We will proceed by induction on the
length of a Wakimoto filtration of .%. So, we consider n € XV, a flat k-module M,
and an exact sequence JQ(M) < F — .F' where .Z' belongs to Perv} (Flg, k) and

Grad?(ﬁ ") is flat for any £, and assume the claim is known for the pair (%', ¥).
Then applying the functor (—) x! ¢ we obtain a distinguished triangle

(4.7.5) MM G - TG T g D

Here, by assumption the right-hand side is perverse and admits a Wakimoto filtration.
On the other hand, taking a Wakimoto filtration of ¢4 and applying the (triangulated)
functor JQ(M ) xf (=) we see that the left-hand side also satisfies these properties
(because Jﬁ(M) *! J?(M’) is a Wakimoto sheaf for any ¢ € XV and M’ in Mofy, since
M is flat, see Lemma [4.2.6). We deduce that .# %! & is perverse and that (4.7.5) is
an exact sequence of perverse sheaves, which implies in addition that .# x! ¢ admits
a Wakimoto filtration.

Then, if v € XV, by exactness of the functor gr} (see Remark [4.6.4]) we have an
exact sequence

gy (INM) +' G) = gri)(F ' G) — gri(F/+' 9).
For any A € XV we also have an exact sequence
gy (I3 (M) = g} (F) — gy (F)
where all terms are of the form J4 (M’) with M’ flat; hence Lemma ensures that
this exact sequence induces for any u € XV an exact sequence of perverse sheaves
grx (I (M) +" grg(9) = g (F) +' grp(9) — grx (F') ' gry(9).

The invertibility of (4.7.4) for the pair (#,¥) then follows from that for the pair
(JQ(M),%) (which is obvious), that for the pair (%#’,%) (which is true by assump-
tion), and the 5-lemma. O
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Remark 4.7.6. — Of course, if k is a field the assumption of Proposition
is always satisfied. In this case, this statement implies that the functor Gradx.
considered in §4.7.2] below is a monoidal functor.

Corollary 4.7.7. — For any o, B in Pervi+q(Grg, k), the morphism (4.7.4)) is an
isomorphism when F = Z() and G = Z(AB).

Proof. — Recall that the existence of a Wakimoto filtration on .Z x} ¢ is automatic
in this setting, see the comments preceding Remark As in [BRI proof of
Lemma 1.10.10], there exist objects &7, % in Pervy+g(Grg, k) and an exact sequence

oty = — A — 0

such that H®*(Grg, &) and H*(Grg, 9%) are free over k. Then we have an exact
sequence

Z(ats) = Z(o)) — Z() — 0,
which induces for any n € XV an exact sequence

1y (Z(e)) = gry (Z()) = gry(F) = 0,

see Remark and moreover the first two terms in this sequence are of the form
Jﬁ}(M ) with M projective (and hence flat), see Proposition m
We consider the commutative diagram

Dy gri (Z(4)) %) gr, 2 (@) —— grp(Z(h) %, 9)

|

Dispmw 815 (Z()) %0 g1 (9) — g1} (Z(h) % )

Doty 8N (F) K g1 (9) ———— g} (F X 9)
0

where each horizontal map is induced by . Here the upper two arrows are
invertible by Proposition the left column is exact by Lemma and the
right column is exact by Lemma again and Remark We deduce that the
lower horizontal arrow is an isomorphism too, which finishes the proof. [

0

4.7.2. Monoidal structure on Gradg.. — In view of (4.7.1) and the full faith-

fulness of the functor GradAﬂL on the image of JM— (see Proposition ), the
map constructed in Lemma[4.7.4] can also be seen as deﬁnmg a blfunctorla morphism

(4.7.6) Grad} (F) @ Grad}(¢) — Grad}, ,(F 4 9).

Our goal in this subsection is to give an alternative description of this morphism in
terms of equivariant cohomology.
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First, for any .7, %, in Perv} (Flg, k), combining the morphism (£.5.1) with the
morphism induced by the truncation map .7, ! %y — .#1 x}.F» we obtain a canonical
morphism of graded k-modules

(477) H.(Flg, 5‘\1) ®H;(pt;]k) H;(Flg, 9\2) — H.(FIG, F1 *é ﬁg)
Now, in the setting of Lemma K4.7.4] in view of Remark we have

Grad) (F) = H (2" 2 (Flg, 72, ),

Grad® (@) = H= @ (020 (Flg, 92 ),

Grad}, ,(F b @) = H= @ OH020 (Flg (F 5 9)<,000).
As noted in §4.5.2| (see especially (4.5.9))), the forgetful map
— zfl _ 171
HI< v 0:20) (FlGﬁngu) — H™ma ()20) (FlGﬁngu)

is an isomorphism, so that we also have

Grad)(¢) = H; ™ W2 (Flg, 92, ).
Apply (4.7.7) to obtain a canonical morphism

H= 2 0020 (Bl 72, 5) @ H; O 0% (Bl 9, )
— H @ OF20) (Bl F 3 % =),
Combining this with the morphism F<, %} 9=, . = (F*$9) <+, induced by
we obtain a canonical morphism
H™(n N2 (Flg, F2,0) ® H;@Xl(“)’m (Fla, 9<,)
— H™ X OF0:20) (Rl (F 3 9) <an)s

which coincides with (4.7.6) under the identifications considered above.
Gathering the morphisms (4.7.6)) for all values of A and p we obtain, for any #,¥

in Pervf (Flg, k) such that .Z +}% admits a Wakimoto filtration, a canonical morphism
of XV-graded k-modules

(4.7.8) Cradg. (F) @y Grady. (¥) — Grady. (Z «L ).
From this point of view, Proposition and Corollary say that (4.7.8)) is an
isomorphism

— if either Grady (.#) or Grad. (¥) is flat;
—orif # =7(&) and 4 = Z(A) for some o7, A in Pervy+q(Grg, k).

(In both cases, the fact that .7 x} ¢ admits a Wakimoto filtration is automatic.)

Lemma 4.7.8. — For any .Z,% in Perv} (Flg, k) such that F 5% admits a Waki-
moto filtration the following diagram commutes, where in the left column the upper
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arrow 1s induced by the forgetful map from equivariant cohomology to cohomology and
the middle arrow is the natural map:

H* (Flg, ) @5 H* (Flg, &) Gradl. (F) @y Gradi. (¢)

H*(Flg, #) @k H} (Flg, 9)

(4.7.8))
H*(Flg, 7) ®us (pex) H1 (Flg, 9)
4.7.7)
. I (4.5.6) A I
H*(Flg, .7 4 4) = Gradxv (F x 9).

Proof. — By Proposition in this diagram one can replace H}(Flg,¥) by
° —(zt(\),2
P Hiptsk) @i H; (Pl 9, 0).
AeXY
Similarly, by Proposition and (4.5.4) one can replace H*(Flg, %) by
S%) H=e 20 (Flg, Z2,).
AEXY

Then the statement exactly becomes the fact that the construction given at the
beginning of this subsection corresponds to (4.7.6) under the identification given

by (4.5.6)). O

4.8. Comparison of the functors Grad and F
Consider the functor
Gradi. o Z : Pervi +¢(Grg, k) — Mofy,

(where we omit the forgetful functor from MofkXV to Mofy.) Combining (2.5.6) and
Proposition [.5.4 we obtain a canonical isomorphism

(4.8.1) Gradi. o Z =5 F,

where the right-hand side is the fiber functor for the Satake category (see §1.3.2)).
Our goal in this section is to show that several structures defined independently on
the left- and right-hand sides of (4.8.1]) are intertwined by this isomorphism.

4.8.1. Grading. — We first consider the gradings on the left- and right-hand sides
of ([EE1).

Lemma 4.8.1. — For any & in Pervi+g(Grg,k) and A\ € XV, the isomor-
phism (4.8.1) induces an isomorphism

Grad} . () 0 Z() = FA().

TAWo
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Proof. — The isomorphism under consideration is the composition
(4.8.2) Gradx. o Z(«/) = H*(Grg, Z(e/)) = F(o/)

where the first isomorphism is provided by Proposition [£.5.4] and the second one

by (2.5.6). Recall (see §1.3.2] and in particular Remark [1.3.7)) that the submodule
Fi(#) C F(«7) is the image of the canonical (injective) morphism

(\,2p) (A,2p)
R e Ty (T ) = H 7 (Grg, ).

By base change, under the second isomorphism in (|4.8.2)), this subspace corresponds

to the image of the canonical (injective) morphism

HA2)  (Flg,Z(«)) — HA20) (Flg, Z(7)).

T (LU pwo Lapwo(N))

On the other hand, setting Q := {u € XV | p <p zawo(N)}, Grad® ) © Z()

TAWo (
corresponds (under the first isomorphism in (4.8.2)) to the image of the canonical
(injective) morphism

H*20)(Flg, Z(o/)q) — HA20)(Flg, Z(7)).

To compare these two submodules, we consider the commutative diagram

(A2p) (\,2p)
Hﬂfl(m) (Flg, Z(o)a) — Hﬂfl(m) (Fla, Z(o))

| |

H*20) (Flg, Z(4)q) HX20)(Flg, Z()),

where all the maps are the natural ones. In order to prove that our two submodules
coincide, it suffices to prove that the two maps with domain the top left corner are
surjective. These morphisms are part of long exact sequences, whose next terms are

HYM2_  (Flg, Z2()/Z()q)

T (LU g wo Lapwo ()

and
HX200  (Flg, Z()q)

Fle~\m" LUz y wo "L g wo (1))
respectively. It therefore suffices to prove that these k-modules vanish.

If p € XV and 6{‘00 C 7 Y LUz pw, - Laywe(n)), then we also have LUy, w, - Ly C
LUz pwe * Layw,(r); 50 that (as in Remark [4.5.11)) we have p € €. Using the formula
in Remark we deduce that the first module vanishes. On the other hand,
if £ € Qand (zy'(1),2p) = —(\,2p) then pu = wpws(N), so that 6,?(“) ¢ Flg ~
7 Y (LUspw, “Lyywo(n)). Hence the same formula implies that our second module
also vanishes, which finishes the proof. O
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4.8.2. Monoidal structures. — Now we turn to monoidal structures. Namely,
the left-hand side in ([4.8.1) admits a monoidal structure, obtained by combining the
4.7.2| with

constructions of § . On the other hand, the right-hand side also admits
a monoidal structure (see §1.3.4) for which we have given an alternative description
in (and also in §3.3.4] under some assumption on k). These structures are
compatible in the sense of the next statement.

Proposition 4.8.2. — The isomorphism (4.8.1) is an isomorphism of monoidal
functors.

Remark 4.8.3. — Propositionimplies in particular that the functor Gradé\(v o
Z : Pervy+g(Grg, k) — Mofy is a fiber functor (i.e. a faithful k-linear monoidal functor
which intertwines the relevant commutativity constraints). This fact can be proved
directly; see e.g. [AB], §83.6.5-3.6.6] for the fact that Gradé\(v oZ intertwines the com-
mutativity constraints. By the yoga of Tannakian categories (see in particular [SR),
§11.3.2.3.2 and §IL.3.4]), this implies that this functor is defined by a principal Gy-
bundle over Spec(k). If k is an algebraically closed field then this principal bundle
is automatically trivial, so that one can deduce a monoidal isomorphism between
Grad%v oZ and F. In the general setting, however, proving Proposition is the
only way we know to prove the triviality of this principal bundle.

The proof of Proposition will require a few preliminary steps. We begin with
the following lemma, which should be compared with Remark [1.3.10

Lemma 4.8.4. — Let o € Pervyig(Grg,k) and .F € Pervy (Flg, k), and assume
either that F(<7) is flat over k, or that Gradi. (.F) is flat over k. Then the complex
o WL F is perverse. As a consequence, the complex Z(</) ! F is perverse.

Proof. — Of course it is enough to prove the claim in the case .# = J4{ (M) for some
A € XV and M € Mody (assuming that F(«) is flat in the first case, and that M
is flat in the second case). In this setting, in view of Remark to prove the
first claim it suffices to prove that o ®L M is perverse. However, in the first case,
identifying complexes on Grg with complexes on Grg X Grg supported on Grg X Grg
this property is a special case of the statement recalled in Remark And in the
second case it is obvious.

The second claim follows from the first one, in view of Corollary O

In view of the definition of our two monoidal structures, in order to prove Propo-
sition we need to prove that for any &, % in Pervy+q(Grg,k) the following
diagram commutes (where, for brevity, we write Grad for Gradé\(v):

Grad(Z(«/ +E "¢ 2)) H (Flg, Z(o +5C %)) For +57¢ %)
3A4A3l 1B33)

Grad(Z(«/) =4 Z(#)) s s )

4.7.8T T
Grad(Z(«)) @ Grad(Z(2)E22He (Flg, Z()) ® H* (Flg, Z(5)) F(/) ® F(2).
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Here, every map is an isomorphism. By the same arguments as in the proof of
Corollary one can assume that & and 2 are such that F(&/) and F(Z#) are
k-flat, which we do from now on. (In this case the bifunctors *0L+G and %} can be

replaced by *L7G and «! respectively, and the 0-th perverse cohomology functor can

be omitted; see Remark [1.3.10}, Corollary and Lemma [4.8.4])
We need two additional lemmas before we can prove the commutativity of the
diagram above.

Lemma 4.8.5. — Let & € Pervp+q(Grg, k), and assume that F() is flat over k.
For any % in Perv?(Flg,k), the following diagram commutes:

@5.9) G27) H®(Grg x Flg,

o RE )
T4A7A8 -T
Grad(Z(«)) ® Grad(# !H (Flg,Z()) ®x H* (Flg, # ! F(«) @« H* (Flg, %)

Grad(Z(«) ' F) H*(Flg, Z(7) ' F)

Note that both o KL .7 and Z(a/) ! # are perverse by Lemma

Proof. — Let us enlarge the diagram by inserting two terms involving the equivariant
cohomology groups H}(Flg, .%):

2.7 H'(GI‘G X FIG,

(3.2.11)

4 5.6

Grad(Z(#) ' F) ————

H* (Fla, Z(<)) @us (pie) HI (Fla, 7)
€T3 T EZD) o EZ10)
H*(Flg, Z(«)) @« H} (Flg, F)

(*)l

Grad(Z(+/)) ® Grad(F) B2 1o (Fle, () @ H* (Fle, 7) BZ2 F(w) @ He (Flg, 7)

The left half of this enlarged diagram commutes by Lemma @ and the right half
commutes by Lemma The arrow marked (x) is surjective by Lemma and
all maps in the outer rectangle (i.e., all maps in the statement of the lemma) are
isomorphisms. We conclude that the outer rectangle commutes. O

Lemma 4.8.6. — Let o/, B € Pervy,+q(Grg,k) be such that F(<7) and F(A) are
flat over k. Then the following diagram commutes:

H* (Flg, (o) +! Z(B)) He (o KL Z(B)) F(«7) @ H* (Flg, ()

3.4.5J JZ.{S.G

Flar «176 ) — B2, pe(yrL ) — 520 F(or) @4 F(5).
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Proof. — We have

(id x )« (o ék Z(RB)) = o ék mL(B) = o ék B,
where the second isomorphism uses Lemma This isomorphism allows us to de-
fine a vertical arrow in the middle column of our diagram. With this additional arrow,
it is easily seen that the right part of the diagram commutes. To see that left part of
the diagram commutes, apply Remark to the sequence of maps Grg(yU0) —
Grg.(yu0) — C and to the complex o K Z(%) on Gr x F1 = Grg(yU0) co. O

Proof of Proposition — The desired commutative diagram can be assembled
from Lemmas [3.4.3] [4.8.5] and [£.8.6] as follows:

Grad(Z(o/ +5"¢ ) H* (Fle, Z(o +5 7€ 2)) F(o/ +47C @)

Jes | T |
Z(#)) (

Grad(Z(«) + 2(#)) — 22 4o (Flg, Z(o) #! H* (o ®* )
e
H* (o R* Z(A)) Lemma LES
(4.7.8) Lemma 8.5 T (T37)
F(/) ®x H*(Fla, Z(B))
2.5.6T (2.5.6)

Crad(Z(#)) @ Crad(Z(2)) B He (Flo, Z()) ® H* (Fle, 2(2) P F () @ F(2).

Here, the unlabeled square in the upper left-hand corner commutes by the natural-

ity of (4.5.6)), and the unlabeled triangle in the bottom right corner commutes by
construction. O






CHAPTER 5

COMBINATORIAL ASPECTS AND VARIANT FOR
ETALE SHEAVES

One of the original motivations for defining and studying central sheaves was the
desire to “categorify” a description of the center of the affine Hecke algebra due to
Bernstein. In this chapter we recall this description, and explain to what extent it
is categorified by Z. To make full sense of this idea one needs to use mixed perverse
sheaves rather than ordinary perverse sheaves; in particular one should work in the
étale setting rather than the “classical” setting we have opted for so far. This variant
is considered in it will also play a major role in Part [[I]

5.1. Bernstein’s description of the center of the affine Hecke algebra

5.1.1. Bernstein elements in the affine Hecke algebra. — This section builds
on the notions introduced in §4.1.1] The affine Hecke algebra associated with G is
the unique Z[v, v~ !]-algebra H with a basis (H,, : w € W) which satisfies

(Hy +v)(Hs —v ') =0 ifseS

and

H,Hy = H,, if {(wy)=L(w)+ L(y).
(Our notational conventions are those of Soergel [So], which differ slightly from those
of Kazhdan—Lusztig [KL3|.) Using these rules it is not difficult to check that each
element H,, (w € W) is invertible in H. It is clear also that if we consider Z as
a Z[v,v~1]-module with v acting as the identity, then we have a canonical algebra
isomorphism

(5.1.1) Z ®gpp0-11 H = ZIW).

We will also denote by Hy the Z[v,v~1]-subalgebra of H spanned by the elements
(Hy, : w € Wr). This subalgebra identifies with the Hecke algebra of the Coxeter
system (W, St).

As in §4.1.0] we fix a closed Weyl chamber, and denote by A its intersection with
XV. For A € XV, we choose some y € Ay, and set

03 = (~1)M) - Hy,) 'th;w\)'
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These elements were introduced (in the special case when A is the dominant Weyl
chamber) by Bernstein. The proofs of their main properties (some of which are
reproduced below) first appeared in [Lull.

Lemma 5.1.1. — For any A\ € XV, the element Hf\\ does not depend on the choice
of u € Ax. Moreover, for \,\' € XV we have

GA/)\\_i_A/ = 9‘;\\ . aﬁ}/
Proof. — Let A € XY and py, 2 € Ax. Then in view of Lemma [4.1.2|(1)) we have

He(py—3) He(uo—x) = He(uitpa—20) = He(uo—3) He(uy—n)-
Similarly we have
He(yu) He(uz—2) = He(uo) e -0)-
Multiplying on the right by Hy,  Hi, \ =Hg ) Hi, o,
indeed does not depend on the choice of u.
Similarly, for A\, A € XV, choose ;1 € Ay and p’ € Ay, and observe that

we deduce that 93\

-1 -1
Ht(#)Ht(uf)\)Ht(H/)Ht(u’f)\’) =
-1 —1 —1
iy He(uy Hy(y ) He(r -y = Heurwy  Hegug -y
which proves that 6464, = 9f\\+/\/ since 4+ p' € Ay O

Ezxzample 5.1.2. — In case G = PGL(2), we have an identification XV = Z, under
which 1 € Z corresponds to the coweight

t 0
]t

If B is chosen as the Borel subgroup of lower triangular matrices, then under this
identification we have XY = Z>¢. The set S has two elements: the “finite” simple re-
flection s, which belongs to W¢, and the “affine” simple reflection s,. These reflections
satisfy sos = t(2). We also have 2 = {e,w}, where w := t(1)s, and wsw = s..
If A corresponds to the dominant Weyl chamber, then we have:
0} = —H,s, 0% =—He+ (v —v)H,,
0} = Hy o, 0, =Hy +(w—v Y)H,+ (v—v YH,, + (*+0v"2-2)H,.
If A corresponds to the antidominant Weyl chamber, then we have
0} = —Hys + (v ' —v)H,, 0% =—H,,
0 =H, o+ (v—v YH)Hy+ (v —v DH,, + (v +v 2 —2)H,, 6", = H,,,.

For the proof of the following lemma, we refer to [Lull Lemma 7.1].

Lemma 5.1.3. — In the special case A = XY, for any X € XV and s € SN Wr we

have
Vv
XY

XY XY XY
Ho- (037 +005) = (05 +00) - H..
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Once this lemma is proved, one obtains that for any We-orbit o C XV, the element

\2
> rco 03\(4’ commutes with all elements in Hs.
The elements (93\ : A € XV) depend on the choice of A, as shown in Example|5.1.2
However, their We-invariant linear combinations do not depend on this choice, as
shown in the following lemma.

Lemma 5.1.4. — For any Wi-orbit o C XV, the element
>0
A€o

1s independent of A.

Proof. — We will first prove that for any simple reflection s € S N W¢, any A and
any A € XV we have

oh Hg-0% - H7' if £(szp) > l(zp);
2 H7'- 04 - Hs otherwise.

Here x45 = sxp, so the two cases are equivalent upon replacing A by sA.
So, we fix A and s as above, and assume that ¢(szy) > £(zp). Let a be the simple
root such that s = s,. Then, for any u € A, we have (u,a) > 0, so that in view

of (4.1.1) we have

(5.1.2) O(st(p)) = L(t(p)) + 1.
We then consider A € XV, and u € A such that 4 — X € A, so that
gf\\ — (fl)(Aﬁp) - Hy CHoL

t(p—A)’
We have
spe s, sp—shesh,  (—1)M2) = (—1)(N2e)
0
0% = (=) Hygpy - Hy oy

Now as observed above we have x5y = sz, and using ([5.1.2)) we have
HyHyy = Ha(py = Hi(spys = He(spy Hs
since £(t(sp)) = £(t(u)), see (4.1.5)). Similarly we have
HHy(yu—n) = Hesp—sx)Hs,
from which we obtain that
038 = (=)0 (H Hyy HY) - (HoHyo ) Hy )7 = HOVH

as desired.
We now prove by induction on £(x,) that for any W-orbit o C XV we have

=30

A€o A€o
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which will finish the proof. If £(zx) = 0 then A = XY, and there is nothing to prove.
Assume now that £(xs) > 0, and let s € S N Wt be such that £(sza) < €(zp). We
have sxp = x4a, so that by induction we have

Soot =3

A€o A€o
We deduce that

Z@AZHs' <ZQ§§\\> 'Hs_les' (ZQ?K) ,Hs—l :Zeiq

A€o A€o A€o A€o

since Y 3o Gf\(+ commutes with Hg by Lemma O

5.1.2. The center of the affine Hecke algebra. — We now denote by B* the
Z[v,v~1]-subalgebra of H spanned by the elements (/Y : A € XV). The following
statement, due to Bernstei (see e.g. [Lull), summarizes the main properties of
this subalgebra.

Theorem 5.1.5. — 1. Multiplication induces isomorphisms of Z[v,v~1]-modules
BY @ppp0-1) He = H and  He Rz -1 B = M.

2. The elements (93\ : X € XV) are linearly independent; therefore the assignment
A= 0% extends to a Zv,v-algebra isomorphism

0N Zv, v XY = B

3. The isomorphism 0" restricts to an isomorphism

Zlv, v XY™ = Z(R),
where on the left-hand side W acts on Z[v, v ][XV] via its action on XV, and
the right-hand side denotes the center of H.

Consider now the trivial module triv for Hy, i.e. the module equal to Z[v,v~}],
with the action such that H, acts by multiplication by v~ for s € S¢. The spherical
(left) module for H is the induced module

MR = U @y, triv.

We have a canonical surjective morphism H — M®" induced by the action on the
element 1 ® 1. Theorem [5.1.5(|1]) implies that this morphism induces an isomorphism
of BA-modules B* = M®P! and then Theorem @ says in particular that the
restriction of this map to Z(#) is injective. In other words, a central element in H is
uniquely determined by its image in M®P,

(1) As noted above, in [Lui] only the case A = X_‘v_ is considered; the general case however follows
using Lemma@ and its proof.
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5.1.3. Relation with Kazhdan-Lusztig combinatorics. — Recall that the
Kazhdan—Lusztig involution of H is the unique Z-algebra involution sending v to v~!
and H,, to (H,-1)"! for any w € W. Then, as proved in [KL1] (see also [Sa]), for
any w € W there exists a unique element H, stable under the Kazhdan-Lusztig
involution and which belongs to
Hy,+ Y vZ[v]H,.
yEW

(It is a standard fact that in fact H,, € >° _,,
needed for the characterization above.) Moreover, the collection (H.
Z[v,v~1]-basis of H, called the Kazhdan—Lusztig basis.

Let (as in w, € Wt be the longest element. Then it is well known that

H, = Y vt

Lo,
weWs

vZ[v]Hy; but this property is not
rweW)isa

w

see e.g. [Sol Proposition 2.9]. This element satisfies H, - H,, = v_lﬂwo for any
s € St. Therefore, there exists a (unique) morphism of H-modules

¢t MP 3
sending 1®1 to H,,_. It is not difficult to check that this morphism is injective, which
allows us to regard M*P" as a sub-H-module of the regular module .

Now, consider the Langlands dual complex reductive group G¢. For A € XY,
one can consider the simple G¢-module L¢(A) with highest weight A. For g € XV,
the dimension of the p-weight space of this representation will be denoted d,(\).
(These dimensions have been the subject of intense study; they can be expressed
combinatorially, e.g. via the Weyl character formula or via the Kostant formula for
weight multiplicities; see [Hull, §24] for details.) The following result is due to Lusztig
(see [Lull Theorem 6.12 and Proposition 8.6]).

Theorem 5.1.6. — For any A\ € XY, if ny is the longest element in the double coset
Wit(\)Wr we have

H = (_1)8(7M)—€(wo) 'ﬂwo . Z dﬂ()‘) . 0:}

pneXY

Example 5.1.7. — Continuing with the notation of Example we have ny =
wsos and ny = $8,5. In these cases the formula of Theorem becomes

DN

Ho=—H, (~Hos — Ho + (v —v)Ho)
and
Hy = H, (Hos+ Het Hsy + (v =0 ) Hy + (v =0 Hy, + (v* + 077 = 2)He).
These formulas can be checked directly using the fact that
H,,. o= Hys.s +vHus, + vHys +v°H,
and

H, .=H,,,+vH,, +vH, ,+v*H, +v*H,, +v>H,.

S$508
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5.2. Combinatorics of central sheaves

In this section we assume that k is a field.

5.2.1. Description of the Grothendieck group of DY(Flg, k). — Recall that
the category D?(Flg,k) has a natural monoidal structure, with monoidal product
*xT. As a consequence, its Grothendieck group [D'}(Flg, k)] acquires a ring structure.
Recall also that all simple perverse sheaves in D}’(Flg,k) are fixed under Verdier
duality; it follows that this functor induces the identity on [D?(Flg, k)], and hence in
particular that

(5:2.1) (A, (k)] = [V, (k)]

for any w € W.

The reason why the combinatorics of the affine Hecke algebra can be used to
describe some aspects of the study of D?(Flg, k) is provided by the following standard
result.

Lemma 5.2.1. — There exists a canonical algebra isomorphism

(5.2.2) 7 ®z[v,v-1) H [D})(Flg,k)]

such that the image of (—1)"™) . (1 ® H,,) is the class of V1 (k).

Proof. — Recall that the left-hand side identifies with Z[W1], see (5.1.1). We define a
map from Z[W] to [D?(Flg, k)] by sending w to (—1)%®) . [VL (k)]. Tt is well known
(and easy to check) that the objects (VI (k) : w € W) generate D?(Flg,k) as a

triangulated category, so that this map is surjective. On the other hand, consider the
set of maps

ow: [DY(Fla,k)] > Z  givenby ¢, ([Z]) = Y _(—1)" dimy H" (Flg v, ji,F)
nez
(where jy, : Flg,w = Flg is the embedding, as in §4.1.2). These maps satisfy

Pu([Vi®)]) = (=) 80,

which implies that the classes ([VL (k)] : w € W) are linearly independent. Hence our
map is injective, and thus an isomorphism of Z-modules.
It remains to check that our map is an algebra homomorphism, i.e., that

(—D) DT (0)][Vy, ()] = (=1 2 [V, (k)]

for any wi,ws € W. By induction on the length of ws, one can reduce to the
cases where we € Q or wy € S. If wy € Q, or if wy € S and l(wywse) = L(wy) +
1, then the claim follows from Lemma [£.1.4] The remaining case is that in which
wy € S and f(wiws) = £(wy) — 1. In this case, by the case treated above we have

(—1)““’1“’2)"’1[Vilw2 (]k)][VfU2 (k)] = (—1)‘5(“’1)[V11U1 (k)], so using , we obtain
(1) el (k)] [V, (k)] = (—1) 12 [V L, (R)][VE, (K)][AL, (k)]
= (1)t vl (),

where the last equality again follows from Lemma O
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In §5.1.2 we introduced the H-module M?®PP. The same arguments as for
Lemma [5.2.1] prove the following.

Lemma 5.2.2. — There exists a unique isomorphism of Z-modules
(5.2.3) Z @zfp,0-1) M =5 [DP(Grg, k)]

such that the following diagram commutes (where the left vertical arrow is induced by
the canonical map H — M®Ph):

15.2.2)
Z ®zjp0-11 H [D}?(Flg, k)]

| l{m

5.2.3
Z ®Z[u,v*1] Msph £23 [D?(GI‘C% k)]

Moreover this isomorphism intertwines the action of Z Qg -1 H on Z Qzjy -1
MPE and the action of [D?(Flg, k)] on [DY(Grg,k)] by convolution, via the isomor-

phism (5.2.2).
The functor
7* : DY(Grg, k) — DY (Flg, k)
intertwines the actions of D?(Flg, k) on DY(Grg,k) and D?(Flg,k) by convolution
on the left. Therefore, the induced map

[7*] : [D}(Grg, k)] — [D} (Flg, k)]

is a homomorphism of [D?(Flg,k)]-modules. Since this map sends the skyscraper
sheaf at the origin of Grg to kg;—, whose class has preimage 1® H,,  under (5.2.2)),

o

it follows that the following diagram commutes, where ( is as in §5.1.3]

(5.2.2)
Z ®Z[v,v_1] H [D]ID(Fle k)]

(5.2.4) Z®CT T[,r*]
sph (©.2.3) b
7 ®Z[7j’v—1] MsP [DI (Grg,k)}.

Recall from §4.1.2| that for w € W we denote by #%. the intermediate extension
of the constant sheaf along j,, i.e. the image of the unique (up to scalar) nonzero
morphism Al (k) — VI (k). Below we will also use the following result, due to

Kazhdan—Lusztig [KL2] (see also [Sp1]).

Theorem 5.2.3. — Assume that char(k) = 0. Then, for any w € W, the isomor-
phism (5.2.2) sends (—1)““) . (1® H,) to [FE€]].

Remark 5.2.4. — In the notation of [KL1], the basis (H,, : w € W) considered
above is denoted by (Cl, : w € W). In [KL1] the authors also consider another
“canonical” basis, denoted (C,, : w € W), which differs from the previous one by the
replacement of v by v~1 (see also [So, Theorem 2.7 and Remark 2.8]). The elements
C,, can also be related to perverse sheaves via a variant of the isomorphism :
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they correspond up to sign to the tilting objects in the category of I-constructible
perverse sheaves on Flg. For more on this description, see [Yunl.

5.2.2. Classes of central sheaves. — We can now identify the classes of central
sheaves in the Grothendieck group.

Proposition 5.2.5. — For any F in Pervi+c(Grg,k), and for any choice of A,
the preimage under the isomorphism (5.2.2)) of the class [Z(F)] is

(g o)

AexVv
and this element lies in the center of Z ®Z[@ v-1] H.

Proof. — From the definition and (4 we see that the isomorphism of Lemmal5.2.1]
sends 1 ® 0% to [J4(k)], for any A € XV. (Note that here we have (—1 )<“’A (A).2p) —
(—1)A20) for any A.) The formula for [Z(.%)] then follows from Theorem and
Lemma m since dlm(S(ﬂ)wowxl()\)) = dim(S(.F),) for any A € XV. The last
assertion in the proposition follows from Theorem [5.1.5 O

Remark 5.2.6. — Assume that .% is supported on a connected component of Grg.
Then all the Wakimoto sheaves J4 (k) appearing in a Wakimoto filtration of Z(.%) are
supported on the same connected component of Flg. If w € € is the unique element
such that Flg , is in this component, then in view of Remark-the simple perverse
sheaf #€! is a composition factor of J A( ) with multiplicity 1 for any A € XV such
that S(.Z ) # 0. Hence Proposition H implies that

Z2(F) : IC] = dim(S(F)).
This provides an extension for general field coefficients of [GH) Corollary 1.2].

Since m,0Z = id (see Lemma [2.5.1)), Proposition also allows us to describe the
classes of the objects of Pervy,+g(Grg, k) in terms of the isomorphism of Lemmal(5.2.2

Corollary 5.2.7. — For any & in Pervi+g(Grg, k), and for any choice of A, the
preimage under the isomorphism (5.2.3)) of the class [F] is

(é;v dim(S 0% ) :

Using the commutative diagram (5.2.4]), from this corollary we obtain that for any
Z in Pervy+g(Grg, k) the preimage under (5.2.2) of the class [7*.%] is

(5.2.5) 1@(2 dim(S 9A>-w :1®Hwo-<z dim(S 9A>

AEXV AEXV
Assume now that k = C and that # is simple, i.e. that #F = J. (A, C) for some
A € XY. Then S(#) = Lc()), and since 7 is a smooth morphism we have 7*.% =
IEC! [—l(w,)], see [BBDG] §§4.2.5-4.2.6] or [Ac3, Corollary 3.6.9]. In view of The-

orem this implies that the preimage under (5.2.2)) of [7*.%] is (—1)¢(m")—(wo) .
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H,, . Comparing with (5.2.5)), this provides a geometric proof of the specialization at
v = 1 of the formula in Theorem B.1.6

5.3. Combinatorics of mixed central sheaves

The formulas considered in have the drawback of only involving the special-
izations of H and M?®P" at v = 1. In order to obtain formulas in H or MSP" one needs
to use mixed Q,-sheaves over versions of Grg and Flg over a finite field. One of our
goals in this chapter is to explain these formulas. (These results will be required in
a technical proof in Chapter @) As preparation, we first explain how to make sense
of variants of the results of Chapters for étale sheaves (for various choices of
coefficients). These variants will play an important role in Chapters |§| and

5.3.1. Etale central sheaves. — We consider an algebraically closed field F of
characteristic p > 0, and a connected reductive algebraic group G over F, with a
choice of Borel subgroup B C G and of maximal torus T’ contained in B. Then one
can consider the affine Grassmannian Grg and the affine flag variety Flg associated
with G. All the ind-schemes considered in Chapter [2] have obvious counterparts over
I, which will be denoted similarly, and all the properties proved in that chapter remain
true in this setting. Thus, if k is one of the coefficient rings considered in (for
a fixed prime number ¢ # p), one can consider the constructible derived categories
DP(Grg,k) and D (Flg, k) of étale k-sheaves, and the “central” functor

Z : D°(Grg, k) — DP(Flg, k)

defined in terms of nearby cycles (in the sense recalled in Section as in the complex
setting. The proofs in Chapters [3| and 4] rely only on formal properties of the nearby
cycles functor (see Chapter@ and of the various ind-schemes considered in Chapter
Since the étale nearby cycles functor has the same formal properties as its complex
counterpart (see for details), these proofs go through with no change in the
étale setting. (The geometric Satake equivalence also holds in this setting, see [BR],
§1.1.4] for some remarks.)

Remark 5.3.1. — In the étale setting, the statement that the monodromy action is
unipotent (see Proposition ) should be modified as follows. First, one should
assume that the complexes under consideration are perverse sheaves. In this case,
using Corollary we obtain that the monodromy action factors through the mor-
phism ¢ of and is given by the inverse of the monodromy morphism (9.5.4)) of the
perverse sheaf Z(%#). Then the same arguments as in the proof of Proposition
show that this action further factors through the morphism ¢y : I — Z,(1)
and is given by unipotent endomorphisms. (Note that the kernel of the morphism
Zy(1) — Zg(1) is a projective limit of finite groups of order invertible in k; hence
the property that a continuous action of Z, (1) factors through a unipotent action
of Z(1) is stable under extensions.)
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In case k = @, an alternative proof of Proposition [2.4.6([) was given by Gaits-
gory [G1], see also [GH, Theorem 5.7]. This proof uses the comparison with the
affine Hecke algebra and Bernstein’s results (see Sections 5.2) in a crucial way.

5.3.2. Mixed complexes. — From now on we assume that F is the algebraic clo-
sure of a finite field FF,,. We choose a prime number ¢ different from p, and restrict to
the case when k = Q,. We also fix once and for all a square root @z(%) of the Tate
sheaf Q,(1).

We will assume (as we may) that G (resp. B, resp. T') is obtained by base change
from a split reductive group scheme G, over [, (resp. a Borel subgroup B, of G,
resp. a split maximal torus T, contained in B,). Then the affine Grassmannian Grg
and the affine flag variety Flg over F are obtained by base change from ind-schemes
Grg,. and Flg , over F,. We can therefore consider the Iwahori-equivariant derived
category

D?}ci)x(GrG,ov@Z)

of mixed Q,-complexes on Grg, in the sense of [BBDGI, §5.1.5], and its counterpart
Dy (Flg,o,Qy)

for Flg .. The Schubert cells Flg ., (w € W) also have counterparts over F,, denoted
Flg,0,w. We will again denote by j,, : Flgo,w — Flg,o the embedding, and set

VI = (0)e Qg L), AT = () ey, (6042,
Then V% and AM* are mixed perverse sheaves, and the image #€™* of the unique
(up to scalar) nonzero morphim AM* — Vi jg simple and pure of weight 0.

Let us denote by R the Grothendieck group of the category of mixed complexes
over Spec(F,). Then R has a natural ring structure, induced by tensor product of
complexes. Moreover, there exists a natural algebra morphism Z[v,v~1] — R, where
v is sent to the class of Q,(—3).

The following lemma provides analogues of Lemmas and Its proof is

similar to that of those statements.

Lemma 5.3.2. — 1. There exists a canonical algebra isomorphism
(5.3.1) R ®z[v,v-1] H S [D?LX(FIG’O,@K)]

such that the image of (—1)*) . (1 ® H,) is the class of VXX,
2. There exists a unique isomorphism of R-modules
(532) R ®Z[v,v*1] Msph l> [DIIY,ILX(GI‘G,W@Z)]
such that the following diagram commutes (where the left vertical arrow is in-
duced by the canonical morphism H — M®Ph):

22 , —
R @z H —————— [D70"(Fla,o, Q)]

| Ji

(15.2.3) . _
R ®Z[v,v—1] MSph [D}’jgx(Grgyo, QZ)}
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Moreover this isomorphism intertwines the action of R®z(, ,-11H on Rz, 1)
MSPY and the action of [DT;X(FIQO,@@)] on [DPX(Gra,0, Q)] by convolution,

via the isomorphism (5.3.1)).

Here the inverse of the isomorphism ([5.3.1]) sends the class of a complex .Z to

ST (-4 - |y,

weWw

where, for any w € W, j,, : Spec(F,) — Flg o is the inclusion of a chosen point.

Remark 5.3.3. — In the mixed setting, it is no longer true that standard and
costandard perverse sheaves have the same image in the Grothendieck group. In fact,
since [AD™] is inverse to [V™%] (by a mixed analogue of Lemma [4.1.4), it must be

the image of (—1)*™) . (1 ® (H,-1)~") under (5.3.1).

We also have the following analogue of Theorem [5.2.3] which follows from the
results of [KL2| together with [BGS| Corollary 4.4.3].

Theorem 5.83.4. — For any w € W, the preimage of [FE™X]| under (5.3.1) is
(=D (1@ H,).

5.3.3. Associated graded of the weight filtration. — Recall from [BBDG]|
Théoréme 5.3.5) that any mixed perverse sheaf on Spec(F,) has a canonical weight
filtration. Taking the associated graded of the weight filtration, and then extending
scalars from ), to F, we obtain an exact functor from mixed perverse sheaves on
Spec(F)) to graded perverse sheaves on Spec(F). At the level of Grothendieck groups,
this functor gives rise to a ring homomorphism

R — Z[v,v™ 1]

that is a left inverse to the ring homomorphism Z[v,v~!] — R considered above.
More concretely, if we denote by s the functor of base change to Spec(F), and identi-
fying perverse sheaves on Spec([F) with finite-dimensional Q,-vector spaces, then our
morphism sends a perverse sheaf .# to

Zvi dim(%(gryv(y))),

where grV (%) is the i-th part of the associated graded of the weight filtration on .7.
In particular, in view of (5.3.1)) and ([5.3.2)) we obtain a canonical surjective algebra
homomorphism

(5.3.3) [DFY(Flg,o, Q)] — H

and a canonical surjective map

(5.3.4) DY (Grg o, Q)] — MoP"
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which intertwines the actions of [DPX(Flg,., Q)] and H via (5.3.3). Concretely,
denoting again by s the functor of base change to F, the morphism (5.3.3]) sends the
class of a mixed perverse sheaf .% to

Z z(w) (ZU F)) : ycgi] 'Hw> ]

weWw €L

5.3.4. Mixed central sheaves. — The ind-schemes considered in Chapter [2] also
have natural analogues over IF,,. Using the nearby cycles functor for étale sheaves in
this setting (see in particular §9.5.4) we obtain a functor

77 Pervitt; o (Gra o, Qp) — PerviX(Flg o, Qy),

where Pervf‘f‘c o(Grg.0,Qy) is the category of mixed LT (G,)-equivariant perverse
sheaves on Grg,, and Pervm‘x(Flao,@[) is the heart of the perverse t-structure on
Dy (Flg,o, Q).

For \ € Xi, we denote by mlx(/\,@e) the canonical lift of the perverse sheaf

Ji+(A\,Qy) to a pure perverse sheaf of weight 0. The “
tion [5.2.5]is the following claim.

mixed” version of Proposi-

Proposition 5.3.5. — For any X € XY, the image of the class of the mized perverse

sheaf Z™X (T2 (X\, Qy)) under 18
> A

peXy

Proof. — All the constructions considered in Chapter [3[ can be done over IF,,, and
from this we deduce that the class [Z™%(J™*(\ Q,))] belongs to the center of
(D} (Flg,0,Qg)], and then that its image ¢y under belongs to the center
of #. Now Lemma [2.5.1] also holds over F,,, which implies that the image of ¢ in
M®P! is the image under of the class of J™™*(\, Qy).

If we set Q := Zwewf v? ( ), by the projection formula we have

[7T* mlx()\ @4)] Q- [ mlx()\ Qe)]

On the other hand, by the same arguments as in the non-mixed setting (see ")
we have 7T*\7f*“i"()\,@5)[6(11)0)]([(%)) SJE M (where ny is as in Theorem 7 S0
that

[ TE N Q)] = (—0) ) - [m IE0].

In view of Theorem [5.3.4] comparing these equalities we obtain that the image of
[Tmix(X, Q)] under (5.3.4) is

1
— - (=1)HmA)—we) gy b(wo) (H,, ®1).
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Using Theorem and the observation that @ is equal to the image of ve(%)ﬂwo
under the natural map H — M®P? we rewrite the expression above as

> du(N) o) | @1

peXY

Since a central element in 7 is uniquely determined by its image in M"P? (see §5.1.2)),
the desired equality follows. O

Proposition [5.3.5 should be seen as a combinatorial recipe for computing the com-
position factors of each piece of the associated graded of the weight filtration on
Zmx( 70X (X Q). Namely, in view of the formula for given at the end
of to determine these data one should consider the element ) pEXY du(X) -92 €
H, and decompose it in the Kazhdan-Lusztig basis (H,, : w € W); the required mul-
tiplicities are then obtained from the coefficients in this decomposition.

Ezxample 5.3.6. — In the setting of Examples and Proposition [5.3.5
says that [Z™*(7™*(1,Qy))] = —Hys — Hsw + (v™1 — v)H,,. Using the fact that

Ews = Hys + UHLW ﬂsw = st + UHwa Ew = Hwy
along with Theorem we find that
(2771, Q))] = [FEI> (= 3)] + [0 + [IC] + [76>(3))-
The geometric setting in this case is that described in §2.2.4] (in the special case n =

2). The computation of nearby cycles in this case is explained in [Ac3| Exercise 4.6.8]
(or in [G1], §1.2.3]), and is consistent with this formula.
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CHAPTER 6

THE CHARACTERISTIC-0
ARKHIPOV-BEZRUKAVNIKOV EQUIVALENCE

The goal of this chapter is to review the construction of an equivalence of categories
(due to Arkhipov—Bezrukavnikov [AB]) relating the category of Iwahori-equivariant
Q-perverse sheaves on Flg and the category of GV-equivariant coherent sheaves on
the Springer resolution of GV (taken with respect to k = Q,). The construction of
this equivalence is based in an essential way on the results from Part [l

This equivalence can be seen as an important advance in the local geometric Lang-
lands program, and is a key step in the proof of Bezrukavnikov’s equivalence [Be5],
which gives a categorical upgrade of an isomorphism between two different geometric
realizations of the group ring Z[W] (see for more context). It also has impor-
tant applications in representation theory (e.g. in [Be3] and [BM]J), which will not
be reviewed here.

6.1. Overview of the chapter

In this section, we explain the ideas behind the construction of the equivalence,
and outline the main steps that will be carried out in this chapter.

6.1.1. Categorifying the affine Weyl group and its antispherical module.
— Let AV denote the Springer resolution for GV (see §6.2.2| for more discussion), and
let
St = N ng N

be the Steinberg variety. The group GV acts on both N and St, and we can consider
their respective derived categories of equivariant coherent sheaves, DPCoh® (N) and
DPCoh® " (St). Tt is a classical fact that the Grothendieck groups of D}(Flg, Q) and
DPCoh®" (St) are described by

(6.1.1) [DY(Flg, Q)] = Z[W] = [D"Coh®” (St)).

The first isomorphism above goes back to work of Iwahori-Matsumoto [IM] (and has
been treated above in Lemma ; the second is due to Kazhdan—Lusztig [KL3]
and Ginzburg [CG.
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There is a similar story involving the (right) antispherical module M?P"  defined
as follows: let Zgsg, denote the group Z made into a right Z[W]-module by letting
w € Wt act by multiplication by (—1)*), and then set

MEsPh . ngn ®Z[Wf] Z[W]

This module also arises as the Grothendieck group of various geometric categories.
Three such incarnations will be relevant to us.
The first involves coherent sheaves on the Springer resolution: we have

(6.1.2) [DPCoh®" (V)] = MasPh,

(This identification is one of the key ingredients of the proof in [CG]. See [BeR1]
for an “upgrade” of this identification at the categorical level.)

The second incarnation involves perverse sheaves on Flg. The kernel of the natural
map Z[W] — M®P! is spanned by Kazhdan-Lusztig basis elements whose label w €
W is not of minimal length in Wyw. In view of the first isomorphism in , this
suggests considering the Serre quotient

P?Sph := Perv;(Flg, Q,)/(the Serre subcategory
generated by {J%ﬂ : w not minimal in Wrw}).
We then have
(6.1.3) [PT™") 2 [DPPTPY] = AP,

Finally, the third incarnation originates in the theory of p-adic groups Let ¢ be
a power of p, and let Fy be a finite field with ¢ elements. Assume (as we may) that
our group G, resp. the Borel subgroups B and BT, is obtained by base change from a
split reductive group G, over F,, resp. Borel subgroups B, and B of G,. Taking the
preimage of B, (Fy) (resp. Bf (F,)) in G, (Fy[[z]]) provides “Iwahori subgroups” I, and
IF in Go(Fy((2))). In terms of these data, the algebra Hy := H ®zp,,,-1] Qp (where
Qy is viewed as a Z[v,v~!]-algebra with v acting as multiplication by a fixed square
root of ¢71) can be realized as the convolution algebra of I,-biinvariant functions
Gs(Fy((z))) — Q; supported on finitely many double cosets.

Fix a nontrivial homomorphism v : F, — @@X . Denoting by U; the unipotent
radical of BY, and choosing a trivialization of each root subgroup of U corresponding
to a simple root, we obtain a group homomorphism

UF(Fe(@)) = J]  Fall@).
« simple root

Then, composing with the morphism (fo)a — ¥(Res(>_, fa)) (where the residue is
defined by Res(3>",;;, a;z’) = a_1) we obtain a homomorphism y : U (Fy((z))) — Q,.

(DThis incarnation, which easily follows from the Iwasawa decomposition, seems to have been well
known to experts for a long time, but we were not able to attribute it in a precise way. See [BBL]
for more details regarding the description of the antispherical module in terms of Whittaker models,
a discussion of some references on this subject, and an application.
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The H,-module of functions f : Go (Fy((z))) — Q, satisfying
f(ngh) =x(n)f(g) for all n € US (Fy((2))), g € Go(Fy((2))) and h € I,

(and supported on finitely many cosets) provides a “g-version” M, ;Sph of M?Ph Mod-
ules constructed in such a way are called “Whittaker modules.”

Translating this construction into the language of perverse sheaves turns out to
be difficult, because the U (Fy((z)))-orbits on Go(Fy((2)))/Io are ind-schemes rather
rather schemes But this construction has a “baby” (or “Iwahori-Whittaker”) ver-
sion, as follows. Instead of considering the group UJ (F,((x))), one considers the
pro-unipotent radical I;f, of I7. A similar construction as above (involving the sur-

jection If, — UJ(Fy) and the map US (F,) — @ZX induced by 1) provides a group
homomorphism x' : I, — Q. The H4-module of functions f : Go(Fs((x))) — Q,
satisfying

flngh) =x'(n)f(g) forallnely,, g€ Gs(Fy((x))) and h € I,

is also isomorphic to MZ*P". Now the I;} -orbits on G, (F¢(())) /I, have much better
geometric properties, and this space of “Iwahori-Whittaker” functions has a geometric
counterpart which will be called the category of Iwahori-Whittaker perverse sheaves
on Flg. This category, denoted by Pervryy (Flg, Q,), satisfies

(6.1.4) [Pervzw (Flg, Q)] = [D"Pervzyy (Flg, Q)] =2 M2sPh,

The main result of [AB] (and therefore of this chapter) gives a categorical upgrade
of the isomorphisms in (6.1.2)), (6.1.3)), and (6.1.4): it asserts that we have equivalences
of categories

DPCoh®" (N) = DPPaP! = DPPervyyy (Fle, Q).

See Theorem [6.6.1] and Corollary [6.6.2] for precise statements. These equivalences are
an easier counterpart of (and a preliminary step towards) Bezrukavikov’s categorical

upgrade of (6.1.1) in [Be5].

6.1.2. Outline of the chapter. — We begin in Section[6.2] by trying to reconstruct
the derived category DPCoh® " (N) in terms of the following objects:

(6.1.5) sheaves of the form V ® @ with V' € Rep(G"), and
o line bundles O()), where A € XV,

It is straightforward to show that these objects generate DPCoh®” (./\7 ) as a triangu-
lated category, but our goal of “reconstructing” the category entails also “describing
the relations”—which is much more subtle! The most important statement in this

. . o . . b ARV, . .
section is Proposition [6.2.10}, which describes D”Coh® (N) as a (Verdier) quotient of
a triangulated category built in terms of the objects considered above.

(2) A solution to this difficulty has now been found, see e.g. [Rasl]; this is however not relevant for
our considerations below. See also [Ras1l Remark 1.6.2] for a conceptual explanation why Whittaker
sheaves can be replaced by Iwahori-Whittaker sheaves in this construction.
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Next, Section [6.3] gives the construction of a functor
(6.1.6) F : D*Coh®’ (N') = DPPerv,(Flg, Q).
The rough idea is first define F' on the generating objects (6.1.5) by

sheaves of the form V' ® 05 + central sheaves,
line bundles — Wakimoto sheaves.

To show that this assignment determines a well-defined functor as in 7 we will
use the theory developed in Section [6.2] along with results from previous chapters on
central and Wakimoto sheaves.

In Sectionwe define the categories P4*P" and Pervzyy (Flg, Q) that were men-
tioned above. We also construct an exact functor

(6.1.7) PFP" — Pervay (Flg, Qy),

and prove that this functor is fully faithful.

Next, in Section [6.5| we prove a statement that is vital for the rest of the proofs
in this chapter, but which is also interesting in its own right, namely that the images
in Pervryy (Flg, Q) of central sheaves are tilting objects for the natural structure of
highest weight category on Pervryy(Flg, Q). The idea of this proof is this: one
proves the claim for central sheaves corresponding to certain “small” orbits in Grg,
and then checks that it can be propagated to all central sheaves using convolution.
The latter fact is not difficult to establish. The “small” orbits one has to consider
are those corresponding to minuscule and quasi-minuscule coweights. The claim in
the minuscule case is not so difficult to prove (see ; the case of quasi-minuscule
coweights is however much more delicate, and requires investigating the Serre quotient
of P; by the subcategory generated by simple objects corresponding to all elements
in W of positive length.

Finally, in Section [6.6] we conclude by proving that the composition

DCoh®" (N) £ DPPerv,(Flg, Q,) — DPP>Ph DPPervryy (Flg, Q)

is an equivalence of categories. This proof relies in particular on the tilting property
of the images of central sheaves explained above. From this one deduces that the
functor is essentially surjective, and hence an equivalence of categories, which
completes our program.

The construction presented in this chapter closely follows that of [AB], and most of
the proofs are taken from that reference. We have however made a few simplifications
and clarifications; see in particular Remarks [6.2.11] and [6.4.9] and §6.5.8]

6.1.3. Conventions. — Let F be an algebraic closure of F,. In this chapter, we
always assume that G is a connected reductive group over F. We then have the affine
Grassmannian Grg and the affine flag variety Flg defined over F, and given ¢ # p one
can consider the derived categories of étale Q,-sheaves on Grg and Flg. As explained
in all the constructions of the previous chapters have obvious counterparts
in this setting. For simplicity, we will use the same notation for these categories
or functors as for their classical counterparts. (The reason for working in the étale
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setting is that the theory of Iwahori-Whittaker perverse sheaves has no convenient
counterpart in the classical topology.)

All constructible complexes or perverse sheaves will have coefficients in Q,, and
so from Section [6.3] on, the symbol “k” will be almost never be used. Varieties
that were labeled with a subscript “k” in previous chapters will usually have the
subscript omitted in this chapter; such varieties should be understood to be over Q.
In particular, as we have already done above, we denote various groups by GV, BY,
etc., instead of by Géz, B%z, ete.

6.2. Coherent sheaves on the Springer resolution

In this section we denote by k an algebraically closed field of characteristic 0. (The
results presented below will only be used in the case k = Q,. However, since they do
not require any special property of the field Q,, we prefer presenting them in a more
general setting.)

6.2.1. The basic affine space and its affine completion. — Before proceding,
we note that in this chapter we will consider various categories of equivariant coher-
ent sheaves (for an affine algebraic k-group H) on some k-varieties; for this notion we
refer e.g. to [Brill §2] (where these objects are called “linearized sheaves” instead).
An important property we will use is that for a k-algebraic group H acting on a
k-variety X, for any .%,¥ in DbCohH(X) the k-vector space Hom pbcon(x)(-#,%) ad-
mits a natural structure of a (not necessarily finite-dimensional) algebraic H-module.
Moreover, if H is reductive then we have
(621) HomeCohH(X) (j, g) = (HomeCoh(X)(ja g))H .
(This fact uses the property that the functor of H-fixed points is exact on algebraic
H-modules. For a study of equivariant quasi-coherent sheaves in a much more general
setting, and further references, we refer the reader to [MR1), Appendix A].)

Recall the (negative) Borel subgroup BY C GV; its unipotent radical will be de-
noted UV. The basic affine space is the quotient GV /UY, with its natural action of
GV. This variety is also equipped with a (right) action of TV, given by

t-gU¥ =gt™'Uv.

We then obtain an isomorphism of GV x TV -varieties
(6.2.2) (GY xTV)/BY = GV /UY
where the embedding BY C GY x TV is the product of the embedding BY C GV and
the projection BY — BY /UY < TV,

The TV-action on GV /U" induces a T"-action on &(GY/UY), for which the \-
weight space identifies with the representation denoted N(—A) in §1.5.1; we therefore
obtain a canonical isomorphism of GV x TV-modules

(6.2.3) oGV /IUY) = @ N @kpv(—A)

AEXV



216 CHAPTER 6. THE ARKHIPOV-BEZRUKAVNIKOV EQUIVALENCE

(where kpv (1) denotes the 1-dimensional TV-module associated with 7, or in other
words the restriction of kv (1) to T). Here the module N()) vanishes unless A € XY,
and in this case it has highest weight A (see [J1l Proposition I11.2.6]).

In view of and [Brill, Lemma 2], we have a canonical equivalence of cate-
gories

(6.2.4) Coh® " *T(GY /UY) = Rep(BY),

where the right-hand side denotes the category of finite-dimensional BY-modules. Un-
der this equivalence, the BY-module kv (\) corresponds to the equivariant coherent
sheaf Ogv /v @ kyv (). In more geometric terms, one can consider the flag variety
B := GY/BY of GY. Then the pullback under the Zariski locally trivial principal
TV-bundle GY/UY — GY/B" induces a canonical equivalence of categories

Coh®" (B) = Coh® T (GY /UY)

(whose quasi-inverse is the T"V-invariant pushforward). Under this equivalence, the
object Ogv yv @ kyv () corresponds to the line bundle &5(\) naturally associated
with A, for any A € XV. (In our conventions we have N(\) = T'(B, 05(\)).)

Recall the morphisms ay , defined in We will denote similarly the induced
morphism of GV x TV-modules

(NOY) @ kpv (=A)) @ (N(p) @ kv (=) = N+ p) @ kv (=X — p).
Lemma 6.2.1. — The multiplication morphism
OGYUY) @, O(GYUY) = 0(GY /UY)
identifies, via (6.2.3), with €D, , ax -

Proof. — The multiplication morphism &(GY /UY) @ O(GV/UY) — O(GY/UV) is
TV -equivariant, so it must decompose as a direct sum of morphisms of GV x TV-
modules
(N @kpv (X)) @ (N(p) @ kv (=) = N+ 1) @ kv (=X = p).

By Frobenius reciprocity such a morphism is uniquely determined by its action on
TV-weight spaces (for the action of TV C GV) of weight A + . Now if vy € N(\)j,
resp. v, € N(u),, is the unique vector of weight A such that fy(vy) = 1, resp. the
unique vector of weight p such that f,(v,) = 1, then vy and v, can be considered
as certain functions on GV whose value at 1 € GV is 1 € k. Hence the image of
(1A ®1) ® (v, ® 1) must be a function of weight X\ + p in N(X + p) whose value at 1
is 1, i.e. it must equal ay ,(vy ® v,) ® 1. O

In particular, it follows from Lemma (and the surjectivity of the maps ay ,,
see Remark [1.5.6/[2])) that the k-algebra ¢(GY/UV) is finitely generated (in fact,
generated by the weight spaces corresponding to any family of generators of the
monoid X ) so that we can consider the “affine completion”

X := Spec(0 (G /UY)),

an affine k-variety endowed with a natural action of GV x T'V.
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Evaluation at the “base point” UY € GY/UY defines an algebra homomorphism
O(GY/UY) — k, and hence a point in X. Since GV /U is quasi-affine (see e.g. [Sp2]
Exercise 5.5.9(2)]), the stabilizer of this point in G¥ is UY; we deduce a canonical
map

(6.2.5) GV/UY = X.

Since the induced morphism O(X) — O(GY/UVY) is injective (in fact, an isomor-
phism), this morphism is dominant. And since GY/U" is open in its closure (as
an orbit of an action of GV), we deduce that is an open embedding. The
complement of its image (a closed subset of X') will be denoted by dX'.

The proof of the following claim was explained to one of us by R. Bezrukavnikov.

Lemma 6.2.2. — 1. For any x € OX, there exists a simple root o of GV such
that = is fized by the action of the cocharacter o (via the action of TV =
{1} xTVCGY xTV).
2. If X € XY is regular dominant (i.e. if (X, o) > 0 for any simple root o of G),
any function in N(\) @ kpv (=X) C O(X) vanishes on 0.X.

Proof. — Choose a finite central isogeny p : H — GY where H is a product of a
semisimple, simply-connected algebraic groups and a torus. Then if By = p~1(BY),
By is a Borel subgroup of H, whose unipotent radical will be denoted Uy . We have
a natural map H/Uyg — GY/UY which is a principal bundle for the finite abelian
group Z = ker(p). This morphism induces an embedding 0(GY/UY) — O(H/Ug)
which identifies 0(GY/U") with the subspace of Z-fixed points in O(H/Uy). We
deduce a morphism Spec(0(H/Ug)) — X which identifies X with the quotient of
the affine variety Spec(€(H/Up)) by the action of the finite group Z. In particular
this morphism is surjective, and sends H/Ug into GV /U". This construction reduces
the proof of the claim for GV to the proof of the analogous claim for H. Of course
the torus factor does not play any role in this story, so we can assume that GV is
semisimple and simply-connected.

In this case, let V' be the BY-module which is the direct sum of the 1-dimensional
modules associated with the negatives of the fundamental weights of GV, and set
Y =GV xB" V. We will consider V as a BY x TV-module, where TV acts via the
composition of the restriction of the action of BY to TV with the map t — t~!; in
this way ) becomes a G¥ x TV-variety. The action on the vector (1,---,1) defines
a BY x TV-equivariant open embedding TV = BY/UY < V, which then provides a
GV x TV-equivariant open embedding G¥/UY = GY xB" BY/UY < ). Moreover we
have a canonical isomorphism

O) = Ind§v (O(V)) =IndGe | P ki | = O(x).
rexy

Hence the open embedding GV /UY < X factors through a GV x TV-equivariant
morphism f:) — X.

We claim that f is surjective. In fact, since this morphism restricts to an isomor-
phism on G¥/UY (and hence, in particular, is birational), it suffices to prove that it
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is proper. This morphism can be written as a composition
(6.2.6) Yo XXxB— X,

where the first morphism is the product of f with the canonical projection ) — B,
and the second one is the projection on the first factor. This second morphism
is clearly proper, and the first one can be written, via the canonical isomorphism
GV xB " x X X x B, as G xB” fiv. Now, at the level of coordinate rings, the
restriction of f to V' corresponds to the surjection

P £.:0@x) = P kn=0(V).

AEXY Aexy
Thus, fjy is a closed embedding, and hence so is the first map in . This
completes the proof that f is proper.

Now we can conclude: any point in X is the image of a point [g,v] € GV xB' v
where at least one of the coordinates of v vanishes. If a is a simple root corresponding
to one of these vanishing coordinates, then [g,v] is stable under the action of ¥, and
hence so is our initial point.

If A € XV is regular dominant and « is a simple root of G (i.e. a simple coroot
of GVY), any function g € N(A) ® kpv (=) satisfies g(a(z) - z) = 2~ Mz, where
—(\,a) # 0. Thus g vanishes on any point fixed by «, and in particular (in view
of (1)) on all of OX. O

Remark 6.2.3. — Let O(X)T C O(X) be the ideal consisting of the direct sum
of the subspaces N(A) ® kpv (—X) where A runs over the regular dominant coweights.
Lemma implies that the closed subset 0X C X consists of the vanishing locus
of O(X)T. In fact this statement shows that X is contained in this vanishing locus.
Since this locus is stable under the action of GV it cannot intersect the open orbit
GV /UY, which implies our claim. This claim can be used to define a scheme structure
on 0X.

6.2.2. The Springer resolution and some variants. — We will be interested
in the “Springer resolution”

N :=GY xB" Y,

where nV is the Lie algebra of UV. This variety is (in a natural way) a vector bundle
over B; indeed, the morphism [g,z] — (g-z,¢9B") defines an embedding N < g’ xB
as a sub-vector bundle. (Here gV is the Lie algebra of GV, with the natural adjoint

action of G¥.) For A\ € XY, the pullback of &z(\) to N will be denoted Og(N).
By [Brill Lemma 2] we have a canonical equivalence of categories

Coh®” (N) =5 Coh?” (n¥);
under this equivalence the line bundle &'y ()) corresponds to Oyv @ kpv(N).

We will denote by A the preimage of A/ under the map g¥v x G¥/UY — gV x B
induced by the projection GV /UY — B; then N is a vector bundle over G¥ /UY, and
identifies with the induced variety G¥ xU " nY. We will denote by e - the “base point”
of N, i.e. the point [1: 0] € G¥ xU" nV.



6.2. COHERENT SHEAVES ON THE SPRINGER RESOLUTION 219

We have a natural free action of TV on A (induced by the action on GV /U") such
that N'/TV = N; as for G¥/UY in §6.2.1| we deduce an equivalence of categories

(6.2.7) Coh®" (N) =5 Coh® T (A).
Note that for any A € XV we have
(6.2.8) OWN)_x =TV, 05 (N),

where the left-hand side means the (—\)-weight space (for the action of TV = {1} x
TV). In other words, under the equivalence the object 0 @krv(A) is sent to
Oi(N), for any X € XV.

The variety N can also be described as a special case of the following construction.
Consider an algebraic k-group H, and a smooth k-variety X endowed with an action
of H. Then differentiating the H-action morphism we obtain a canonical morphism
of Lie algebras h — T'(X, Ix), where b is the Lie algebra of H and Jx is the tangent
bundle of X. Any vector field on X defines a derivation of the sheaf of algebras
Ox; therefore this morphism provides an action of h on Ox by derivations. We then
consider the derivation of the sheaf of rings &(h) ®x Ox defined as the composition

(6.2.9) Oh) @k Ox — O(h) @ b* @k h @k Ox — O(h) @ Ox,

where the first map sends f ® g to f ® idy ® g (here idy is seen as a vector in
End(h) = h* ® h) and the second one sends f R ERx® g to (f€) ® (z-g). We denote
by Zu x C Opxx the sheaf of ideals whose pushforward under the (affine) projection
h x X — X is the sheaf of ideals generated by the image of . We can then
define the infinitesimal universal stabilizer for this action as the closed subscheme of
b x X defined by the ideal #g x. The same procedure can also be performed in case
X is affine but not necessarily smooth: in this case we consider the h-action on €(X)
obtained by differentiating the H-action induced by the action on X.

It can easily be seen from the definition that the infinitesimal universal stabilizer
for the GV-action on G¥/U" is the subvaricty N’ C g¥ x GY/UY. We define Ny as
the infinitesimal universal stabilizer for the GV-action on X. Then A x is a closed
subscheme of g¥ x X, and we have

(6.2.10) N (g¥ xGY/UY) = N;
in particular, N is an open (but not dense) subvariety in Ne. Concretely, we have
O(g' xX)= @ 0(g") N,
AeXV

see ((6.2.3). For A € XY, differentiating the GV-action on N(\) we obtain an action of
gV. Then the ideal of definition of Ny is generated by the images of the compositions

(6.2.11) N 22% 0(gY) @ N(A) — 6(g¥) @ N(\) = 6(g” x X)

(where the second map is defined similarly to (6.2.9)) for all A € XY.

The proof of the following lemma is a corrected version of an earlier wrong proof.
This error was pointed to us by J. Lourengo, who also provided the main ingredients
to correct it.
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Lemma 6.2.4. — There exists N € Zxo such that, for any A € XV such that
(X, a¥)y > N for any simple root o, the morphism

ﬁ(./\[x)fA — ﬁ(./\/),)\
induced by restriction is an isomorphism.

Proof. — We first establish surjectivity of the morphism under consideration, for
any A € XV which satisfies the following condition: for any distinct negative roots
ai,...,ap (with r > 0), the weight A + )", o; is dominant. For that it suffices to
prove that, for such A, the morphism

(6.2.12) O(g” x X)_x = O(N)_»

induced by restriction is surjective.
Consider the Koszul resolution A*((g¥/nV)*) ® 0(g¥) for O(n") as a module over
O(gV). Tensoring with kgv () and using the natural equivalence

Coh®"(g¥) = Coh®" (g¥ x B)

(which is again an application of [Brill, Lemma 2]) we obtain a complex (.#*,d*) of
coherent sheaves on g¥ x B, concentrated in degrees between — dim(g"¥/n") and 0,
and a quasi-isomorphism f* : . #* — 0 5()), such that F° = Ogv,5()\) and each F*
admits a filtration with subquotients of the form Oyvyg(A + p) where p is a sum of
distinct negative roots. (Here, for v € XV we denote by Oyvyp(v) the pullback of
Op(v) to g¥ x B, and still write 0(A) for the pushforward of the sheaf denoted in
this way to g¥ x B.)

Our assumption ensures that H>?(g¥ x B, .#%) = 0 for any i by Kempf’s vanishing
theorem (see [J1, Proposition 11.4.5]). Starting from ker(d—dm(e’/n")) = ( and
using the short exact sequences ker(d') — F¢ — ker(d'*1) (valid for i < —2), we
deduce that H>%(g¥ x B,ker(d’)) = 0 for i < —1. Next, using the exact sequence
ker(d—1!) — % — ker(f°), we find that H>%(g" x B,ker(f°)) = 0. Finally, from the
exact sequence ker(f?) < .Z° — () we obtain a short exact sequence

T(g" x B,ker(f%)) = T(g" x B, Z°) - T(N, Og(N\)).
Now we have D'\, Oz(\)) = O(N)_» (see (6-2.8)) and
D(g" x B,.7°%) = 0(g") @ (B, 05())) = O(g" x X)_,

(see §6.2.1), and the morphism in our exact sequence identifies with the mor-
phism (6.2.12)), so that our claim is proved.

Now we prove that there exists N € Z>( such that our map is injective for any
A which satisfies (A\,a) > N for any simple root a. As in Lemma we can
assume that GV is semisimple and simply connected. In this case, the condition that
(A, @) > N for any simple root « is equivalent to the condition that A is a sum of N
regular dominant weights.

Denote by 0(Nx)t C 6(Nx) the ideal consisting of the direct sum of the subspaces
7 (/\7 x)—x where X runs over the regular dominant coweights. By Remark the
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underlying closed subspace of the closed subscheme of N «x defined by & (/V ¥)7T is the
complement of A/. Consider now the restriction morphism

O(Nx) = ON).
Its kernel K is an ideal of the noetherian algebra & (./(7 v ), and hence is generated by
finitely many homogeneous elements (m; : i € I), of degrees (for the action of TV)
denoted (p; : i € I). Each of these elements is annihilated by a power of &(Nx)™;
we can therefore choose M € Zxq such that each m; is annihilated by (0(Nx)*)M.
With this notation, we claim that injectivity holds for any A which satisfies
<)‘a O‘> = *<Nia O‘> + M

for any ¢ and any «. In fact, to check this it suffices to check that K has no nonzero
element of degree —A for such a A\. Now if m € K has degree —\, we can write

m = E a;m;
%

where a; € O (./\7 v) has degree —\ — p; for any 4. For any ¢ € I, by assumption we
have (A + p;, ) > M for any simple root «, hence A + p; can be written as a sum of
M regular dominant weights. Using Remark , we deduce that a; belongs to
(6(Nx)T)M. Hence a;m; = 0, which implies that m = 0 and finishes the proof. [

Remark 6.2.5. — The considerations in the first step of the proof of Lemma [6.2.4]
show that, if A € XV is such that X+ i is dominant for any sum x of distinct negative
roots, we have H>O(\, Oy(A)) = 0. For a more general (and much more subtle)
study of this question, the reader might consult [Bro].

6.2.3. Koszul complexes. — Let us consider a k-vector space V of dimension d
and a surjective morphism V — V'’ with V'’ £ 0. We then have an associated “Koszul
complex,” defined as the graded symmetric algebra of the complex of vector spaces

= 0=V sV =0

where V is in degree —1 and V' in degree 0. We “extract” from this complex the
summand

(6213) - =0 AV)@SY(V) 5 ATHV)@SHV) = - -
S AN V) @S8THV) = A (V)@ SU (V) - 00— -
(Here, the nonzero terms are in degrees between —d and 0.)

Lemma 6.2.6. — The complexr (6.2.13)) is acyclic.

Proof. — The “usual” Koszul complex, corresponding to the case V' = V, is well
known to be a free resolution of the trivial S(V)-module k. The Koszul complex
considered above is obtained by tensoring this complex with S(V') over S(V); its
image in the derived category of vector spaces is therefore

L 1\ ~v o 2
k @gvy S(V') = A%(V"),
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where V" = ker(V — V). If we consider our Koszul complex as a complex of graded
vector spaces, where V and V' are in internal degree 1, then is the part of
this complex of internal degree d. Since the cohomology of this complex is in internal
degrees < d (because dim(V") < d), the latter complex must then be acyclic. O

Now let A € XY, and consider the GV-module N(X) as a (GY x TV)-module with
trivial action of TV. We then have an associated G¥ x T"-equivariant ¢'(X)-module
N(A) @ O(X). In view of (6.2.2)), multiplication in &(X) induces a canonical mor-
phism
(6.2.14) NA) ®k O(X) = kpv (\) Qk O(X),
where in the right-hand side kpv (A) is viewed as a GV x TV-module with trivial action
of GV. More precisely, this morphism is obtained by taking global sections of the mor-
phism of GV x T"-equivariant coherent sheaves N(\) ® Ogv, yv — kpv(X) ® Ogv juv
which is the image of the morphism fy from under the equivalence (6.2.4)).

Applying the construction considered above for the morphism fy, then taking the

image of the complex so obtained under the equivalence (6.2.4), and finally taking
global sections, we obtain a “Koszul complex”

(6.2.15) - = 0= AN @ OX) = APTHNON) @ kpv(N) @ O(X) — - -

= AN @kpv((dy — 1) - N) @ O(X) = kpv(dy - A) @ O(X) =0 — -
where dy = dim(N(\)). (This complex can also be described more directly using an
extension of the construction above for morphisms of free modules over a ring, applied

to (6.2.14).) This complex can be regarded as a complex of GV x TV-equivariant

coherent sheaves on X; the pullback under the projection morphism N x — X of its
tensor product with krv(—dy - A) will be denoted 3.

Lemma 6.2.7. — For any A € XY, the restriction of the complex J to N s
acyclic.

Proof. — By construction, the restriction of J#) to N is the pullback of the restric-
tion of (6.2.15) to GY/UY. The latter restriction is acyclic by construction and

Lemma [6.2.6, which implies the lemma since the morphism A — GY /U is smooth,

and hence flat. O
6.2.4. Equivariant coherent sheaves on N. — The following claims are well
known.

Lemma 6.2.8. — The category DPCoh®” (/\7) is generated (as a triangulated cate-
gory) by the following classes of objects:

L. the line bundles O (N), for A € XV
2. the objects of the form V @ Ox(X\) where V € Rep(GY) and X € XY.

Proof. — The proof of this property is adapted from that of its “graded” analogue
in [Acll Lemma 5.7]. Namely, by [Brill Lemma 2] again, we have an equivalence

(6.2.16) Coh®" (N) = Coh?' (n")
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induced by restriction to {1} x nv C N , and Coh®’ (nY) is equivalent to the category
of BV-equivariant &'(n)-modules which are of finite type over &(n"). Therefore, to
prove the claim it suffices to show that the bounded derived category of the latter
category is generated, as a triangulated category, by the modules of the form kpv (A\)®
O(nV), or equivalently (as any BY-module has a filtration with subquotients of the
form kpv()\)) by the modules of the form V ® &(n") with V' a finite-dimensional
BY-module.

Let 2p be the sum of the positive roots of G, or of the positive coroots of GV. This
is a cocharacter 2p : G,,, — T". Via this cocharacter, we can regard any T"- or B"-
module as a graded vector space. In particular, we use this cocharacter to regard any
BV-equivariant &(n")-module as a graded ¢'(n")-module. (Note that although the
subspace (n¥)* C #(nY) is not homogeneous, it is spanned by homogeneous elements
of strictly positive even degrees.)

Clearly, any BY-equivariant &'(n")-module of finite type M admits a resolution

s P2 PP M0

where each P7 is of the form V ® &(nY) with V a finite-dimensional BY-module.
Regard this as a sequence of graded &(n")-modules as in the preceding paragraph.
Setting m := dim(n"), the Hilbert Syzygy Theorem (in the form stated e.g. in [Eil,
Corollary 19.7]) implies that ker(P~™ — P~™*1) is finitely generated and free as a
graded &'(n")-module.

To finish the proof it suffices to show that any finitely generated BY-equivariant
O(nY)-module that is free over & (n") admits a filtration (as a BY-equivariant &(nV)-
module) with subquotients of the form V ® &(nY) with V a finite-dimensional BY-
module. This is proved by induction on rk(M). Indeed, by assumption M admits a
homogeneous basis. If k is the smallest degree of a vector in this basis, and if V is
the subspace of M spanned by the basis vectors of degree k, then V is also the k-th
graded component of M, and is stable under the BV-action. It is easily seen that the
morphism V ® ¢(n¥) — M induced by the &(n")-module structure is an embedding
of BY-equivariant ¢'(n")-modules, whose cokernel is again free over &'(n"), of rank
rk(M) — dim(V'). We conclude using the induction hypothesis.

In view of , it suffices to prove that for any u € XV the line bundle O (1)
belongs to the triangulated subcategory generated by the objects V ® & A7()\) with
V € Rep(GY) and A € XY. If A € XY, then taking the Koszul complex associated
with the surjection fy (see (6.2.13])) we obtain a complex of BY-modules

(6.2.17) - =0 —= A (NN)) = ADTHNON) @kpv(N) — -
= ANV @kpv ((dy —1) - A) = kpv(dy-A) =0 = -+,
which is acyclic by Lemma (Here, as in (6.2.15), we set dy = dim N(A).) Then,
(6.2.16]

tensoring with &,v and using the equivalence (|6.2.16)) we obtain an acyclic complex

= 0= AN ® O = APTHN) @ Og(N) = -
— AYN(N) @ O (dr — 1) - X) = Oge(dn - A) = 0 — -
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in DPCoh®” (N). Tensoring with O (1) @ (A**(N(X)))* and choosing (as we may) A
such that p+ A is dominant, then this complex shows that &' (1) does indeed belong
to the desired triangulated subcategory. O

The following lemma will be needed in Section [6.6] below.

Lemma 6.2.9. — For any A € XV there exists V € Rep(GY) and an embedding of
G -equivariant coherent sheaves O (N) =V @ 0.

Proof. — For « a simple root of (GY,T"), we denote by nz/a) the Lie algebra of the
unipotent radical of the parabolic subgroup of GV containing BY associated with
the subset {a} of the set of simple roots. Then we have an embedding N,) =

Vv T .
GV xB nE/a) C N, and an associated exact sequence of coherent sheaves

ﬁﬁ(a) — ﬁﬁ—» ﬁﬁ(&f

In particular, using repeatedly the first map in this sequence, and tensoring, we obtain
an embedding O (v) — O for any v in Z>oRY.

Going back to our problem, we choose v in Z>oRY such that A —v € —XY. Then,
tensoring the above embedding by 0%(\ — v) we obtain an embedding O (\) —
O (A —v). Now since X\ — v is antidominant, we have an embedding of BY-modules
kpv (A — ) = N(wo(A — v)). Tensoring with &,v and inducing to GV (see (6.2.16))
we obtain an embedding & i(A —v) < N(wo (A —v)) ® 0. Composing the two maps

we have constructed we obtain the desired embedding. O
6.2.5. Equivariant coherent sheaves on N as a quotient. — Let us denote by
A\ Vv A~
Coh§ *T" (Nw)

the full additive subcategory of Coh® ' *T" (./(\/' v) whose objects are the “free” coherent
sheaves, i.e. those of the form V ® ﬁﬁ?{ with V a finite-dimensional GV x TV-module.
We will consider the composition

~

(6.2.18) K CohS *T"(Ny) — D*Coh® *T" (Ny)
s DPCoh® =T () E2ZD, pocont (A1),

where the first arrow is the obvious functor, and the second one is pullback under the
open embedding N c Ny (see ) We will denote by K]{’Cohfclfv T (J\Af;g)ax the
kernel of this functor, i.e. the full subcategory of KbCothijTv (/VX) whose objects
are those killed by this functor (in other words, those whose cohomology is supported
set—theoreticall on the preimage of 0X).

In the next statement we will consider a Verdier quotient of a triangulated cate-
gory; for that notion we refer to [SP] [Tag 05RA]. By the universal property of this

(3)Recall that a quasi-coherent sheaf .# on a scheme X is said to be set-theoretically supported on a
closed subscheme Y C X if its restriction to the open complement vanishes. If X is noetherian and
Z is coherent, then this condition is equivalent to requiring that the ideal .# C Ox defining Y acts
nilpotently on .%.
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construction (see [SP) Tag 05RJ]), our functor (6.2.18) factors uniquely through a
triangulated functor

(6.2.19) KPCohG *T" (Nw)/KPCohS > (N )ox — DPCoh® (N).

Proposition 6.2.10. — The functor (6.2.19)) is an equivalence of triangulated cat-
€qgories.

Proof. — By construction, the category on the left-hand side is generated (as a trian-
gulated category) by the objects of the form V@krv (1) ® Oy where V' is in Rep(G")

and p € XV. Since the images of these objects generate the category DPCoh®” (./\7)
(see Lemmal6.2.8)), by Beilinson’s lemma (as formulated e.g. in [ABG], Lemma 3.9.3]),
to prove the proposition it will suffice to prove that for any Vi, V5 in Rep(GY), any
w1, 2 € XV, and any n € Z, our functor induces an isomorphism from

HomeCotherTV (_/\A/X)/KbCOthjv xTV (-&7/\{')8)( (‘/1 ®kTV (ILLl) ® ﬁ/\?)c s ‘/2 ®]kT\/ (,UQ) X ﬁﬁx [n])

to
Hom . cpnav (7 (V1 @ Oge (1), Va2 ® O (p12)[n]).

Easy arguments show that we can in fact assume that Vo = k and ps = 0. We will
then write V for V7 and pu for u;.
We will first prove that our map is injective. A morphism from V®krv (1)®0%g to

Og.n]in KbCohf(fV T (/\A//\,»)/I(bCothrV X1 (Nx)ax can be represented by a diagram
f
(6.2.20) V @k (p) ® Oy, < F % O [n]

where % is an object of K':’CohfcijTv (./\7;()7 and the cone of f belongs to the sub-
category K bCohgvXTv (./\7 x)ox. Saying that the image of this morphism vanishes is
equivalent to saying that the image of g under vanishes.

Now choose A € XY, and recall the complex ¢ from This complex is the

cone of a morphism of complexes
(6.2.21) G — O,

where each component in % is of the form M ® kyv(—i- A) ® Oy for some M
in Rep(GY) and some i € Z-g. Lemma says that the cone of is
supported on J\A/X N ; hence the same will be true for the induced morphism
F ®ﬁﬁx 4 — Z. In other words, this morphism is an isomorphism in the quo-

tient category KbCohgV T (./\A//'y)/KbCohgv xT (./\Af/—y)ax. If N is as in Lemma
this argument shows that in the diagram we can assume that the terms of .
are all direct sums of objects of the form M @ kv (—n) ® O  with M in Rep(G")
and n € XY which satisfies (n,a) > N for any simple root a.
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For such M and n we have
HomeCohgv xTV (A?X)(M ® kTV (_77) ® ﬁ./\A[Aﬂ ﬁﬁx [n])
_ (M*®ﬁ(./\7/y)_n)a if n = 0;
0 otherwise
and
(M= @ TN, Og(m)  ifn=0;
0 otherwise

(see (6.2.1) and Remark [6.2.5). In view of these isomorphisms and (6.2.8]),

Lemma [6.2.4] says that the functor (6.2.18) induces an isomorphism between
these Hom-spaces. By the 5-lemma, it then follows that this functor induces an
isomorphism

HomecthV(ﬁ)(M ® O (—n), Oxeln]) = {

HOIIleCOth xTV (Nx) (%7 ﬁﬁx [n]) = HomeCthv (N) (g/a ﬁﬂ[n])

for any complex ¢ whose components are direct sums of objects of this form (where
@' is the image of ¢). In particular, this property holds for the complex .% considered
above, which finishes the proof of injectivity.

The proof of surjectivity will use similar tools. Namely, consider a morphism
[V ®0z(n) = Ogln] in DPCoh®’ (N). Choose A € XY such that A — p satisfies
(n,&) > N for any simple root . Then if ¥\ is as above and ¥ is its image
under , the arguments above show that the composition

VR Og(n) ¥ = Ve oun) ooy oqn
(where the first map is induced by (6.2.21))) is the image of a morphism
V®kT\/(M) ®g>\ — ﬁf\*/x[n]

in KbCohgvXTv (J\A/X) Hence f is the image of the morphism represented by the
diagram

Vekr (p) ® ﬁ/\Afx —Vokp(u) @9\ — ﬁﬁx[n],
which finishes the proof. O

Remark 6.2.11. — In [AB| Lemma 20|, the authors prove that the category
KPCohS *T" (Nx)ox is the smallest full subcategory of KPCoh$ 7" (Ny) which
contains the objects J#y (for A € XY) and is stable under tensoring with objects of
Rep(GY x TV), taking cones, applying cohomological shifts, and taking direct sum-
mands. It turns out that this statement is not strictly needed for the proof of the
main result of this chapter. We will therefore not review its proof.

6.3. Construction of the functor

For the remainder of this chapter, we work with k = Q,.
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6.3.1. Equivariant perverse sheaves on Flg. — As in we will consider
Qy-sheaves on Flg. More specifically we will denote by D?(Flg,@g) the I-equivariant
derived category of such sheaves, and will consider its monoidal product «'. We will
choose once and for all a trivialization of the sheaf Zy(1) on Spec(F), and use it to
omit Tate twists in all our constructions below. For brevity, we introduce the notation

P; = Perv;(Flg, Q,) C D}(Flg, Q)
and
% =208 ':Rep(GY) — Py.

Our construction will use the Wakimoto sheaves from Section We will only
use these perverse sheaves in the case where the closed Weyl chamber is the dominant
one, so that A = XY. For simplicity we will sometimes omit “XY” in some notation.

Vv
Recall the exact category Perv?* (Flg, Q) of I-equivariant perverse sheaves admitting
a Wakimoto filtration, see §4.3.2] Here, since we are working with field coefficients,
this category is stable under the convolution product =, and hence admits a natural
structure of a monoidal category. Moreover, the convolution product is exact in each
variable.
We are now ready to explain the construction of a functor

(6.3.1) F : D"Coh®’ (N) = DP;.

6.3.2. “Extension” of a restriction functor. — Before proceeding, we explain
a general construction on which we will rely. Suppose we are given an algebraically
closed field k, a k-algebraic group H, a subgroup K C H, and commutative k-algebras
A, A’ endowed with algebraic actions of K and H respectively. The question we con-
sider is as follows. We denote by A-mod” the category of K-equivariant A-modules
which are finitely generated over A, and consider the exact symmetric monoidal func-
tor

(6.3.2) Rep(H) — A-mod®

sending V' to Vg ® A (endowed with the diagonal action of K, and the natural action
of A). (The symmetric monoidal structure on A-mod”® we consider here is that
provided by tensor product over A.) We also denote by A’ —modg the full subcategory
of the category of H-equivariant A’-modules whose objects are the “free” modules,
i.e. those of the form V @ A" with V in Rep(H). (As above, here the H-action is
the diagonal action, and the A’-module structure is the natural one.) We want to
consider the question of “extending” the functor to A’ —modfrI , 1.e. to define a
k-linear symmetric monoidal functor

A'-modf! — A-mod®

whose composition with the natural functor Rep(H) — A’-modj! (defined by V
VeA)is . We have no choice for the definition of this functor on objects: it
must send V ® A’ to Vik ® A. The monoidal structure is also determined. But we
have to understand what this functor does on morphisms.
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We claim that the datum of such an extension is equivalent to the datum of a
K-equivariant algebra morphism A’ — A. Indeed, one direction is easy: given
a morphism A’ — A, the tensor product A ® 4+ — defines the wished-for functor
A’—modg — A-mod®. On the other hand, suppose we are given an extension of
to a symmetric monoidal functor

(6.3.3) A'-modfl — A-mod”.

Then the H-module & (H) (with respect to multiplication of H on itself on the left)
defines in a natural way an ind—objec in Rep(H). Tensoring with A" we obtain an
ind-object O(H) ® A’ in A’-mod}!, which satisfies

HomInd(A’—mod{{)(Ala ﬁ(H) & Al) =A

by Frobenius reciprocity. In fact this identification is even an algebra isomorphism,
if the left-hand side is endowed with the product defined as follows: given ¢ : A" —
OH)® A and ¢ : A’ — O(H) ® A’, the product ¢ - 1 is the composition

AL oH A2 6H) 2 0H) 2 A — 6(H)® A,

where the rightmost map is induced by the product morphism in the algebra ¢'(H).
This identification is also H-equivariant, for the H-action on the left-hand side induced
by the right multiplication action of H on O(H).

The extension of our functor to ind-objects provides an H-equivariant al-
gebra morphism

Homlnd(A’-modffrI)(A/a ﬁ(H) ® A/) - Homlnd(A—modK) (A7 ﬁ(H) ® A)a

where the product and the H-action on the right-hand side are defined as above. Now
Homlnd(A—modK) (Aa ﬁ(H) ® A) identifies with

(O(H)® A)F,

and using the restriction morphism ¢'(H) — 0(K) we obtain a K-equivariant algebra
morphism
(O(H)® AX = (0(K)® A)F = A.
Composing these two constructions we obtain the wished-for K-equivariant algebra
morphism A" — A.
It is an easy exercise to check that these two constructions are inverse to each
other.

Example 6.3.1. — One case we will encounter in particular is when A’ = £'(h) for
b the Lie algebra of H. In this case the category A’—modg identifies with the full
subcategory Cohg (h) of the category of H-equivariant coherent sheaves on h whose
objects are of the form V ® &y for some V' in Rep(H). Note that the datum of a
K-equivariant algebra morphism &'(h) — A is equivalent to the datum of a morphism
of K-modules h* — A, i.e. of a K-invariant element in h ® A.

(D For the general theory of ind-objects in categories, we refer to [KS2]. The category of ind-objects
in a category A will be denoted Ind(A).
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In this case, the correspondence between extensions of the functor (6.3.2) to
Coh{’(h) and K-invariant elements in h ® A admits another equivalent formulation,
as follows. Note that for any V in Rep(H), the object V ® &y admits a canonical
endomorphism f&* (as an object of Cohg! ()) defined at the level of global sections
as the composition

Veoh) - Veaheoh ®dlh) -V eo)

where the first map sends v ® f to v ® idy ® f (here idy is regarded as an element
in Endg(h) = b ® h*) and the second map sends v ® t @ £ ®@ f to (z - v) ® (£f).
(Here in the first factor we consider the action of h on V obtained from the H-
action by differentiation, and in the second factor we consider the multiplication in
0(h) = S(b*). This construction is very similar to that encountered in (6.2.9).) It is
easily seen that for Vi, V5 in Rep(H) we have

can __ fcCcan : : can
fV1®V2 - fvl ®1dV2®ﬁh =+ 1dV1®ﬁh ®fV2 .

Therefore, given an extension of the functor (6.3.2) to Cohf! (h), by taking the images
of these morphisms we obtain, for any V in Rep(H), a K-equivariant endomorphism
fv of V.® A, this collection satisfying

friev, = fr, ®aidy,ga +idv,g4a ®a fr,

for V1,V, in Rep(H). Forgetting the K-equivariance, Tannakian formalism ensures
that such a datum determines an element in h® A, see e.g. [YZ, p. 361]. The fact that
each fy is K-equivariant is equivalent to the property that this element is K-invariant.

We leave it to the reader to check that the element in (h ® A)¥X described by this
procedure is the same as the one produced by the more general considerations of the
present subsection. In this way we obtain that the data of the following structures
are equivalent:

1. an extension of the functor V — V ® A to a k-linear (symmetric) monoidal
functor Cohf! (h) — A-mod”;

2. a K-equivariant algebra morphism €'(h) — A;

3. a K-invariant element in h ® A;

4. for any V in Rep(H), a K-equivariant endomorphism fy of V® A, this collection
satisfying

fviev, = fvi ®aidv,ea +1idviga ®a fv,

for V1, Va in Rep(H).

Under this correspondence, the collection (fy : V' € Rep(H)) attached to an extension
@ : Cohl(h) — A-mod” is given by fy = @(fe).

6.3.3. Starting point: central and Wakimoto sheaves. — We start with the
functor

F:Rep(GY xTV) — Pervi(+ (Flg, Q)
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defined as follows. Any object V in Rep(GY x TV) can be written canonically as a
direct sum of tensor products

(6.3.4) V=P V'eQur ()
AEXY
for some V* € Rep(G"Y) (with only finitely many nonzero terms). Our functor then
sends V to
Pz 1@
A

One defines a monoidal structure on this functor as follows: given Vi and V5 in
Rep(GY x TV), with canonical decompositions (6.3.4))

Vi= @ W eQurv(h) and Vo= P V5 @ Qv (N,
AEXV AeXV

we have

V1®‘/2:@ @ V1H®‘/2V ®@ETV(>\)'
v

A
prrv=Xx

We define the isomorphism
(6.3.5) F(Vi@Va) = F(V1) «' F(V%)

as the isomorphism

Bl P zotevy) |+ Q)
A 187
p+rv=2XA

- (@ Z(V)+ Iy <@z>> ! (@ 23"+ I <@z)>
A/ )\//
induced by the “centrality” isomorphism (og_, PSRN (@z))*l, the imonoidali‘zf” iso-
morphism ¢g_1(yay s-1(yx), and the canonical isomorphism J (Q;) *L I (Qp) =
Jn a7 (Qp) (see Lemma f4.2.6).
Given V1, Vs in Rep(GY x TV), there exists a canonical isomorphism

(6.3.6) F(vi)«" F(V2) = F(Vo) «' F(W1)
induced by the appropriate centrality isomorphisms and the composition of canon-
ical iSOI’HOfphiSHlS J)\/ (@4) *I J)\// (@5) l) J)\/Jr)\”(@é) l) J)\// (@g) *I JA’(@Z) for
N, N € XV. Using Theorem [3.5.1] one can check that this morphism identifies,
via the appropriate monoidality isomorphisms, with the image under F of the obvi-
ous commutativity isomorphism V; ® Vo = Vo ® V4. In particular, its inverse is the
similar morphism for the pair (V3, V7).

From the results of Section we see that, identifying the category Vect%iV of

finite-dimensional X"-graded Q,-vector spaces with the category of finite-dimensional
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algebraic TV-modules, the composition Gradxv o I (see §4.7.2) identifies with the
restriction functor associated with the diagonal embedding TV — GV x T"V.

6.3.4. Extending the functor to free coherent sheaves on /\A/X, I. — Our
next goal is to “extend” the functor F' to a monoidal functor

F Cth xTY (NX)HPervI (FIG,Qg)

where the category Cth X1 (N'X) is as in % (in the special case k = Q). This
will be done in two steps, carried out in this and the next subsection.

The first step is motivated by the following observation: the source category for
our desired functor F' (and also for the functor F) is a symmetric monoidal cate-
gory, Whlle the target category is not symmetric. We will remedy this by replacing

PervI (FlG,Qé) by a (non-fulll) subcategory which is “forced” to be symmetric.
Namely, we denote by € the category with

— objects: those of Rep(GY x TV);

— morphisms: for V, V' in Rep(GY x TV), the space Homg (V, V') consists of

the morphisms ¢ : F(V) — F(V') in Pervl (Flg,(@g) such that for any V' in
Rep(GY x TV) the diagram

idf(vu)*ltp
—_—

FV" L F(V) FVM T FV"
639 J[x
n Iy oxlidgy = Iy
F(WV)«! F(V") F(VYxL F(V'")
commutes.

Remark 6.3.2. — To check that a given morphism F(V) — F(V') belongs to
%, we a priori need to check the commutativity of the diagram above for all V" in
Rep(GY x TV). However, using the decomposition ([6.3.4]) we see that it suffices to do
so in the following two special cases:

1. when V" is a GV-module (with trivial T"V-action);

2. when V" = Q,rv(A) for some A € XV.
Moreover, in the former case the commutativity is automatic by the functoriality of
the isomorphism o_ _ in the second variable. Hence only the objects V" = Q,rv ()
(with A € XV) need to be considered. In fact, since any such module is isomorphic
to a tensor product of a module with A dominant and the inverse of such a module,
it even suffices to consider the case A\ € XX_.

By definition, ¥ is a monoidal category (with monoidal product denoted *, which
coincides with the tensor product ®g, on objects), and there exists a canonical faithful
monoidal functor

(6.3.7) € — PervI (Flg,@z)
Moreover, by construction F factors through a monoidal functor
F:Rep(GY xTV) = €.
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We claimed above that € is symmetric; we are now ready to prove this claim.

Lemma 6.3.8. — The obvious commutativity constraint on Rep(GY x TV) provides
a commutativity constraint on the monoidal category € .

Proof. — The only property which requires a proof is the fact that our isomorphism
Vi % Vo = Vo % Vj is bifunctorial. For this we consider morphisms f : V; — V{ and
g: Vo = V4 in €; what we need to prove is that the diagram

Fi)+ F(va) ~E22, Fv) ! F(wy)

f*qJ( J{q*f

TV« F(vg) —E22 B(vy) « F(VY)

commutes. However this square can be decomposed into two smaller squares as fol-
lows:

F() « F(va) —“E2, F(v) +! F(W3)

f *idl lid* f

Fv) o F(vg) —E2D, Byl F(vi)

id*gJ{ J{g*id
-
F(V{)«" F(Vy) —== F(V3)*" F(V}).
Here the upper (resp. lower) square commutes because f (resp. ¢) is a morphism in
%’; hence the outer square commutes as well. O

Below we will also require the following easy claim.

Lemma 6.3.4. — For any V in Rep(GY x TV), the functor V* x (=) : € — € 1is
right adjoint to the functor Vx(=):% — €.

Proof. — To prove that these functors are adjoint, we need to construct morphisms
of functors

VxV*x(—) —id and id—V*xV % (-),
and check that these morphisms satisfy the zigzag condition. In fact these morphisms

can be chosen as those induced by the natural morphisms of GV x T"V-modules V' ®
V*=>Qand Q, - V*QV. O

We now consider the category Ind(%) of ind-objects in ¥. Since the regular repre-
sentation &(GY x TV) (with the action induced by left multiplication in G¥ x TV) is
in a natural way an ind-object in the category Rep(GY x TV), applying F we obtain
an object F(O(GY x TV)) in Ind(¥€). We set

A= Homlnd(cg)(lcg,E(ﬁ(Gv X Tv)))

More concretely we have
A = lim Home (14, £ (V')
v
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where V runs over the set of finite-dimensional (GY x T")-submodules of O(GY xT")
(ordered by inclusion), and if V' C V' the induced map

Homcg(lg,E(V)) — Hom%»(lgg,E(V’))
is injective, since the same is true for the map

Hom

(1, F(V)) — Hom

(1, F(V")).

xVY _ xV _
Perv, t (Flg,Q,) Perv; T (Flg,Qp)

We endow A with an associative product as follows. Given morphisms ¢ : 14 —
F(V)and ¢ : 1¢ — F(V’) (where V and V' are finite-dimensional submodules of
O(GY xTV)), we define the product ¢ -1 as the composition

Ly = Lo x 1g % F(V)x E(V') = E(0(G¥ x TV)),

where the rightmost morphism is induced by the multiplication morphism V @ V' —
O(GY x TV). Using the symmetry of €, it is not difficult to check that this product
endows A with the structure of a commutative Q,-algebra. A very similar construction
provides, for any V in %, a structure of an A-module on

Homlnd(g)(lg,E(V) *E(ﬁ(Gv X Tv))).

Since O(GY x TV) admits a second GV x TV-module structure (induced by right
multiplication in G¥ xTV), A also admits a G¥ x T"V-action by algebra automorphisms,
which is easily seen (e.g. by reasoning in terms of comodules) to be algebraic. The
same construction provides, for any V in ¥, a GV x TV-action on the A-module
Homy,q ) (1, F(V) x F(O(GY x TV))), which makes it a G x TV-equivariant A-
module.

As in §6.3:2] we will denote by

\% \
A-mod§ *T

the full monoidal subcategory of the category of GV x TV-equivariant A-modules
whose objects are those of the form V ® A with V in Rep(GY x TV).

Proposition 6.3.5. — There is an equivalence of symmetric monoidal categories
~ \% 2
H:% — A—modg *T™ given by the formula

H(V) = Homyyq) (1, £(V) * F(O(GY xTY))).

Proof. — Let V € Rep(GY x TV). In this proof, we consider four different actions of
GY x TV on the vector space V ® 0(GY x T")

1. the “default” action, in which GV x TV acts by the given action on V, and by
left multiplication on 0(GY x TV);

2. the “left-only” action, in which GV x T acts trivially on V, and by left multi-
plication on O(GY x TV);

3. the “right-only” action, in which G¥ x TV acts trivially on V', and by right
multiplication on O(GY x TV);

4. the “mixed” action, in which GV x TV acts by the given action on V, and by
right multiplication on (GY x TV).
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Recall that V ® @(GY x TV) identifies canonically with the space of algebraic maps
GY x TV — V. From this perspective, the four actions are given by the following
formulas (here g € G¥ x TV, and f: GY x TV — V is an algebraic map):

default: (9 -aet f)(z) = 9f(9_1$)7
left-only: (910 f)(@) = f(g "),
right-only: (9 -0 )(@) = f(z9),
mixed: (9 -mix f)(z) = gf(zg).

There is a vector space automorphism
0:VROoGYxTY) = Ve0o(GYxTY) given by o(f)(x) =27 f(x)
for feVQRO(GY xTV) and x € GV x TV. This map has the following intertwining
properties:
09 et f) =g 100(f), @910 f) =g mixo(f)-

In the formula for H(V), we regard 0(GY x TV) as a GV x T"-module under left
multiplication. By monoidality of F', we have

(6.3.8) H(V) = Hompqe)(le, E(V) % E(0(GY x T")))
= Homyy,a4) (1o, E(V @ O(GY x TV))),

where on the right-hand side we use the default action on V @ 0(GY x TV). Now
apply ¢: we have

(6.3.9) Hompq(e)(le, F(V @ O(GY x TV))) =

Hompngw)(le, E(V @ O(GY x TV)))
2V R Homlnd(g)(l%ﬂ(ﬁ(Gv X Tv))) 2V A

In the second term, V ® &(GY x TV) carries the left-only action. In particular, V
is a trivial GV x TV-representation, so it can be brought outside the Hom-group as
shown in the third term. Combining (6.3.8)) and (6.3.9), we obtain an isomorphism
of A-modules

(6.3.10) H(V)=V A

Recall that the G x TV-action on A, resp. on Homy,q(¢)(le, E(V) x F(O(GY x
TV))), is induced by the right multiplication action on &(GY x TV), resp. the right-
only action on V@ 0(GY x T"V). Since the first isomorphism in intertwines the
right-only action with the mixed action, we see that is in fact an isomorphism
of GV x TV-equivariant A-modules. We then conclude that the functor H is well
defined (i.e. that it indeed takes values in A—modgvXTV), and essentially surjective.

Given V, V' in € we have a natural morphism H(V)® H(V') — H(V x V'), or

(6.3.11) Homyya¢)(le, E(V) % F(O(GY x TV)))®
Homlnd(%)(lg,ﬂ(v’) *E(ﬁ(Gv X Tv)))
— Homlnd(%)(lrg,ﬂa/ X V/) *E(ﬁ(GV X T\/)))7



6.3. CONSTRUCTION OF THE FUNCTOR 235

defined as follows: the image of ¢ ® ¥ € H(V) ® H(V') is the composition

le 22 F(V)« F(O(GY x TV)) x E(V') « F(6(GY x TV))
=2 F(V)xF(V)YxE(OGY xTY))x F(O(GY xT"))

- FVeVH)xEF(OGY xTY)),
where the last arrow is induced by the monoidal structure on F and the product
morphism O(GY xTV)®@ O(GY xTV) — O(GY x T"). Combining (6.3.11]) with (two
instances of) the isomorphism (6.3.10]), we obtain a monoidal structure on H.

To conclude, what we have to check is that H is also fully faithful, or in other
words that for any V, V' in ¢ the induced morphism

(6.3.12) Home (V' V) = Hom, | cvsrv (V © A,V © A)

is an isomorphism. In view of Lemma |6.3.4) we can assume that V’ = Q, = l¢; then
the right-hand side identifies with (V ® A)¢ %" where GV x TV acts diagonally.
Now we consider the extension of H to ind-objects, and take V' to be the ind-object
O(GY x TV). In this setting, the left-hand side in identifies (by definition)
with A, and in the right-hand side we find

(O(GY xTV)® A)F *T" = 4.

It is easily seen that under these identifications the map identifies with id 4,
and hence is an isomorphism. Since any object in Rep(GY x TV) is a direct summand
in a direct sum of copies of #(GY x TV), it follows that is an isomorphism
for any V in Rep(GY x TV), which finishes the proof. O

6.3.5. Extending the functor to free coherent sheaves on A7X, II. — From
the proof of Proposition we see that, identifying ¢ with A—modgvXTv through
the equivalence of this statement, the functor F' identifies with V — V ® A. We are
thus in the setting of (with H =K = GY x TV), and now want to extend our
functor to a symmetric monoidal functor

Coh$ " *T" (Ny) — A-mod§ *T".
For this we need to construct a morphism of GV x TV-equivariant algebras
O(Nx) — A.
Here the left-hand side is by definition a quotient of (g% x X) = O(g¥) ® O(X);

therefore we start by defining equivariant algebra morphisms &'(g¥) — A and 0(X) —
A.

We recall that for any V' in Rep(Gi) we have the logarithm of monodromy endo-
morphism ng ) of Z(V) = F(V ® Qv (0)) (see §9.5.4), which in this chapter we
will denote for simplicity by ny. By an analogue of Proposition [3.4:2] we have

(6313) Nygy, = Ny *! idg(vl) + idg(v) *! ny:.

As explained in Example the datum of such a collection of endomorphisms
determines a GY-equivariant algebra morphism &(g¥) — A. In fact, since for any V'
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our automorphism of V ® A is GV x TV-equivariant, this algebra morphism is even
G x TV-equivariant (where T acts trivially on &(g")).

Next, we turn to the construction of the GV x TV-equivariant algebra morphism
O(X) — A. In view of (6.2.3)), to define a morphism of GV x TV-modules (X) — A
we need to define, for any A € XY, a morphism of GV x T"-modules
(6.3.14) N(A) @ Qprv (=) — A.

Recall that in §4.6.3| (see also Lemma [1.5.2) we have considered, for any A € XY, a
canonical surjective morphism

far Z(N(N) = JA(Qp)
in Perv?q (Flg, Q). Here the left-hand side identifies with F(N(A\)®Q,7v (0)), and the
right-hand side with F(Q, ® Q,7v ()\)), where here Q, denotes the trivial G¥-module.

Lemma 6.3.6. — The morphism fy is a morphism in € .

Proof. — In view of Remark what we have to prove is that for any p € XY
the following diagram commutes, where the right-hand vertical maps are the isomor-
phisms provided by Lemma [1.2.6}

3@+ Z(Z.(L Q) —2 (@) IN@))
lz
(C7, 3 3,@0) I (Qp)

|
— I — faxlid =\ 7 —
Z(J(N, Q)+ J,(Q) ——— In(Qp) +" I (Qy).
To do this it suffices to check that the compositions of the two maps considered here
with the surjective morphism
B! id 2 (T (1, @) #' Z(Te N Q) = 3u(@0) ¥ Z(T(A\ Q)
coincide. This is exactly the content of Proposition [4.6.12 O

Applying the equivalence of Proposition to fx we obtain a canonical morphism
NN ® A — Qurv(\) ® A.

Restricting to N(A\)®1 and then tensoring with Q,7v (—\), we deduce the sought-after
morphism . Then Lemma Remark and Lemma imply that
the morphism &(X) — A so constructed is an algebra morphism.

Combining the two constructions above we obtain a G¥ x T"V-equivariant algebra
morphism

(6.3.15) O0(g" x X) = A.

Lemma 6.8.7. — The morphism (6.3.15) factors (uniquely) through a GV x TV -
equivariant algebra morphism

~

ﬁ(/\[x) — A.
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Proof. — By definition (see §6.2.2), the algebra ﬁ(ﬁ){) is the quotient of &(g¥ x X)
by the ideal generated by the images of the maps (6.2.11)) for all A € XY. Now, recall
from Lemma [£.6.9] (see also the comments at the end of §4.6.3) that we have

faomyoy = fa,
so that
faonnpy = 0.

Applying the equivalence of Proposition [6.3.5 (see also Example , this shows
that the composition of (6.2.11)) with (6.3.15]) vanishes, which implies our lemma. O

Finally, we can define the monoidal functor
F i CohS *T" () = Pervy* (Flg, Qy)
as the composition
GYXTY ({7 GYXTY ~ Xy o)
Cohg (Nx) — A-mody — € — Perv; " (Flg, Q)

where the first arrow is given by tensor product with A (with respect to the morphism
of Lemma|6.3.7) and the second one is the inverse of the equivalence of Lemmam
By construction, for any V in Rep(G") and A € XV we have

(6.3.16) FV®Og,)=2(V), FQm\e0g,)=JIxQ).
Moreover, for any A € XY, the image of the canonical morphism N(\) ® €& e
Qurv (A\)®0;, obtained from the multiplication map N(A)®&/(X) — Qirv(N®0O(X)
(see (6.2.3)) is fa.

For the next statement, recall the “base point” eg € N from & This point is

stabilized by the diagonal copy of TV in GY x TV. As a consequence, restriction to
this point defines a functor

(6.3.17) CohS " *T" (Nx) — Rep(TV).
Lemma 6.3.8. — The composition

Gradxv o F : CothijTv (Nx) — Rep(T")
18 1somorphic to .

Proof. — As explained in the composition of F with the natural functor
Rep(GY xTV) — Cohfcr'vv X7 (Nx) is the restriction functor associated with the diago-
nal embedding TV < GY x TV. We are thus again in the setting considered in
now with H = G¥ x TV and K = TV (embedded diagonally). The functor Gradxv o F
must be induced by a TV-equivariant algebra morphism & (./\7 ) — Q, which itself
is determined by the datum of a suitable endomorphism of the composition of the
restriction to Rep(G") with the forgetful functor Rep(T") — Vectg, (which will de-
fine an algebra morphism ¢(g") — Q,), and of suitable morphisms of 7"V-modules
N(A) ® Qurv (—=A) — Q, (which will define an algebra morphism &(X) — Q). In the
present setting the first datum is the trivial endomorphism (by Lemma and the
second datum is induced by the projection N(A) — N(\), on the highest weight line
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(see §4.6.3). Therefore the associated morphism & (J(\/ x) — Q is evaluation at eg,

and the desired claim follows. O
6.3.6. Factorization through coherent sheaves on N. — Now that we have
the functor F', to deduce the desired functor (6.3.1]) we will use the description of the
category DPCoh®" (N) provided by Proposition [6.2.10)

Proposition 6.3.9. — There exists a unique triangulated functor

F : D"Coh®’ (N) = DPP;

such that the following diagram (where the left vertical arrow is induced by restriction
to the open subset N followed by the equivalence (6.2.7)), and the right vertical arrow

is the obvious functor) commutes up to isomorphism:

Vv 4 A b
KPCohl X" () =00, gop,

| J

DCoh®" (N) — L DPPp,.

Proof. — By Proposition and the universal property of Verdier quotients
(see [SP, Tag 05RJ]), what we have to prove is that the composition of KP(F)
with the canonical functor K°P; — DPP; vanishes on the triangulated subcategory
KbCothr’NXTv (./{\/X)a)(, or in other words that for any .% in KbCohgvXTv (./\7;()3;( the
complex K b(F )(F) is acyclic. Now, recall that F takes values in the subcategory
PervI (Flg,Q,). By Proposition to finish the proof, it suffices to show that
for any % in KbCohg X1 (/\/X)a;g the complex Kb(GI‘adxv o F)(Z) is acyclic.
However, in view of Lemma [6.3.8| the complex K b(Gradxv o F)(.%) is the pullback
of .% under the embedding {e N} < Ny. Denoting (temporarily) this map by f,

since any object in Cth X1 (./\/ x) is flat over & 7, we have a commutative diagram

b \
KYCoh§ T (W) SU0 KPRep(TY) —Fo' s KbVecty,

| |

\2 A\VABRP=N Lf*
DPCoh® *T" (W) ! D~ Vectg,,

where the vertical arrows are the obvious fvunc‘gori. Now the bo‘vctonrvl arrow fac-
tors through the restriction functor DPCoh® **" (Ny) — DPCoh® *T" (N), which

kills all objects in KbCthVXTV (Nx)ax We deduce, as desired, that for any .%#
KbCothvaT (NX) ox the complex KP(Gradxv o F)(.Z) is acyclic. O

From ([6.3.16)) we obtain that for any V in Rep(GY) and A € XV we have
(6.3.18) FV®0Oy) =2(V), F(Og(N) = Ix(Q).
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Remark 6.3.10. — 1. Below we will not really work with the functor F', but
rather with its composition with the realization functor

(6.3.19) real : D’P; — D?(Flg, Q).

Both DPCoh®’ (V) and D?(Flg, Q,) are monoidal categories (where the product
on DPCoh®” (N) is the derived tensor product over O%)- We claim that realo F'
is canonically equipped with the structure of a monoidal functor. To see this, we
must recall some details of the construction of the realization functor (see [Betll;
see also [Rd] and [AMRW, §2.5]). One first considers a filtered version D of
D'}(Fl@,@g), constructed e.g. using appropriate filtered complexes on acyclic
resolutions of Flg in the sense of [BL]. Then the convolution bifunctor ! in-
duces a similar bifunctor on D such that the forgetful functor D — DY (Flg, Qy)

is monoidal. One considers the full subcategory A C D whose objects are the
complexes .# such that gr,(.#) € Py[—i] for all i € Z. Then one observes that
A is canonically equivalent to CPP;, and that the composition

ObP[ (—: ./2(<—> 5 — D})(Flg,@g)
factors through DPP;, giving rise to One can similarly consider the
subcategory A’ ¢ D whose objects are the complexeb F such that gr,(F) €

Pervl (Fl(;,@e)[ ] for all i € Z. Then A’ is canonically isomorphic to the
category CP PervI (FIG Qy), and the composition

CbPerv, (Flg,Q,) < A" — D — D%(Flg, Q)

factors through a functor KPPervy T (FIG Q) — D®(Flg,Qy), wh1ch coincides
with the composition of (6.3.19) with the natural functor K PervI (Flg, Q) —

DPP;. In this variant, since Perv? (Flg,Q,) is stable under convolution, the
subcategory A’ is stable under the convolution product on D, and it is not
difficult to check that the resulting functor KbPervI (Flg,Q,) — D®(Flg, Q)

is monoidal. Hence its composition with the monoidal functor KP(F) is
also monoidal. Then, by construction of F', we deduce that the composition
of with F' is monoidal.

2. Let us sketch a slightly different construction of the functor F', which does
not rely on Proposition [6.2.10] Since the functor of taking (Gv x TV)-fixed

points is exact, any object of Cth T (/\/'X) is prOJectlve in the category
Coh@ ™" (Nx). Moreover, any object .# of Coh& T (M) is a quotient of
an object of Cohg X1 (Nw): in fact it is a quotient of V ® Oy, where V is
any finite-dimensional (GY x TV)-stable generating subspace of T'(Nx,.#) (as
a module over @(Nx)). As a consequence, the natural functor

K~Coh$ *T" (Ny) = D~ Coh® *T" (Ny)
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is an equivalence of categories. Using this equivalence, from F' we obtain a
functor

D~ Coh®" *T" (Nw) = K~ Perviﬂr (Flg, Qp),
which we can then restrict to DPCoh® *T" (./\7;()

Consider the full subcategory DPCoh®" *T" (./\A/X)a;( C DPCoh® *T" (/\A/'X) of
objects supported set-theoretically on the preimage of 9X. The arguments in
the proof of Proposition[6.3.9show that the functor so obtained sends any object
of DPCoh® *T" (/\7 v )ox to a complex whose image under the associated graded
functor is acyclic, hence which is acyclic by Remark Hence it factors
through the Verdier quotient DPCoh® *T" (/\A/X)/DbCth X7 (Nx)ox. Now
by [AriBl Remark after Lemma 2.12], restriction induces an equivalence

DPCoh® *T" (Ny)/DPCoh® *T" (N )ox = DPCoh® *T" (N) = DPCoh®" (N).
Using this equivalence we obtain a functor
DPCoh®’ (N) — D™P;.

Since this functor sends the line bundles & A7(/\) to bounded complexes, in view
of Lemma it takes values in DPP;.

6.4. Antispherical and Iwahori—Whittaker categories

6.4.1. The antispherical category. — Since the I-orbits on Flg are parametrized
by W, so are the simple objects in P;. More precisely, recall that for any w € W
we have the standard and costandard perverse sheaves Al (Q,) and VI (Q,). (In this
chapter, for simplicity we will rather denote these objects by Al and VI respectively.)
Then there exists, up to scalar, a unique nonzero morphism Al — VI : its image is
simple, and denoted .#%7 (see . Then the assignment w ~ € induces a
bijection between W and the set of isomorphism classes of simple objects in Pj.

We will denote by fIW € W the subset of elements w which are minimal in Wiw.
(Here, “minimal” means that the element w is minimal in the Bruhat order among
the elements in Wyw. The general theory of Coxeter systems guarantees that there
exists one such element in each Wi-coset, and that this element is also characterized
as the unique element of minimal length in Wew.)

In this section, what we call the “antispherical category” is the Serre quotient P?Sph
of the abelian category P by the Serre subcategory generated by the simple objects
IE€L with w ¢ 'W. The quotient functor P; — P?Sph will be denoted Iaspn. (For
the construction and main properties of Serre quotients of abelian categories, we refer
to [Gab).)

6.4.2. The Iwahori—-Whittaker category. — Recall the Borel subgroup BT C G
opposite to B, and denote by It C L™G the corresponding Iwahori subgroup. We
also let I be the pro-unipotent radical of IT, i.e. the preimage of the unipotent
radical UT of BT under the natural map I™ — BT. We choose, for each simple
root v, an isomorphism between the root subgroup of U™ associated with o and the
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additive group G, . We then denote by x’ the group homomorphism obtained as the
composition

vt =ut/ututy2 I Ua= [ Gar— Gar

« simple root « simple root

where the last arrow is the sum map. We will also denote by x the composition of x’
with the projection I — U™.

We fix an Artin-Schreier local system Zag on G, . Recall that, concretely, this
means that we choose a primitive p-th root of unity ¢ in Q,, and denote by .Zxs
the summand of the pushforward of the constant sheaf under the Galois covering
Gar — Gar defined by  — 2P — z on which the Galois group Z/pZ acts via the
character m — (™. The essential property of this local system is that it satisfies

(6.4.1) H*(G.r, Zas) = H2(Gar, Las) = 0.

We then define the derived category D2, (Flg, Q) of Iwahori-Whittaker sheaves
on Flg as the (I], x*(Zas))-equivariant derived category of Q,-sheaves on Flg. Con-
cretely, this category will be an inductive limit of subcategories of sheaves on each
closed finite union of I -orbits in Flg. Given such a union X of orbits, there exists a
normal subgroup K C I} contained in ker() (so that x factors through a morphism
Xk : I /K — G,r) such that I7/K is of finite type, and such that the If-action
on X factors through an action of I} /K. (These considerations are similar to those
encountered in [BR} §1.16.4].) Then D2, (X,Q,) is defined as the full subcategory
of the derived category of Q,-sheaves on X whose objects are the complexes .% whose
pullback under the action morphism I} /K x X — X is isomorphic to X} (-Zas) X.Z.
(It is easily checked that this category does not depend on the choice of K up to
canonical equivalence.)

Even though this is not clear from the definition recalled above, it turns out that
the subcategory D%,,,(Flg, Q) of the derived category of Q,-sheaves on Flg is tri-
angulated; see [AR1l Appendix A] for some details. It is then easily seen that the
perverse t-structure on the derived category of Q,-sheaves on Flg restricts to a t-
structure on D2, (Flg, Q,) (still called the perverse t-structure). The heart of this
t-structure will be denoted Pzyy.

Note that the same constructions as for the convolution product + on D?(Flg, k)
can be used to define a bifunctor

(7) *I (7) : DS’W(FIG&@Z) X D})(FIGv@Z) - D%W(FlGa@l)

which ma&es D%W(Flg, Q) into a right module category over the monoidal category
(D} (Flg, Q). *").

6.4.3. Statement. — The I -orbits on Flg are parametrized in the standard way
by W. Those which support a nonzero (I, x*(Zas))-equivariant local system are
those corresponding to elements in the subset I C W. For any A € X we will denote
by wy the minimal length element in W - t(\), by Flg/x the corresponding orbit, and

by % » the unique rank-1 (I, x*(Zas))-equivariant local system on Flévx We also
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denote by jfw : Flévx — Flg the embedding, and set
ALY = (N Laldim(FIEY)],  VEY = (5o By [dim(FIFY)).

(These objects are perverse sheaves by [BBDGI, Corollaire 4.1.3], since jfw is an
affine morphism.) As usual we have

@4 if \=p and n = 0;

ATV wIWLT A
(6.4.2) Hompy 16,5, (AX7: Vi [nb_{o otherwise.

Moreover, the image of any nonzero morphism AZW — VIW is simple; this simple
object will be denoted J%AIW. It is well known (and follows from the techniques
of [BGS| §§3.2-3.3]) that the category Pryy has a natural structure of a highest
weight category (in the sense considered in [BR) §1.12.3]), with weight poset X (for
the order defined by A < pu iff Flévx C Fléwu) and standard, resp. costandard, objects
(ATW i X\ € X), resp. (VI : )\ € X).

Remark 6.4.1. — For any A € XV, the orbit Flg/}\} is dense in the LT G-orbit

L*G - 22 /1. Therefore, the inclusion relations among these orbits is closely related
to the inclusion relations among I-orbits in Grg, which is discussed e.g. in [ARZ2]

§9.4]. In particular, according to [AR2] Lemma 9.12], if Flévx C Flém, then:

1. either p— A\ € ZR, and A belongs to the convex hull of W(u) but not to We(u)

2. or A € Wi(u), and if v is the unique dominant weight in Wr(u) and if 2,y € Wy
are the unique elements of minimal length such that A = z(v) and p = y(v)
respectively, we have y <p,, T.

It also follows from [AR2] Lemma 9.12] that in the case where u € Xi, the coweights
A such that Flg/x C Flg//\j are exactly those such that N(u)y # 0.

Note that since the closure Flg/g = LTG/I = G/B does not contain any orbit
Flévx with A # 0, the natural morphism AZY — VIW is an isomorphism. We can

then consider the functor
Avzw : D} (Flg, Q) = D3y (Fle, Q)
defined by
AVIw(y) = AgW *I ZF.

The main result of the present section is the following statement.

Theorem 6.4.2. — 1. The functor Avryy is t-exact with respect to the perverse
t-structures on D?(Flg, Q) and D%, (Flg, Q).
2. The restriction of this functor to the hearts of these t-structures factors through
a fully faithful functor P?Sph — Prwy.

Remark 6.4.3. — We will see much later (see Corollary [6.6.2) that the functor
PaPh _, Py in Theorem [6.4.2)2) is in fact an equivalence of categories.
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6.4.4. Some preliminaries. — In order to prove Theorem we will need some
preparation. We begin with the following lemma.

Lemma 6.4.4. — For w € W we have Avryy (F€L) = 0 unless w € TW.

Proof. — By definition we have Avzwy(S€L) = ATW «f €L, Now if w ¢ W,
there exists a simple reflection s in W; such that sw < w. Let J, C LTG denote
the corresponding “parahoric” subgroup; i.e., the preimage under L*¥G — G of the
parabolic subgroup of G containing B and associated with the subset {s} of the
simple reflections. Then the perverse sheaf .#%7 is J,-equivariant. In particular,
there exists a complex .# in DY (Flg,Q,) such that S = Fory:(.#). (Here, Forj*
Db (Flg,Q,) — D}(Flg, Q) is the natural forgetful functor.) Then by standard
properties of the convolution construction we have

APV T IEE = (1) AP %7 F
where 7, : Flg — LG/ J, is the quotient morphism and +’+ is the convolution product

of complexes on LG/ J,s with Js-equivariant complexes on Flg. Now using (6.4.1)) one
can check that (7,).AF"Y = 0, which finishes the proof. O

Lemma 6.4.5. — For any w € W we have
AVIw(Afv) = Afw and AVIW(V{U) = Vfw,

where A € X is the unique element such that Wi - w = Wy - wy (or equivalently
Wi -w =W -t(N)).

Proof. — When w € W, the claim follows (using arguments similar to those encoun-
tered in the proof of Lemma from the observation that the multiplication map
induces an isomorphism Flg/g x Flg ., = Flévf\} (where w = wy ), together with the
fact that ATV =2 VIW. (Here, following the same conventions as in we write
FIEY X Flg,, for (par)  (FIEY) x“ ¢ Flg,,,.)

To deduce the first isomorphism in the general case, one proves that there exists
a morphism Af” — A whose cone is killed by Avzyy. Indeed, write w = zw) with
x € W;. By Lemma there exists an embedding % < Al whose cokernel has
only composition factors of the form 7%, with y € Wi~ {e}. Convolving on the right
with AL~ and using Lemma we obtain a morphism AL — Al whose cone
belongs to the triangulated subcategory of D% (Flg,Q,) generated by the objects of
the form fcgyl *1 A{m with y € W;. Hence, to prove that this cone is indeed killed by
Avryy, we only have to note that in view of Lemma we have AVIW(J%; )=0
for such y; it follows that

AVIw(f%yI *I A{u,\) = AVIW<j<gyI) *I A’LIU,\ =0,

which implies our claim.
The proof of the second isomorphism is similar. O

Remark 6.4.6. — 1t is not difficult to show that the morphism Al — Al con-

sidered in the proof of Lemma is in fact an embedding of perverse sheaves (but
this fact will not be needed here).
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Corollary 6.4.7. — The functor Avry is t-exact. Moreover, for any A € X we
have
AVIW(nguI;A) = ]%)\IW

Proof. — The first claim follows from Lemma[6.4.5|and the fact that the nonpositive,
resp. nonnegative, part of the perverse t-structure on D})(Flg,@g) is the subcategory
generated under extensions by objects of the form Al [n] with w € W and n € Z>,
resp. by the objects of the form V. [n] with w € W and n € Z<o.

Once this fact is known, we observe that .#% is the image of any nonzero mor-
phism f : A{U — Vi@ hence its image under Avzyy is the image of Avzyy(f).
By Lemma this morphism identifies with a morphism AIY — VIV and
by considering its restriction to Flg/}f we see that Avzy(f) # 0. It follows that

Avzyw (FE) ) = I, as desired. O

6.4.5. Proof of Theorem [6.4.2] — By Lemma and the universal property
of Serre quotients, the restriction of Avzyy to the hearts of the perverse t-structures
factors through an exact functor

h aspl
AVERE L PPl Py

The only thing that remains to be seen is that Av%fi,h is fully faithful.

For this, denote by Iy the intersection of I and I}, or in other words the kernel of
the natural map LTG — G. We consider the associated equivariant derived category
D} (Flg,Q,), and the induction functor

“Indj, : D}, (Fla, Q) = D7 (Fle, Q)
sending a complex .7 t0 a. (@@ﬁ), where a : I x0Flg — Flg is the action morphism
and Q, X .# is the unique complex whose pullback to I x Flg is Q, X .#.
Lemma 6.4.8. — There exists a morphism
€I — *Ind] (ATY)[— dim(T)]

whose cone belongs to the subcategory of DY (Flg,Qy) generated under extensions by
the objects of the form FE€L[n] with (w,n) € Wi x Z<o and either n < 0 or n = 0
and w # e.

Proof. — The L+ G-action on the base point of Flg induces an isomorphism between
Flg 4, and the flag variety G/B, which induces equivalences of categories

D})(FIGW&H@E) = D%(G/B7@Z)7
b T~ ~ b —
D(I\T’X*(fAs))(FIG’wO’QE) = D(U+7(X')*(3As))(G/B’ QZ)

Using these equivalences, we can apply [BeR2| Lemma 12.1 and Remark 12.2(1)],
which implies that the complex *Indj (AT") is concentrated in perverse degrees >
—dim(7T), and that moreover we have

R ) (vnaj (APY)) = AL
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The claim follows, since by Lemma there exists an embedding /€ — ALO
whose cokernel has all of its composition factors of the form .#%7 with ¢(w) > 0. O

Remark 6.4.9. — The proof of this lemma in [AB] is incomplete. Filling this gap
was one of the motivations for the work performed in [BeR2].

Now we set
= = Iapn 0 P20 (Ind] (—)[— dim(T)]) : Pzyy — P3P,
where we omit the forgetful functor Pzyy — D}OO (Flg, Q).

Lemma 6.4.10. — There exists an isomorphism of functors = o Av;if’vh =~ id.
Proof. — The proof will exploit the following observation. Let &/ be an abelian
category, let Z C o/ be a Serre subcategory, and let ¥ be another category. Denote
by II : & — &//% the quotient functor. Given functors Xy, X : &/B — €,
then defining a morphism of functors X; — X5 is equivalent to defining a morphism
of functors X; oIl — X5 o II. In fact, given a morphism X; — X5 we obtain a
morphism X; oIl — X5 oIl by composing with II. And conversely, given a morphism
@ : Xj0Il — X50Il, since the objects in o/ /% are the same as those of &/ we can obtain
a morphism of functors X; — X5 by declaring that the morphism X;(A4) — X5(A)
is the morphism ¢(A) : X; o II(A) — X5 o II(A) for any A in o/ /9B, where in the
latter case A is regarded as an object in 7. (It is left to the reader to check that this
indeed defines a morphism of functors X; — X5, and that these two constructions
are inverse to each other.)

From this remark we deduce that to prove the lemma it suffices to construct an
isomorphism of functors Ilaspn =0 Av%ﬁﬁ,h o Iasph-

By definition, and since the functor *IndfO commutes with convolution on the right,
for % in P; we have

= 0 AVER (Tasph (F)) = Magpn 0 2270 (*Ind (AT +! Z)[— dim(T)))
= Mopn © P20 (*Ind], (ATY) # Z[— dim(T)]).

Now we claim that if ¢ belongs to the subcategory of D?(Flg, Q,) generated under
extensions by objects of the form .#€/[n] with (w,n) € Wi x Z<q and either n < 0
or n =0 and w # e, then we have

osph 0 P~ HG ! F) = Hagpn 0 P (G 5 F) = 0.

Indeed, to prove this we can assume that 4 = .#6! [n] with (w,n) as above. If w # e,
and if s € St is a simple reflection such that sw < w, then ¢ belongs to the essential
image of the forgetful functor D}}S (Flg, Q) — D?(Flg,Q,), where J; is as in the proof
of Lemma Hence the same property holds for ¢4« .%, and then for its perverse
cohomology objects, which implies that Iaspn 0 P#™ (4 xI F) = 0 for any m € Z.
Now if w = e then n < 0, so that II,spn 0 PF™ (Y * F) = Haspn © AT (F) =0
for m € {0, —1} (and even for any m € Z<y).
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Now we consider a morphism .#€ — *Indfo(A%W)[— dim(7)] as in Lemma
and denote its cone by 4. Convolving with .% on the right we obtain a distinguished
triangle

F = *Indk (ADV) ! Z[—dim(T)] - ¢« 7

and then applying the cohomological functor Il spn 0 P70 and using the claim of the
previous paragraph we deduce a functorial isomorphism

Maspn(F) = Eo AV%?Vh(Hasph(ﬂ))v
which finishes the proof. O
Corollary 6.4.11. — For any X,Y in P"}Sph the morphism
h asph
Ext;?sph(x, Y) = Extp_ (AR (X), Avih (V)

induced by Av%sﬁ,h is injective.
Proof. — A nonzero element in Extéasph (X,Y) corresponds to a nonsplit exact se-
I

quence ¥ — Z — X, and its image under Av%sﬁ,h is the class of the exact sequence

AVERMNY) < AVERMN(Z) — AVERY(X). The latter exact sequence cannot split, since
any choice of splitting would provide, by applying = and using Lemma [6.4.10] a
splitting of the original exact squence. O

We can finally finish the proof of Theorem [6.4.2

Proof of Theorem[6.4.2 — Recall that what we have to prove is that the functor
Av%ﬁf’vh is fully faithful, or in other words that for any X,Y in P?Sph the induced
morphism

Hompaspn (X,Y) — Homp,, (AVEPY (X)), AVERM (V)

is an isomorphism. We prove this by induction on the sum of the lengths of X and Y.
If X and Y are simple then these objects are images of simple objects in Py, sowor
Av%ﬁ,ﬁ,h(X ) and Av%%h(Y) are also simple by Corollary and moreover they are
isomorphic iff X and Y are; so the claim is clear in this case. The general case follows
using Corollary [6.4.11] and the 5-lemma. O

6.5. Central sheaves and tilting Iwahori—-Whittaker perverse sheaves

6.5.1. Statement. — We now introduce the notation
gpIW = AVIW o % : Rep(GV) — Pzw.

Recall (see that the category Pzyy has a natural structure of a highest weight
category. In such a category one can consider the tilting objects, i.e. those which
possess both a filtration whose subquotients are standard objects, and a filtration
whose subquotients are costandard objects. By the general theory of highest weight
categories, if .% is a tilting object, then the number of occurrences of a given standard
object AfW, resp. of a given costandard object V%W, in a filtration with standard
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subquotients, resp. with costandard subquotients, does not depend on the choice of
filtration; it will be denoted

(F:ATY), resp. (F:VIV).
In fact we have
(6.5.1) dim HomD%W(Flc’@z)(Afw,ﬁ) = (7 : VIV);
(6.5.2) dimHompy . g, (F,V3"Y) = (F : AY).

Another general property that will be needed below is that a direct summand of a
tilting object is again tilting.
The following lemma is easy to check (see [BBM] for the origin of these ideas).

Lemma 6.5.1. — Let F in D%, (Flg,Q,). Then F is a tilting object in Py iff
for any X € XV the complezes (j3W)*F and (V). F are concentrated in degree
— dim(FIgY).

The main result of the present section plays a key role in proving the main equiva-
lence, but it is also interesting in its own right: it stipulates that the perverse sheaves
ZIW(V) are tilting for all V in Rep(G").

Theorem 6.5.2. — For any V in Rep(GY), the perverse sheaf 2TV (V) is tilting.
Moreover, for any A € XV we have

(6.5.3) (V) AT = (ZPV(V) : VEY) = dim(Vy).

The strategy of proof of this theorem will be to first prove it “by hand” for some
“explicit enough” representations, and then propagate this result by taking tensor
products.

Remark 6.5.3. — 1. It is natural to ask whether the perverse sheaf 22" (V)
is indecomposable if V' is simple. We will see that this is indeed the case
(see §6.6.4), but only after the Arkhipov-Bezrukavnikov equivalence is proved.

2. Theorem [6.5.2] should be seen as a statement which is “Koszul dual” to
Lemma Namely, one can define a “Koszul duality” autoequivalence of a
certain category closely related with the category of I-constructible Q,-sheaves
on Flg, see [BeY]. This construction has a “parabolic—singular” analogue
relating I-constructible sheaves on Grg and Iwahori-Whittaker sheaves on Flg,
and these equivalences intertwine the functor m, and a certain “averaging”
functor similar to Avzyy. It was suggested by M. Finkelberg (see [ABI Footnote
on p. 174]) that the appropriate lifts of the central sheaves 2°(V') should be fixed
by Koszul duality. Combining all these considerations, one sees Theorem [6.5.2)
as the mirror of Lemma under Koszul duality.

6.5.2. Computing multiplicities. — We start by explaining how to deduce the
equalities (6.5.3)) from the fact that 22" (V) is tilting. The argument will be based
on the following proposition.
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Proposition 6.5.4. — For any V in Rep(GY) and any p € XV we have
> (-1 dim(Hompy, ., g,y (A7, 27V (V)1i])) = dim(V,,),

i>0

> (-1t dim(Hompy, ., 3, (27 (V), VYL = dim(V,,).

i>0
Proof. — We prove the first equality; the seco_nd one can be justified similarly. It
is clear that the assignment F — 3 .5, (—1)"- dim(HomD%W(FIG’@Z)(Aﬁw,35[1']))

factors through the Grothendieck group of D%, (Flg, Q). Now by Lemma in
the Grothendieck group of P; we have

= > dim(Vy, ) - [IA@)] = > dim(Vy) - [Ix(@p)]-

AEXV AEXY
In view of Lemma this implies that

V)= > dim(Va)- [Viy],

AEXY
and then (using Lemmam ) that
[(ZTV(V Z dim(Vy) - [VEY).
AEXY

The claim follows, since we have
> (=1t dim(Hompy, g, g,y (A7, VIVL)) = 6
i>0

by (6.4.2). O

Remark 6.5.5. — By the same arguments as in the proof of Lemma [£.1.9] Propo-
sition implies that for any A € XY the perverse sheaf ZZ"V(N ()\)) is supported

on Flg/)\} (Moreover, for y € XV, this closure contains the orbit FI5" u EN(A), # 0

see Remark [6 -

Corollary 6.5.6. — Let V in Rep(GY), and assume that 22V (V) is tilting. Then
for any A € XV we have

(ZPV(V): AFY) = (277(V) : V) = dim(Va).

Proof. — From (6.4.2]) we deduce that under our assumption we have
HongW(Flg,@f)(Afwa VW) = HongW(Flg,@)(gIW(V)a vfw [i]) =0
for any i > 0. Moreover, by (6.5.1)—(6.5.2]) we have
dim HongW(FIG@)(AfW, ZIVW)) = (VW) vV,
dim Hongw(FIG@)(fIW(V), VIV) = (ZTV(V) : ADY).
Then the claim follows from Proposition O
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Once this corollary is proved, to complete the proof of Theorem it suffices to
prove that ZZW(V) is tilting for all V in Rep(G").

6.5.3. Propagation through tensor products. — The following proposition is
the key fact that will allow us to reduce the proof of the first claim in Theorem [6.5.2
to certain special cases.

Proposition 6.5.7. — If V,V' are objects in Rep(GV) such that ZTV(V) and
ZIW(V') are tilting, then ZTW(V @ V') is tilting.

Before proving this proposition, we start with the following well-known result.

Lemma 6.5.8. — For any v,y € W, the object AL ! Aé belongs to the full sub-
category of D®(Flg,Q,) generated under extensions by the objects of the form Al[n]
with z € W and n < 0.

Dually, for any x,y € W, the object VL ! Vé belongs to the full subcategory of
DY%(Flg, Q) generated under extensions by the objects of the form V1i[n] with z € W
and n > 0.

Proof. — We prove the first claim; the second one can be obtained similarly. The
proof proceeds by induction on £(y). If £(y) = 0 then we have AL " Al'>~ AL by
Lemma |4.1.4)(1), so that the claim is clear. Otherwise, choose s € S such that sy < y;
then we have Al =2 ALl Al again by Lemma [4.1.4)(1)), so that
ALST Al = (AL AD ST AL

If s > x then we have AL x! Al =2 Al (once again by Lemma [4.1.4[1))), and the
desired claim follows by induction. Otherwise, using the exact sequences of perverse
sheaves

IEC — Al - 7€ and € — V! - 5¢!
on Flg ; & P! and the fact that AL+ VI 2 AL (as follows from Lemma[4.1.4([T)~(3)),
we obtain distinguished triangles

AL s AL AT S AL gt Wy ana AL gl 5 AL AL 1y

These triangles show that AL I Al belongs to the full subcategory of D¥(Flg, Q)
generated under extensions by the objects of the form Af[n] with z € W and n < 0.

Once again, we deduce the same property for Al +/ A?IJ using induction. O
Proof of Proposition|[6.5.71 — In view of Lemma what we have to prove is that

for any A € XV the restriction and the corestriction of Avzw (Z(V ® V') to Fl@”ﬁ
are both concentrated in perverse degree 0. First, since this object is perverse its
restriction is concentrated in degrees < 0, and its corestriction in degrees > 0.

Now, by assumption Avzy (2 (V) admits a filtration with subquotients of the form
ATW; therefore Avrw (2°(V @ V') = Avgw(Z(V)) «7 Z(V’) admits a filtration (in
the sense of triangulated categorie with subquotients of the form Agw L (V.

(5)We say that an object admits “a filtration in the sense of triangulated categories with subquotients
in a set C” if it lies in the smallest additive subcategory that contains C and is closed under extensions.
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We observe that
APV 2 (V) = ATV AT AL K 2 (V)
= APV 2 (V)AL = Ao (Z(V) T AL

where the first isomorphism comes from Lemma [6.4.5] and the second one from
the fact that 2°(V’) is central (see Theorem [3.2.3). Now, again by assumption
Avrw (Z(V')) admits a filtration with subquotients of the form AZY; therefore
Agw *I Z(V') admits a filtration (again in the sense of triangulated categories) with
subquotients of the form APV " Al "2 Avzwy(A], +' Af, ). Finally, Lemma
and Lemma imply that the restriction of each Avzyy (AL ! Afvu) to FlG is
concentrated in degrees > 0. Hence the same is true for Avpy (Z(V @ V).

Dual arguments show that the corestriction of this object to Flg/}\} is concentrated
in degrees < 0, and the proof is complete. O

6.5.4. Minuscule and quasi-minuscule coweights. — Now we want to show
that 272V (V) is tilting for any V in Rep(GY). If H = Z(G)®, then the natural mor-
phism Grg — Grg g is surjective, and restricts to a universal homeomorphism on
each connected component of Grg. (To justify this property, one may invoke [PR],
§6.a and Proposition 6.6]; see also [BR), Footnote on p. 3].) Moreover, the pushfor-
ward under this map corresponds, under the Satake equivalences for G and G/H, to
restriction along the natural embedding (G/H)Y — GV (see [BR] p. 118]). From
these remarks we conclude that it suffices to prove the desired claim in the case when
G is semisimple.

Assume that G is semisimple, and recall (see §1.2.1.6|or [NP, Lemme 1.1]) that a
dominant coweight A € XY is called minuscule if for all o € 9% we have [(A\,a)| < 1,
and that in this case the orbit Grgy is closed. On the other hand, A € XY ~ {0}
is called quasi-minuscule if it is minimal in XY \ {0} (for the order such that p is
smaller than v iff v — p is a sum of positive roots) and not minuscule; in this case
there exists a unique root v such that (\,7) > 2, and A = v"; moreover we have
Crgy = Grg, U Grl.

In the following subsections we will prove the following claim. (More precisely, the
case of minuscule coweights will be treated in and the case of quasi-minuscule

coweights will be treated in §6.5.10])

Proposition 6.5.9. — Assume that G is semisimple. If V is a simple GV -module
whose highest weight is either minuscule or quasi-minuscule, then 2TV (V) is tilting.

Before proving the proposition, we explain why this claim is sufficient to complete
the proof of Theorem [6.5.2

Proof of Theorem[6.5.9 — As explained in all that remains to be proved is
that ZZW(V) is tilting for any V in Rep(GY). Moreover, as explained above, for
this we can assume that G is semisimple. In addition, since the category Rep(GY)
is semisimple we can assume that V is simple. Recall (see e.g. [NP], Lemme 10.3])
that any simple GV-module is isomorphic to a direct summand of a tensor product
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of simple modules whose highest weights are elther minuscule or quasi-minuscule. In
view of Proposition “ 6.5.7| and Proposition ZTW(V) is then a direct summand
of a tilting perverse sheaf, and hence is 1tself tlltlng. O

Remark 6.5.10. — In case G = GL,(F), with the notation above we have
G/H = PGL,(F), and then (G/H)Y = SL,(Q,). In this case, all the fundamental
coweights are minuscule, and any simple (G/H)Y-module is isomorphic to a direct
summand of a tensor product of simple modules with minuscule highest weights.
(See e.g. Lemma below for a similar statement in a modular context.) In
particular, in this special case we do not need the case of quasi-minuscule coweights
in Proposition to prove Theorem [6.5.2)

6.5.5. Extremal coweights. — Our goal in this subsection is to prove that when
G is semisimple and A is minuscule, the perverse sheaf Z°(N())) is tilting. For this
we start with the following lemma, which does not require any assumption.

Lemma 6.5.11. — For any V in Rep(GY), any A € XV, any x € Wt and anyn € Z
we have

HomDEW(FIG’@)(Afw,ﬁ”IW(V)[n]) = Hongw(FlG,@Z ( I(/\ LIV )[n])
and

HomD%W(FIG’@Z)(gIW(V)7V§W[n]) = HongW(Flg,@)(gI V), vx(/\)[ ])
Proof. — We prove the first isomorphism; the second one can be justified similarly.
We can assume that A € XY; then we have wy = t(A) and w,(y) = t()\) - y with

L wyny) = £(wyr) — L(y), where y € Wt is of minimal length with yz(\) = A (see
g. [MR2, Lemma 2.4]). Hence we have
AV 2 ATV ST AL = APV ST Afu . x! Al_l = Ax(/\) x! Agl/_l,

where we have used Lemma |6.4.5|and Lemma [4.1.4{[1). Now since the object Aé_l is
invertible in DY (Flg, Q) (see Lemma [4.1.4([)), we have

Hongw(FIG’@z ( JC()\)’ gIW( )[ ])
= HomD%w(FlGﬁQz (AL(/\) «! A{Fl ) QFIW(V) ! Ai*l [n])
= HongW(mG,@Z)(AfW, V()L Aé,l [n]).

Finally we observe that
VW) R AL = ATV (V)R AL = ATV AL 2 (V)
= APV Z(V) = 2PV(V),
where the isomorphism on the upper line uses the centrality of 2°(V) (see Theo-

rem [3.2.3), and the one on the lower line uses Lemma [6.4.5] This completes the
proof. [

Corollary 6.5.12. — For any A € XY and any pn € Wi()), the complezes
GEV)* 2TV (N(N)) and (FEV) ZPV(N(X)) are concentrated in degree —dim(Fléﬁ).
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Proof. — Proving the lemma amounts to proving that
Hompy rig g (B> 27 (NQ)) )
=Hompy (i, g, (27 (NW), Vi¥[n]) =0

for any n > 0. In view of Lemma|6.5.11]it suffices to consider the case 4 = A. Now, by
Remark m the orbit Flévx is open in the support of Z7"(N())); thus, the claim
is obvious in this case. O

In the special case when G is semisimple and A is minuscule, the only elements

p € XY such that Fléwu C Flg/\; are those in We(A). In view of Lemma
Remark and Corollary [6.5.12] this shows Proposition in this case.

6.5.6. The regular quotient. — The rest of this section is devoted to the proof
of the case of quasi-minuscule coweights in Proposition [6.5.9} This case will require
much more work than that of minuscule coweights. Part of the constructions involved
in this proof do not require G to be semisimple, so we do not impose this assumption
at this point.

We consider the Serre subcategory (€7 : {(w) > 0)serre C Pr generated by the
objects £ with £(w) > 0, and the Serre quotient

P? = PI/<ﬂ<€1£ :E(w) > O>Serre-

The quotient functor P; — P9 will be denoted I1. Each object in P} has finite length,
and the simple objects in this category are those of the form IT°(.#¢)) with w € W
and ¢(w) = 0. (In particular, this category has only finitely many simple objects in
case G is semisimple.)

Lemma 6.5.13. — 1. If F belongs to (IECL : £(w) > 0)serre and 4 is any object
of P1, then for any n € Z the perverse sheaves P (F x'G) and P (G x F)
belong to (IECL - £(w) > 0)gerre-

2. For #,9 in Py and any n € Z ~ {0} we have II° (P (F x' 4)) = 0.

Proof. — Of course, using long exact sequences of cohomology one can assume
that # = 4% for some w € W with £(w) > 0. Choose a simple reflection s such that
£(sw) < £(w). As in the proof of Lemma Z is Js-equivariant, where J; is the
corresponding minimal parahoric subgroup of LG. That is, .% belongs to the image
of the forgetful functor DY (Flg,Q,) — D} (Flg,Q,). Then the same will be true for
Z «1 4, so that all of its perverse cohomology objects will be Jy-equivariant. The
composition factors of Js-equivariant perverse sheaves are all of the form .#% with
sr < x; in particular such objects belong to (#€! : /(w) > 0)serre, which finishes the
proof of the first claim.

The proof of the second claim is similar, using the fact that any .#€! with ¢(w) > 0
is the pullback of a perverse sheaf on the partial affine flag variety LG/J; for some
simple reflection s.

Here again we can assume that .#% = %€/ and ¢4 = J‘Ky] for some z,y € W.
If £(z) > 0 or £(y) > 0 then the claim follows from (). And if £(z) = {(y) = 0 then

we have S€! %! f‘ﬁyl = f%fy, so that the claim is obvious. O
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Lemma [6.5.13] has the following consequence.

Proposition 6.5.14. — 1. The bifunctor P; x Py — PY sending a pair (F,9)
to IO (Po#0(F 1 4)) factors through a bifunctor
®: PU x PY s P,

2. The bifunctor ® is exact on both sides, and admits natural associativity and unit
constraints.

Proof. — Lemma implies that the bifunctor (#,9) — N0 (P2 (F +I 4)) is
exact on both sides, and vanishes on (F€) : (w) > 0)serre X P; and on Pr x
(IEL : £(w) > 0)gerre- Therefore it factors through a bifunctor @, which is exact on
both sides. This observation also shows that for %1, . %5, %3 in PY we have canonical
isomorphisms

(3‘\1 () yg) ® F3 = HO(pij(gz-l «! Fy «! ﬁg,)) =) (92 ® <g\g),

where in the middle term we use the canonical identification between objects in P} and
P to consider %1, %5, . %3 as objects in P;. This provides the desired associativity
constraint. Similar considerations show that the object

60 =T (sE])

admits a canonical structure of a unit object. O

Thanks to Proposition [6.5.14] we can now consider the abelian monoidal category
(PY,®). We set
2% =110 2 : Rep(GY) — PY.
Lemma 6.5.15. — The functor Z° admits a natural structure of a central functor.
Proof. — To prove the lemma we have to endow Z° with “monoidality” and “cen-

trality” isomorphisms. These will be induced by the corresponding isomorphisms for
Z. Namely, for V, V' in Rep(G") we have a canonical isomorphism

Z(STTV) A Z(STHV)) S Z(STHV @ V),
see Theorem Since both sides are perverse sheaves, appying II° we deduce a
canonical isomorphism
Ve 2°(V) S 20V e V).
We leave it to the reader to check that these isomorphisms define a monoidal structure
on Z°.
Next, for V in Rep(GV) and .# in PY we have a canonical isomorphism
Z(STH V) F S F A Z(STHV)),

see Theoremm (Here, as above we use the identification between objects in P and
P to regard .% as an object in P;.) Since both sides are perverse (see Corollary )
once again applying II° we deduce a canonical isomorphism

V)V ® T s F 2.
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We leave it to the reader to check (using the analogous claim for the functor Z) that
these isomorphisms define a central structure on 2. O

For V in Rep(GY) we set
nY :=M%ny) € Endp(}(ﬁfo(V)).
The following claim is an immediate consequence of Proposition [2.4.6{[2).

Lemma 6.5.16. — For any V,V' in Rep(GY) and any f € Hompg(ffo(V), Zo0(v")
we have fonY, =nY, o f.

6.5.7. Description of the regular quotient. — We denote by ﬁ? the full abelian
subcategory of P whose objects are the subquotients of objects of the form 27°(V)
with V in Rep(GY). Obviously, the functor 20 factors through a functor

79 . Rep(GY) — PY.
Lemma 6.5.17. — If % and & belong to IS(IJ, then F ® 9 also belongs to ﬁ?

Proof. — If .7 is a subquotient of 2°°(V) and ¢ a subquotient of 2°(V"), then by
exactness of the product ® (see Proposition[6.5.14)) the object # ®¥ is a subquotient
of Z°WV)® 2°(V') = 2%V e V). O

As a consequence of this lemma, ﬁ? admits a natural structure of an abelian
monoidal category. Clearly, the structure of a central functor on 2 O restricts to
a structure of a central functor on 2.

The following proposition will be the key to the proof of the quasi-minuscule case
in Proposition It will also play a technical role in Section

Proposition 6.5.18. — There exist
1. a closed subgroup H C GV;
2. a nilpotent element ng € gV such that H C Zgv(ng);
3. an equivalence of monoidal categories

3" : (P, ®) = (Rep(H),®);

4. and an isomorphism of functors n: ®° o 70 =, Forgv

such that for any V in Rep(GY), the endomorphism n(®°(nY,)) coincides with the
action of ng on V.

Proposition is a particular case of a more general result proved in [Be2],
to which we refer for further details. Below we review how its proof works, for later
comparison with an analogue over a field of positive characteristic in Chapter (8} (The
details of this proof will however not be needed for the rest of the present chapter.)

The key idea of the proof is to check that the forgetful functor Rep(GY) — Vect@[

factors through the functor 7. For this, we start from the observation that the
(left) regular GV-module &(GY) defines a ring object in the monoidal category of
ind-objects in Rep(G"), which we will denote &(G"). Therefore we can consider its

image 20(0(GY)), a ring object in the category Ind(ﬁ(}) of ind-objects in ﬁ? By
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definition, a left ideal subobject in 2Z°(£(G")) is a subobject .# (in the abeliar((®)
category Ind(IS?)) such that the multiplication map sends 27°(0(GV)) ® . into .4 .
Using the fact that the ring €¢(GY) is commutative and Theorem it is not
difficult to check that any left ideal is automatically a right ideal.

Lemma 6.5.19. — There exist mazimal left ideal subobjects in Q%(Q(GV)).

Proof. — To prove this lemma we will use Zorn’s lemma. Namely, the first obser-
vation is that by [KS2| Theorem 6.1.8], the category Ind(ﬁ?) admits small filtrant
inductive limits. We next consider the poset of left ideal subobjects in gfﬁ(@ (GV)).
Given a chain (.#; : i € I) in this poset, one can consider the associated inductive
limit .. By the universal property of inductive limits, this object is endowed with a
canonical morphism M E}FO(Q (GV)), and the image of this morphism is an upper
bound for our chain. By Zorn’s lemma we conclude that our poset has a maximal
element, i.e. that 20(€(GY)) admits a maximal left ideal subobject. O

We next choose a maximal left ideal subobject ¢ in 5‘;()(@ (GY)), and denote by
O(H) the associated quotient. Since our left ideal is also a right ideal, &(H) has a
natural structure of a ring object in Ind(ﬁ?). Let us denote by Mod g (r) the category
of left &(H )-modules in Ind(lg(}). Then Modg(f) is an abelian category, and O(H) is
a simple object in this category. Therefore, the ring
(6.5.4) K := Endwmod,,, (C(H))

is a division algebra, and the functor V +— V Q@ O(H) defines an equivalence of
categories between the category of right finite K-modules and the full subcategory of
Modg () whose objects are finite direct sums of copies of &(H). (Note for later use
that the latter subcategory is closed under subquotients.) Let us also remark that
if # is a left O(H)-module and .4 is any object in PY, then the product .# ® A4
admits a canonical structure of a left & (H )-module.

The next step is to remark that restriction to 2°(Q,) = 6° C ¢(H) induces an
isomorphism

K= Homlnd(i;?)(éo, O(H)).
In these terms, the product f - g of two maps f,g: 6° — O(H) is the composition

80 =6 ® " 12 o(H)® 0(H) — 0(H),
where the map on the right is multiplication in the ring-object (H). Since O(GY) can
be written as a formal direct limit of finite-dimensional modules parametrized by Z>,
O(H) is a formal direct limit of objects of E’? parametrized by Zx>(, which implies that
K has at most countable dimension over Q,. Since Q,(X) has uncountable dimension
(e.g. because the fractions ﬁ for A € Q, are linearly independent), the only division
algebra over Q, which has at most countable dimension is Q,. It follows that K = Q,.

(6)Recall that the category of ind-objects in an abelian category is itself abelian: see [KS2| Theo-
rem 8.6.5(i)].
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The next important step is the following.

Lemma 6.5.20. — 1. For any A in 5?, the product O(H) ® A is isomorphic
(as an O(H)-module) to a (finite) direct sum of copies of O(H).
2. The functor v : P} — Vect@’Z defined by

o(A) == Hommod ) (C(H), O(H) ® M)

s exact and fait@fyl, and admits a natural monoidal structure. Moreover, the
composition v o 20 is canonically isomorphic (as a monoidal functor) to the
Jorgetful functor Rep(GV) — Vectg, .

Proof. — First we consider the case ./# = E}T)(V) for some V in Rep(GY). We
have a canonical isomorphism of G¥-modules and of &(G")-modules (GY) @ V =
O(GV)®Y where V is the underlying vector space of V' (with trivial G¥-action). We

deduce a canonical isomorphism of 20 (O(GY))-modules
ZU0(G) ® 2°(V) = Z°(0(G") &g, V.
Being an isomorphism of f;;O(Q(G ))-modules, it must send ¢ - (ﬁ(@(GV)) ®

@(V)) = J7® ‘,"Z;O(V) to 7 - (Z°0(GY)) ®3, V)= g ®g, V., and therefore

induce a canonical isomorphism

(6.5.5) O(H)® Z°(V) = 0(H) @, V

This proves the desired claim for the object .#Z = 5}6(‘/). Since any object of 59 is
by definition of subquotient of an object of this form, and since any subquotient (in
Modg(gy) of a direct sum of copies of O(H) is itself isomorphic to a direct sum of
copies of O(H), this finishes the proof.
From the fact that K = Q, and we deduce that for any .# in ﬁ? we have
O(H) ® 4 = 6(H) 0, o(A).

From this one obtains a monoidal structure by observing that

O(H) &g, o(M & N) = OH)® M SN = (0(H) g, o(M)) ® N
= (0(H) ® N) @, o(.4) = O(H) @, o(.A) &g, b(N)

and then applying the functor Hommod,, s, (O(H),—). The claim about vo 20 is clear

from (6.5.5)).

_ Now, let us prove that v is exact. Consider an exact sequence .#1 — .#> — M3 in
PY. By exactness of ®, applying the functor 0(H)® (—) we obtain an exact sequence
OH)® M — O(H)® M~ O(H)® M5

in Modg (). By , each object in this sequence is a direct sum of copies of
the simple module &(H); the sequence must therefore split. Applying the functor
Hommod,,, (C(H), —), we deduce an exact sequence

o( A1) — o(Mo) — v(M3),
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proving the desired exactness.

Finally we prove that v is faithful. For this, since this functor is now known to
be exact, it suffices to prove that it does not kill any object, or even that it does
not kill any simple object in PO However, any simple object in P is invertible for
the product ®. (In fact, such an object is of the form I1°(.#%71) for some w € €
its inverse is then II°(.#%_,).) Since v is a monoidal functor, it must send each of
these objects to a nonzero (in fact, 1-dimensional) Q,-vector space, which finishes the
proof. O

Remark 6.5.21. — As above in the description of K, one can check that for any
A in PY we have a canonical isomorphism v(.#) = Hom, AP ((50 OH)® ).

Once our functor v is constructed, since this functor is exact and faithful, Tan-
nakian formalism provides a bialgebra o/ (H) over Q, and an equivalence of monoidal
categories

(6.5.6) P9 = Comod ()

(where the right-hand side is the category of right <7 (H)-comodules which are finite-
dimensional over Q,) whose composition with the forgetful functor Comod S (H) =
Vectg, is v (see [DM] p. 137]; see also [BRJ, §1.2]). In more detail, &/ (H) is defined

as an as an inductive limit over objects X of ﬁ(z) of certain coalgebras o/ (H)x defined
in [BR], Proposition 1.2.2]. This set-up is enough to obtain the equivalence , al-
though at this stage, &/ (H) only has the structure of a coalgebra. Then, the monoidal
structure on ﬁ? lets us define a multiplication map on & (H), making it into a bial-
gebra. .

From the monoidal functor 27 : Rep(GY) — IS(} we obtain a canonical bialgebra
morphism O(GY) — &/ (H), see [BR], Proposition 1.2.6(1)]. In fact, this morphism
can be obtained as an inductive limit of morphisms ¢(GY)y — o/ (H )E?O(Y) where Y
runs over objects in Rep(GY); here ﬁ(GV)y is obtained as above for &/ (H)x. From
the fact that (by definition) any object in P is a subquotient of an object QFO(V), we
obtain that this morphism is surjective. (The argument for this can be copied from
that in [DM), Proposition 2.21].) This implies that <7 (H) is commutative, and that its
spectrum H is a submonoid scheme of GV. Finally one can check that any submonoid
scheme of a group scheme of finite type over a noetherian ring is a subgroup scheme
(see [Be2], Lemma 2]), which lets us conclude that H is the desired subgroup of GV.

To finish the proof of Proposition [6.5.18] it now only remains to explain the con-
struction of ng and the proof of its stated properties. For this, recall the endomor-
phisms (n, : V € Rep(GY)) from § Composing with v, we obtain an endo-
morphism of the functor v o & ¥0 =~ For , which satisfies a compatibility with the
tensor product similar to that in . As in by Tannakian formalism such
a datum defines a element ng € gV. The fact that this endomorphism is induced by
an endomorphism of the forgetful functor Forgv : Rep(GY) — Rep(H) means that H
stabilizes ng, i.e. that H C Zgv(ng). Finally, the fact that ng is nilpotent is clear

from the fact that the endomorphisms n{, are nilpotent.
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The following commutative diagram summarizes the functors that have appeared
in the proof of Proposition [6.5.18

Rep(H)

FGV
orp
o]

Rep(GV) ﬁ) ’ls(} Forf

v
ForGV \‘

Vect@ .

Remark 6.5.22. — 1. The subgroup H and the element ny are defined only
up to conjugation. In fact, their construction depends on the initial choice of
a maximal proper left ideal subobject in 27°(€(G")), which cannot be made
canonical. _
2. We will see in Section that in fact P9 = P%, and H = Zgv (ng). These prop-
erties will however not be needed for the proof of the Arkhipov—Bezrukavnikov
equivalence.

6.5.8. Regularity of ng. — The other crucial property of ng we will need is the
following.

Proposition 6.5.23. — The element ng € g from Proposition is reqular.

The proof of this property is given (as a particular case of a more general statement)
in [Be2| Theorem 2]. In the special case under consideration, this proof simplifies
considerably, as we explain below (following a suggestion in [ABl Remark 9]).

Remark 6.5.24. — In §8.:4.4 we will prove a modular analogue of Proposition[6.5.23
in the case where G is a general linear group. This proof also applies for characteristic-
0 coefficients, and provides a more direct argument proving Proposition for
general linear groups, which does not rely on Theorem [9.5.6]

Proof of Proposition — Recall the notion of Jacobson—Morozov—Deligne fil-
tration associated with a nilpotent endomorphism e of an object X in an abelian
category, see When X is a finite-dimensional vector space over some field, this
filtration is described explicitly in [De3l, §1.6.7]; from this description we see that
the number of Jordan blocks of e (i.e. the dimension of its kernel) is dim(grd (X)) +
dim(grF (X)).

Now, recall the setting considered in Consider a representation V in
Rep(GY), and let .Z € Pervy,+(Grg, Q) be the perverse sheaf such that V = S(.7).
Here .Z is a direct sum of intersection cohomology complexes associated with LTG-
orbits in Grg; therefore there exists a semisimple mixed perverse sheaf %, of weight
0 on Grg,, such that .# = 3(%,), where s denotes (as in the base-change
functor to F. Then we have

Z(V)=2(F) = #(Z"(F.)),
see Lemma [0.5.5]
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By Theorem the Jacobson—Morozov—Deligne filtration associated with the
nilpotent endomorphism ny of Z(V) is the image under s of the weight filtration
on Z™*(%,). Note that by uniqueness the Jacobson—Morozov—Deligne filtration as-
sociated with the nilpotent endomorphism n{, of 2°(V) is the image under II° of the
aforementioned filtration on Z'(V), and then that the Jacobson-Morozov—Deligne fil-
tration associated with the action of ng of V' is deduced by applying the functor v of
Lemma . In summary, the Jacobson—-Morozov—Deligne filtration associated
with the action of ng of V is obtained from the weight filtration on Z™*(.%,) by
applying the composition v o I1° o 5. In particular, since II° sends each .#€! with
{(w) > 0 to 0, and since dim v(TI°(.#€L)) = 1 for w € Q (because I1°(F#EY) is an in-
vertible object in P%), we deduce that the dimension of the i-th part of the associated
graded of the Jacobson—Morozov—Deligne filtration associated with the action of ng
on V is given by

(6.5.7) S belgrl (2%(2,))) : 56
weN

To compute the integer (|6 we use the combinatorial recipe described in §
Consider the unique Z[v, v~ ] algebra homomorphism

n:H — Zv,v !
such that n(H,) = (—v)“®). Then it is easily seen that

W(H) {1 if ((w) =

0 otherwise

and that
7](9?\(1) — pN20)
In view of Proposition |5.3.5] it follows that
PN UCEESIPA R yE ARTED
1EZL we pneEXY

Combining these considerations, we finally obtain that the dimension of the kernel
of the action of ng on V is given by

(6.5.8) dim(V™) = Y dim(V,).
nexy
(1,2p)€{0,1}
In particular, when V is the adjoint representation, we obtain that the dimension of
3gv(no) is equal to the rank of TV, i.e. that ng is regular. O

6.5.9. Consequence for the stalks and costalks of central sheaves. — The
consequence of Proposition[6.5.18 which will be relevant in this section is the following.
(Here, we write V" for the kernel of the action of ng on V)
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Lemma 6.5.25. — For any V in Rep(GY), we have
dim (Hompzw (ATW, EXIW(V))) < dim(V™),
dim (Homp,., (27 (V), V§") ) < dim(V™).

Proof. — We prove the first claim only; the second one can be treated similarly
(using the fact that for an endomorphism f of a finite-dimensional vector space we
have dim(ker(f)) = dim(cok(f))).

By Lemma we have ATV = Avzy(#67); hence Theorem provides an
isomorphism

Homp,,, (ADY, #7V(V)) = Hompaspn (D (1) T (Z V).
Now, by definition the functor II° factors through the functor IL.spn. Since
Masph (F€L) is simple, any nonzero morphism Iuspn(FEL) — Taspn(Z(V)) is

injective, and its image is not killed by the quotient functor P"}Sph — P%; we deduce
that this functor induces an injective map

Hompaspn (Masph (%, ), Maspn (2°(V))) < Hompo (2°(Qy), Z°(V)).

Next, since n%@ = 0, using Lemma |6.5.16| we see that

Hompo (on(@e)» QFO(V)) = Hompo (fo(@e)a ker(“?/))-
And then using Proposition [6.5.18| we obtain an injection
Hompo (2°(Qy), ker(n},)) — Homg, (Qq, V™) = V"o,
The desired inequality follows. O

6.5.10. The case of quasi-minuscule coweights. — We are finally in a posi-
tion to prove the case of quasi-minuscule coweights in Proposition So, in this
subsection we assume that G is semisimple and that V is a simple GV-module with
quasi-minuscule highest weight A\. Observe that in this case we have

(6.5.9) dim(V"™) = dim(Vj).

To see this, apply (6.5.8) and note that the nonzero weights p of V' lie in the root
lattice of gV, and hence satisfy (u,2p) € 2Z.
Going back to geometry, we note that by Remark ZTW(V) is supported on

Flgj}f, which contains the orbit Fléwu iff u € We(A) U {0}. By Corollary 6.5.12|7 the
restriction and corestriction of 27 (V') to any orbit FI"), with i € We(\) is perverse,

so to conclude it suffices to prove the analogous claim for Flg/g. Let 4 : Flg/g — Flg
be the embedding, and let j be the embedding of the open complement. Then we
have distinguished triangles

G ETVVY) = FTVV) it 2PV

id V) = V) 5 ey B
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What we have proved so far implies that j* 22"V (V) (an Iwahori-Whittaker perverse

sheaf on Flg FIQ/X) admits a filtration with standard subquotients, and a filtration
with costandard subquotients; hence both 7j* 22V (V) and j.j* 22V (V) are per-
verse sheaves. Using the triangles above we deduce that i* 27" (V) is concentrated
in perverse degrees 0 and —1, while i' 27" (V) is concentrated in perverse degrees 0

and 1. However, in view of (6.5.9)), Lemma [6.5.25| and Proposition imply that
dim Homp,,, (AT, Z27V(V))
<> (-1)"-dim Hompy, g g,)(85" 27V (V)[n)).

n>0
Our remarks above imply that the right-hand side equals

dim Homep,,,, (AT, 2Y(V)) — dim Hompy, (AT, 2V ())),

Flg, Q)
so that we necessarily have dimHongw(Flc,@z)(AgW,.,%”IW(V)[l]) = 0; in other
words, the corestriction of 272" (V) to Flgjg is perverse. Similar arguments show that
the restriction of this perverse sheaf to Flg/g is perverse, and the proof is complete.

6.5.11. Restriction to the regular orbit. — We finish this section by proving
a lemma that will play a technical role in a step of the proof of the Arkhipov—
Bezrukavnikov equivalence in Section

Recall that the Springer map N — g (defined by [g,x] — g - x) restricts to an
isomorphism O, — O,, where O, C gV is the regular nilpotent orbit and O, C N is
its preimage (see e.g. [J2l §6.10]). In particular, the element ny € g¥ admits a unique
preimage ng in N, and moreover since the canonical map GV /Zgv(ng) — O is an
isomorphism of varieties we have a canonical equivalence of categories

(6.5.10) Coh® (0,) = Rep(Zgv (no)),
see |Brill Lemma 2]. If we denote by Cohfcr;v (N) the full subcategory of Coh®” N)

whose objects are those of the form V & @ for some V' in Rep(GY), we can therefore
consider the composition

(6.5.11) CohS” () —» Coh€" (O)) Rep(Ze (no)) — Rep(H)

where the first arrow is given by restriction to the open subset O, c N , and the
third one is the restriction functor associated with the embedding H — Zgv(no).
By construction this functor is monoidal, for the monoidal structure on Cohgv (./\7 )
induced by the tensor product of coherent sheaves.

On the other hand, we can also consider the composition
(6.5.12) Coh’ (A1) 2, B9 2%, Rep(1),

Wherev the first arrow is defined as follows: the functog F restricts to a functor
Coh§ " (N) — Py, and then the composition I o ' : Cohf/ (N) — P9 factors through

PY by (6.3.18).
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Using Remark [6.3.10| we see that (6.5.12]) admits a canonical monoidal structure.

Lemma 6.5.26. — The functors (6.5.11)) and (6.5.12) are isomorphic as monoidal
functors.

Proof. — The objects in the category Coh$ ! (N) are in canonical bijection with those
in Rep(G") (through V + V ® O), and it is clear that both of our functors send
V ® Og to V. Hence what we have to prove is that for any Vi, Vs in Rep(G") the
maps

(6513) Homcohcv (/\~f)(vl ® ﬁN—7 ‘/2 X ﬁﬂ) — HomRep(H)(Vl, ‘/2)

induced by these two functors coincide.

Using (6.2.1)) we see that
Homcohcv(ﬁ)(vl ®@Og, Vo ® ﬁﬁ) = (Vl* RVe® ﬁ(/\?)
and that similarly we have
* GY
(gv)(Vl®ﬁgv"/2®ﬁgv)g (Vl ®‘/2®ﬁ(gv)) .

Let N' C gV be the nilpotent cone (i.e. the closed subvariety consisting of nilpotent
elements); then the Springer map induces a projective birational morphism pgp, :
N — N. Since A is known to be normal (see [J2, §8.5] for references), by Zariski’s
main theorem (see the proof of [Harl, Chap. III, Corollary 11.4]) we deduce that

(6514) (pSpr)*ﬁﬁ = ﬁ./\fv

hence that O(N) = O(N). In particular, pullback under the Springer morphism

)

b

Homcy.cv

N — gV induces a surjection &(g") — O(N), and hence a surjection
Homcohcv(gv)(vl ® ﬁgv, Vo ® ﬁgv) — HomCOth(ﬁ)(Vl & ﬁﬁ, Vo® ﬁﬁ)
Therefore, to prove that the two morphisms ((6.5.13)) coincide, it suffices to prove that

their compositions with this surjection coincide. In other words, the lemma will follow
if we show that the two compositions

2
o

Coh$" (N) Rep(H)

.5.1

(6.5.15) CohG” (gv) Rultback,

>
)

are isomorphic. Let us further compose with the natural functor Rep(GY) —
A\
Coh® (gV). It is clear that both functors

S
|
=

Rep(GY) ——— CothrV (g¥) pullback, CohgV (W) Rep(H)
identify with the restriction functor associated with the embedding H — GVY. As
explained in §6.3.2) (see in particular Example [6.3.1]), an extension of this functor to
a k-linear monoidal functor Cohfcr;v (g¥) — Rep(H) is determined by an H-equivariant
algebra homomorphism ¢(g") — Q,, which in turn is determined by an endomor-
phism of the restriction functor Rep(GY) — Rep(H) (which should correspond to the
canonical endomorphisms of the objects V ® €yv). In our case, for both functors

=
o
|
\S)
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in (6.5.15)), this endomorphism is given by the action of ng; therefore these functors
must be isomorphic. O

6.6. Proof of the equivalence
6.6.1. Statement. — We will consider the functor
Fryy : D"Coh® (N') = Diyy(Flg, @)
defined as the composition
DPCoh®" (N) £ DPP; D}(Flg, Q) 2% Db, (Flg, Q).
By construction (see (6.3.18)) we have
(6.6.1) Frw(V®@ Og) = 27V (V),  Fow(Og(N) = Avow(IA(Qy))

for V in Rep(GY) and X\ € XV.

In view of the t-exactness of the functor Avzyy (see Theorem [6.4.21))) and gen-
eral results on realization functors (see [Beill Lemma A.7.1]), Fryy is canonically
isomorphic to the composition

Db(AV;w)

(6.6.2) DPCoh®" (N) £ DPP; DPPryy = D2, (Flg, Q)

where AV;W is the restriction of Avzyy to the hearts of the perverse t-structures,
and the last arrow is the realization functor. (Here this functor is an equivalence of
categories, as follows from the techniques of [BGS] §§3.2-3.3].)

Our goal in this section is to prove the following.

Theorem 6.6.1. — The functor Fryy is an equivalence of categories.
Before explaining the proof of this result, let us note the following consequence.
Corollary 6.6.2. — The functor
AVERY PPy Py
(see Theorem ) is an equivalence of categories.

Proof. — As noted in Theorem [6.4.2] our functor is fully faithful; what remains to be
proved is that it is essentially surjective. However, Theorem[6.6.1]implies that for any
Z in Pryy, there exists ¢ in D?(Flg, Q) such that F = Avzyy(%). By exactness of

Avzyy (see Theorem [6.4.2|(1])) we then have
Z = Aoy (PH°(9)) = AR (Haspn (A°(9))),
which finishes the proof. O

In view of the description of the functor Fry, as the composition (6.6.2)), Theo-
rem [6.6.1] and Corollary show that F also induces an equivalence of triangulated
categories

(6.6.3) FasPh .= DP(IT,0) o F - DPCoh®” (W) = DPPPh,
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6.6.2. Preliminaries. — The proof of Theorem [6.6.1] will be based on the tech-
niques of Beilinson’s lemma; so we will have to analyze the action of this functor on
morphisms between certain objects, and show that these objects (resp. their images)
generate the source category (resp. the target category).

Lemma 6.6.3. — The objects Avryy (I (Qy)) with A\ € X generate D, (Flg, Q)
as a triangulated category.

Proof. — By Lemma the class of J5(Q,) in the Grothendieck group of P; (or
of D?(Flg, Qy)) coincides with that of Atf(/\)(@l). Using Lemma we deduce that
the class of Avzyy (JA(Qy)) in the Grothendieck group of D%, (Flg, Q) coincides with
that of AZY. Using an Euler characteristic argument (as in the proof of Lemma/4.1.9)),
it follows that Avryy(Jx(Qy)) is supported on Flg/x, and that its restriction to Flg&i
has rank 1. Then standard arguments (based on induction on the support) show that
these objects generate D%W(Flg, Q) as a triangulated category. O

Lemma 6.6.4. — For any V in Rep(G"), the morphism
HomeCthv %) (ﬁﬁ, Ve ﬁﬁ) — Hongw(Flc,@z) (FIW(ﬁ./V)’ Frw(Ve ﬁﬁ))
induced by Fryy is injective.
Proof. — Both O and V' ® Oy belong to Cohfcjv (V) (in the notation of §6.5.11)),
and both
FIW(ﬁ_/\N/’) = Agw and sz(v ® ﬁﬁ) = gIW(V)
belong to the essential image of the fully faithful functor from Theorem [6.4.2([2)).

Hence what we have to show is that the composition of IL,,, with F' induces an
injective map

HOmCOth (N (ﬁ/v, V® ﬁ/v) — Homp?sph (Hasph(A£)7 Hasph(g(v)))-
As observed in the course of the proof of Lemmal6.5.25] the functor IT° factors through

Hasph; therefore, to conclude it suffices to prove that the composition of 11 with F
induces an injective morphism

HomCOth (N (ﬁﬁ, V® ﬁﬁ) — Hompg (50, ffO(V))

Finally, in view of Lemma [6.5.26] proving this claim amounts to proving that restric-
tion to the preimage of ng induces an injective morphism
(664) HomCthV (ﬁ)(ﬁ/\N/ﬁ V® 6’/\7) — HomRep(H)(@ea V)
This is however well known. Namely, as in the proof of Lemma[6.5.26] the left-hand
side identifies with
GV
(Ve ow))”,
where N’ C gV is the nilpotent cone. The regular nilpotent orbit O, C A is an open

subset of the normal variety N, whose complement has codimension 2. Therefore
restriction induces an isomorphism #(N) = €(0,), and hence an isomorphism

Veow)® = vVeoo)



6.6. PROOF OF THE EQUIVALENCE 265

Then we have 0(0,) = Indg;v(no)(@e), so that

(Ve 0(0))° = (Vemds, . (@))°¢ =viemo),

Zgv (no)

Under this identification, (6.6.4)) can be identified with the inclusion map VZcV (70)
VH | which is indeed injective. O

Corollary 6.6.5. — For any V in Rep(GY), any A € XY and any n € Z, the
morphism

Hom pcopov (57 (O V ® O (N)[n])
— HOmD%W(Flg,@Z)(FIW(ﬁﬂ), Frw(V ® O(N))[n])
induced by Fryy is injective.
Proof. — Using we see that
Hom p, cone (i) (O V ® O (Nnl) = (V & H* W, 0:(1)) .
By [Bro, Theorem 2.4] we have H" (N, O5(A)) = 0 unless n = 0; it follows that
(6.6.5) Hom . cpav () (O V @ O (N)[n]) = 0

unless n = 0. So, the only case we have to consider is when n = 0.
By Lemma there exists V’ in Rep(G") and an embedding O(\) — V'@ O

in Coh®’ (/\7 ). We deduce an embedding
(6.6.6) Hom ,ov (/\7)(@/\7’7 V®Oz(\) — HomCOth(ﬁ)(ﬁﬁ, VeV eog).
By Lemma the morphism
(6.6.7) Homcohc\/(ﬁ)(ﬁj\?, VeV ely)
— Hongw(mG@Z) (Frw(Ofz), Frw(V @ V' ® Z4)

is injective. Now by functoriality the composition of and (6.6.7) (which is
injective by our arguments above) coincides with the composition of the morphism in
the statement (for n = 0) with the morphism

Hompy g1, g, (Fow(Ox), Fow(V @ O (N)))
— Hompy ., g,) (Fow(Og), Fow(V @ V'®Og))
induced by our morphism &g (\) < V' ® 0. The desired injectivity follows. O

6.6.3. Proof of Theorem [6.6.1. — We are now in a position to prove Theo-
rem We will first prove that Fryy is fully faithful. For this, we have to check
that for any .%#,% in D’Coh® (N) the morphism

(6.6.8) HomeCthV %) (j, g) — Hongw(Flc,@z) (sz(gz), Fryy ({f))

induced by Fryy is an isomorphism.
Consider the special case when .7 = Oy and ¥ = V @ 0% ()\)[n] for some V
in Rep(GY), some A € XY and some n € Z. In this case (6.6.8) is injective by
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Corollary We claim that the domain and codomains have the same (finite)
dimension, so that this map must be an isomorphism.
First, we consider the right-hand side. By (6.3.18]) we have

Frw(Og) = AP, Fow(V @ Og(N) = ZPY(V) " JA(Qy).
Hence the space we have to consider is
HomD.“;W(Flg,@g) (AT, 2PV (V) + I (Qy)[n)
= HongW (Flg,Q,) (Agw *I J—)\(Qé)a gIW(V)[n])
= HomD;W(Flc,@)(AgW «! Af(,,\), ZPV(V)[n)
= HomD%W(Flc,@l)(A{K\}v D@&IW(V)[n])’

where the last step uses Lemma [6.4.5] By Theorem [6.5.2] this space vanishes unless
n = 0, and in this case its dimension is dim(V_}).

Now we consider the left-hand side of (6.6.8]) (still in our particular case). As seen
in the course of the proof of Corollary here again the space vanishes unless
n = 0, and in this case it identifies with

~ G\/
(VeIW,.0x\N))" .
so that its dimension is
3 VN - [F(/\?, O\ : N(y)} .
vexy
Now it is known that
DV, 05(0) : N(v)| = dim (N(v),),
see [Brol Proposition 2.1]. We finally deduce that the dimension we are computing
equals
dim((V*)y) = dim(V_,),
which finishes the proof of our claim.
From this special case, using Lemma (Case (2)) and the 5-lemma we obtain

that (6.6.8) is an isomorphism when .7 = 05 and ¢ is any object of DPCoh®” (N).
Next, if 7 = () for some X € XY, using the isomorphisms

HomecthV (ﬂ[)(ﬁ/\N/(A% g) = HOInDbCthV (/\Nf)(ﬁ/\N/’ &4 ®ﬁﬁ ﬁﬁ(_)\))
and
Hompy g, (Fow (O (V) Fow (9))
= Hongw(FlG»@l) (AgW *I JX(Qﬁ)a FIW (g))
= Hompy 1, 5,) (85", Frw (9) " JA (@)
= Hompy | (p1.3,) (807", FIw (9 @ O(=))))

one identifies the map (6.6.8) in this case with the analogous map when # = O
and ¢ is replaced by ¥ ®¢ . O5(—A). As explained above this map is known to be
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an isomorphism. Finally, using Case in Lemma and again the 5-lemma, we
obtain that the map is an isomorphism for any objects .% and ¥.

Now that we know that Fryy is fully faithful, we deduce that its essential image is a
triangulated subcategory of D%,,,(Flg, Q). By (6.6.1)), this subcategory contains the
objects Avzy(JA(Qy)) for A € XV, which generate D2,,,(Flg,Q,) by Lemma
Therefore Fryy is essentially surjective, which finishes the proof.

6.6.4. Application: indecomposability of 22V (V) when V is simple. —
As an immediate application of Theorem [6.6.1] we answer the question raised in

Remark [6.5.3]

Proposition 6.6.6. — If V € Rep(GY) is simple, then the tilting perverse sheaf
ZIW(V) is indecomposable.

Proof. — To prove that 22"V (V) is indecomposable it suffices to prove that its inverse
image under the equivalence of Theorem [6.6.1] i.e. the equivariant coherent sheaf

Veoye Coh®’ (J\~/ ), is indecomposable. However, by the same considerations as in
the proof of Lemma [6.5.26 we have

(6.6.9) Endgav iy (V © Og) = (End(V) @ O(N))< .

Now, consider the action of G, on g¥ for with z € @Z acts by multiplication by
271, This action stabilizes A, and therefore defines a grading on the algebra &(N).
By construction the parts in negative degrees vanish, and the degree-0 part con-
sists of the constant functions. This grading induces a grading on the vector space
(End(V)® 0(N))E", and it is not difficult to check that this endows this space with
a graded algebra structure (for the product induced by the product on the left-hand
side in ) Now it is clear that a graded Q,-algebra concentrated in nonnega-
tive degrees, and whose degree-0 part is Q,, cannot contain nontrivial idempotents.
Therefore V' ® O is indeed indecomposable, which finishes the proof. O






CHAPTER 7

COMPLEMENTS

In this chapter we present three complements to the results of Chapter [6] We
continue with the same setting and notation as in that chapter.

First, in Sectionwe describe the t-structure on DPCoh®" (./\7 ) obtained by trans-
porting the perverse t-structure on DgW(Flg,@e) along the equivalence of Theo-
rem [6.6.1} This t-structure is called the exotic t-structure, and is studied in particular
in [Be3] and in [MRI1]; it plays an important role in several other works in geomet-
ric representation theory; see [Ac2, Be3, IMR2] for examples. The relation with
Theorem is due to Bezrukavnikov in [Be3].

Then, in Section [7.2] we show that the functor considered in induces an
equivalence of monoidal categories between P} and the category of representations of
Zav(ng). This fact is stated in a remark in [AB], but as far as we know no proof
appears in the literature. (See however [BRR)] for closely related considerations in a
modular setting.)

Finally, in Section we explain how one can deduce from Theorem a de-
scription of the derived category of equivariant coherent sheaves on the nilpotent cone
N in terms of perverse sheaves on Flg. Once again this result is due to Bezrukavnikov,
see [Bed].

7.1. t-structures

In this section we describe the t-structure on DPCoh®’ (./\7 ) obtained by trans-
port along the equivalence Fryy (see Theorem [6.6.1)) from the perverse t-structure on
DIIO'W(FIG7 Qf)

7.1.1. Exceptional collections and associated t-structures. — We start by
recalling a general construction of a t-structure on a triangulated category starting
from a nice enough family of objects.

In this subsection we let k be any field. Let D be a k-linear triangulated cat-
egory which is of finite type, i.e. such that for any X,Y in D the k-vector space
@,,c, Homp (X, Y [n]) is finite-dimensional. Let (I, <) be a partially ordered set. A
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collection (V*: i € I) of objects of D is called an ezceptional collection (parametrized
by (I, <)) if it satisfies
Homp(V*, V7 [n]) =0

ifi # jorifi=jandn#0, and if in addition Homp(V?, V%) = k.

The case which will be the most relevant for us is the case when (I, <) = (Z>, <).
Assume we are in this setting, and consider an exceptional collection (V*: i € Zx).
There exists a unique collection (A®: i € Z>q) of objects of D which satisfy

Homp(AY, V) =0 ifi>j and A'=V’ mod D

(where D; is the full triangulated subcategory of D generated by the objects V7 for
j < i, and the right-hand side means that the images of A? and V* in the Verdier
quotient D/D; are isomorphic), see [Be3l Proposition 3]. This collection is called
the dual exceptional collection; it satisfies

Homp (A%, A?[n]) =0

ifi > jorifi = j and n # 0, and in addition Homp (A?, A?) = k. (In other words, this
collection is exceptional for the opposite of the usual order on Zx¢.) These objects
also automatically satisfy the condition

HomD(Al,Vj[n]):{ ifi=jandn=0;

0 otherwise.

Assume now that the objects (V7 : j € Zx() generate D as a triangulated cat-
egory. Define D20 as the full subcategory of D generated under extensions by the
objects Vi[n] with i € Z>o and n € Z<g, and D=0 as the full subcategory of D
generated under extensions by the objects A’[n] with i € Z>o and n € Z>. Then
by [Be3| Proposition 4], the pair (D=, D=) is a bounded t-structure on D, called
the t-structure associated with the exceptional collection (V' : i € Zxq).

Example 7.1.1. — Consider the order <g¢, on X" such that X\ <ge, p iff Flé‘/}f -

Fléwu Then it is easy to see using adjunction that the collection (VIW : X € XV) is
exceptional (for the poset (XY, <ge,)). Choose an arbitrary refinement <| , of this

order to a total order such that (X", <j,) is isomorphic to (Zx, <) as a poset. Then
the dual exceptional collection is (AW : X € XV), and the associated t-structure is

the perverse t-structure.

Another important operation we can do with exceptional collections is mutation.
Namely, let us come back to the setting of a general poset (I, <), and assume we are
given another partial order < on I such that (I, <) is isomorphic to (Z>¢, <). Then
for any i € I there exists a unique object V? in D<; such that Homp (X, V?) = 0 for
any X in D_; and such that V? 2 V' mod D;. (Here Dx;, resp. D~;, means the
triangulated subcategory of D generated by the objects V7 with j < 4, resp. with
j < 4.) Moreover, the collection (V' : i € I) is an exceptional collection parametrized
by (I, =), and it generates D as a triangulated category if (V¢ :i € I) does.
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7.1.2. The exotic t-structure. — We come back to the case k = Q;, and D =
DbCthv(/\N/). It is well known that this category is of finite type, see e.g. [MR1]
Corollary 2.7] for a proof. Consider also the set XV, equipped with the order such
that X is smaller than p iff 4 — A is a sum of positive roots. The following claim is not
difficult to check directly (see e.g. [Be3l Lemma 5]), but can also be deduced from
the Arkhipov—Bezrukavnikov equivalence.

Lemma 7.1.2. — The collection (Og(A\) = A € X) is an exceptional collection

(parametrized by XV with the order as above) which generates DPCoh®” (N) as a
triangulated category.

Proof. — Recall that for all A € XV we have

Frw (O (X)) = Avzy (JA(Qy))-

Therefore, using Theorem the lemma translates into the statement that the
collection (Avzyy(JA(Qy)) : A € XV) is an exceptional collection in DY, (Flg, Q,),
and that it generates this category (as a triangulated category). The latter property
is exactly Lemma [6.6.3] For the former, consider A\;, Ay € XV and n € Z. Then for
any pu € XV, convolution on the right with J “(@4) induces an isomorphism

Hompy i, g,y (Avzw (I, (@), Avzw (I, (@) [n]) =
w(Fla, ) (AVZW (T, +1(Q0))s AV (T, 14(Qp)) [1]),

by Proposition and Lemma [£.2.6] If we choose p such that A\; 4+ p is dominant,
then we have

Hom
D}

Avzw (Ix, +4(Q0)) =2 Avow (Vi 1) = VLT,

by Lemma If we furthermore assume that Ay + ¢ is dominant then we likewise
have

Avzyy (T, 14 (Qp)) = VQ/YH,
Hence
Hompy, 1. 7, (Avzw (Ix, (Q0)), Avow (I, (@) In]) =
W W

HomD%W(Fle@Z) (VM Fur Vo tu [”])

Here by adjunction the right-hand side vanishes unless Flgﬁ\}z +1 C Flg/xl 4ps OF €quiv-
alently, unless (A1 +7)— (A244) = A — Az is a sum of positive roots (see Remark[6.4.1)).
These considerations also show that in case A\ = Ay this space vanishes unless n = 0,
and is 1-dimensional in this case, which finishes the proof. O

We now consider the order <z, on XV from Example [7.1.1], and fix a completion
<geo such that (XY, < ) = (Z>0,<). Then we can define the exotic exceptional
collection

(VS¥:xeXY)
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as the collection obtained from (0 (X) : A € XV) by mutation using this new order
(see §7.1.1). By the results recalled in §7.1.1} there exists a dual collection, which will
be denoted

(A A e XY),
and an associated t-structure on DPCoh®’ (J\N/ ), which will be called the exceptional

t-structure. The heart of this t-structure will be denoted ExCoh(N).

Remark 7.1.3. — By Remark we have A <geo p iff the LT G-orbit containing
Flg ¢(x) is contained in the closure of the L+G-orbit containing Flg ¢(y)- In turn, it is
known that this condition is equivalent to the property that wy <py, wy. (See
for the definition of the elements w,, and §4.1.1]for the definition of the Bruhat order
<gru.) Therefore, the order <4, indeed coincides with the order considered in [Be3]
or in [MR1]. (In these references, one adds some conditions on the completion of the
order. However it follows from Proposition below that the exotic exceptional
collection does not depend on the choice of completion, so that these conditions turn
out to be unnecessary.)

The exotic t-structure can be defined and studied purely in terms of equivariant
coherent sheaves, see [Bed, [MRI] (see also [Ac2] for a survey on this topic and
some explicit computations), and for coefficient fields more general than Q,; but this
requires introducing more notation and constructions. For simplicity, we will not go
into these details, and will instead use Theorem [6.6.1]to deduce most of the properties
of this t-structure that we will need.

In fact, the only property (to be used in Section that we could not prove in
this way is the following. Recall the preimage (5r of the regular nilpotent orbit under

the Springer map, see

Proposition 7.1.4. — For any A\ € X and any simple root a such that (\,a") > 0,
there exist morphisms

ex ex ex ex
by %Vsa()\) and ASQ(A) *}A)\
whose restriction to O, is an isomorphism.

Proof. — The morphisms can be chosen as those appearing in the distinguished trian-
gles of [Ac2| Proposition 1.5(4)] (see also [Be3| Proposition 7]). Here for each triangle
the third object has trivial restriction to (5r by definition of the functor denoted ¥,
so that these morphisms indeed have the stated property. O

7.1.3. Exotic and perverse t-structures. — The main result of the present sec-
tion is the following.
Proposition 7.1.5. — For any A € XV we have
Frw(V5) = VY, Frw(AS) = ATV,
As a consequence, the functor Fryy is t-exact with respect to the exotic t-structure on

DbCthv(/\N/') and the perverse t-structure on DjW(Flg,@Z). Moreover, the objects
X and AS* lie in the abelian category ExCoh(N).
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Proof. — We first observe that if we prove the first isomorphism, the rest of the
proposition follows. Indeed, the isomorphisms Fry (A$¥) = A{W follow by unique-
ness of the dual exceptional collection; t-exactness follows in view of the definition
of the t-structure associated with an exceptional collection; and the last assertion
follows from the fact that V" and ALY are perverse (see .

Let us now prove that Fryy (V) = VIV for all A € XV. In view of Theoremm
this amounts to proving that the collection (V" : A € XV) is the collection obtained
from the exceptional collection (Avzyy (JA(Qy)) : A € XV) in D2, (Flg, Q) by muta-
tion for the order <j,,.

Recall from the proof of Lemma that for any A € XV the perverse sheaf
Avzw (J2(Qy)) is supported on Fl@fx, and that its restriction to Flévx has rank one.
Using these properties it is not difficult to show that for any order ideal Y C XV
(i.e. any subset Y such that if y € ¥ and z <j., y then 2z € Y) the triangulated
subcategory of DY, (Flg, Q,) generated by the objects Avzy(J\(Q,)) with A € YV
coincides with the subcategory of complexes supported on the closed subset

Iw
U mg%.
AEY

From this remark it is easily seen (using adjunction and the distinguished triangle of
functors associated with a partition of a space into an open subspace and its closed
complement) that the collection (V" : A € XV) satisfies the defining property for
the collection obtained by mutation, which completes the proof. O]

7.1.4. Some consequences. — From the general theory of perverse sheaves
(see [BBDG]) we know that the simple objects in the category Pervzy(Flg, Q) are
naturally parametrized by XV. More precisely, for any A € XV, the vector space
HomPeerW(FlG@z)(AfW, VIW) is 1-dimensional; if we denote (as in by SECEVY
the image of any nonzero morphism in this space, then ﬂ‘f/\zw is simple, and the
assignment A — F%¥" induces a bijection between XV and the set of isomorphism
classes of simple objects in Pervryy (Flg, Q).

From Proposition we see that F7yy, induces an equivalence of abelian cate-
gories

ExCoh(N) = Pervry(Flg, Q).

Hence from the classification of simple objects in Pervzyy (Flg, Q,) one can deduce
a similar classification for the category ExCoh(A). Namely, for any A € XV the
vector space Hom(A$Y, V§¥) is 1-dimensional. If we denote by L$* the image of any
nonzero morphism in this space, then L$* is simple, and the assignment A — L§*
induces a bijection between XV and the set of isomorphism classes of simple objects

in ExCoh(N). (Here, the term “image” makes sense because A$* and V§* live in the

abelian category ExCoh(N): see Proposition ) From these considerations, it is
clear that for any A € XV we have

(7.1.1) Frw(L§F) = g6,
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Since ExCoh(A) is the heart of a t-structure on DPCoh®’ (N), there exists a natural
“realization functor”

(7.1.2) DPExCoh(N') — DPCoh®" (N),
see [BBDG! §3.1] (see also [Beil] for this construction in a more general context).

Corollary 7.1.6. — The realization functor (7.1.2)) is an equivalence of triangulated
categories.

Proof. — Using the equivalence Fryy, one translates the statement into the corre-
sponding statement for the perverse t-structure on D%, (Flg, Q). In this case the
claim is well known: as explained in it follows from the techniques of [BGS|
§83.2-3.3]. (Alternatively, the techniques of [BGS] §§3.2-3.3] can be applied directly
to ExCoh(./\~f)7 using the fact from Proposition that the objects AS* and V§* lie
in this category.) O

7.2. Description of the regular quotient

Our goal in this section is to make Proposition more precise, by proving
that in this proposition we have P} = PY, and that the embedding H C Zgv(no)
is an equality. These statements will therefore provide an equivalence of monoidal
categories

(P?7 ®) = (ReP(ZGV (Tlo)), ®)

These facts are stated in [ABlL Remark 8], with the details of the proof left to the
reader[D]

7.2.1. Support of simple exotic sheaves. — First, we need to determine which
simple exotic sheaves have a nonzero restriction to O;.

Lemma 7.2.1. — For any A € XY we have V§* = Oy(X\). Dually, for any X €
—XY we have A = O5(N).

Proof. — Assume first that A € XY. Then we have J\(Q,) = V[,). Using

Lemma it follows that Avzw(Jx(Q,)) = VI"W. Comparing (6.6.1) and

Proposition [7.1.5] and applying (Fryy) ™!, we deduce the first claim.
Similarly, if A € —XY we have J»(Q,) = At[()\), so that Avzy (A (Qy)) = ATV,
and we deduce that A = O (A). O

Lemma 7.2.2. — For any X\ € XV, the restriction of V§* to O, is isomorphic to
the restriction of O (AT), where At is the dominant Wy-conjugate of X. Dually, for
any A € XV, the restriction of V§* to O, is isomorphic to the restriction of O (A7),
where A\~ is the antidominant Wy-conjugate of A.

(D) As pointed out to us by a referee, these additional details can also be deduced from [Be4] Theo-
rem 4].
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Proof. — We prove the claim for the costandard objects; the case of standard objects
is similar. The proof proceeds by induction on the length of the minimal element
w € Wy such that A = w(A*). If w = e, then the result follows from Lemmal[7.2.1} In
general, write w = sv with s € S¢ and ¢(w) = £(v) + 1. Then by induction we know
that the restriction of V{f,, to O, is isomorphic to the restriction of & w(AT). We
deduce the analogous claim for A using Proposition [7.1.4 O

Corollary 7.2.3. — For any % in ExCoh(N), the restriction F\5, s a GV-

equivariant vector bundle on O,.

Proof. — In view of (6.5.10), any GV-equivariant coherent sheaf on O, is a vector
bundle. Hence the statement is equivalent to the claim that the restriction functor

DPCoh®’ (N) — DPCoh®" (O,)

is t-exact, where the left-hand side is endowed with the exotic t-structure and the
right-hand side with the tautological t-structure. This claim in turn follows from
Lemma and the description of the t-structure associated with an exceptional

collection in |

Proposition 7.2.4. — For X\ € XV, the restriction of L§* to (§r coincides with the
restriction of O(AT) (where At is the dominant Wi-conjugate of X) if £(wy) = 0,
and s 0 otherwise.

Proof. — First, assume that £(wy) = 0. Then the orbit Flg/x does not contain any
orbit Fléwu with g # X in its closure. It follows that ng = f‘ffw. In view of

Proposition and (7.1.1]), this implies that

VL
so that the claim follows from Lemma [7.2.2] in this case.

Now we consider the general case. Fach connected component of Flg contains
exactly one O-dimensional I-orbit; in particular there exists 4 € XY such that
l(w,) = 0 and Flgw, and Flg ., belong to the same connected component. Then

by Lemma [4.1.3] F6,,, is a composition factor of V, - (with multiplicity 1). Using
Lemma M Lemma [6.4.5] and Corollary it follows that f‘éﬂ”v is a com-
position factor of VZW (with multiplicity 1). Applying the functor (Fry)~' and
using Proposition and , we deduce that L7 is a composition factor of
V$¥ (with multiplicity 1). Since the restriction of each simple exotic sheaf to (5r is a
vector bundle (see Corollary and since the restrictions of both V§* and L are
of rank 1 (see Lemma and the case treated above), it follows that all the other
composition factors of V§* restrict trivially to (5r. Since L§* is a composition factor

(in fact, a subobject) of V§¥, it must in particular restrict trivially to O,. O

Remark 7.2.5. — One can check that £(wy) = 0 iff ws(A) belongs to the subset of
XV denoted ¥ in Remark This explains the relation between Proposition
and [Ac2 Lemmas 5.1 and 5.2].
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7.2.2. Induced equivalence for the regular nilpotent orbit. — Recall (see
e.g. the proof of Lemma that the quotient functor II° : P; — PY factors
through a functor P3P — P9, which will be denoted M), (It is easily checked
that this functor identifies P} with the quotient of P‘}”Sph by the Serre subcategory
generated by the objects of the form Haspn (#€.) with w € TW and £(w) > 0.) Recall
also the equivalence F2P" defined in . Our goal in this subsection is to prove

the following proposition.
Proposition 7.2.6. — There exists a unique triangulated functor
F: DPCoh®" (0,) — D"(PY)

which makes the following diagram commutative, where the left vertical arrow is in-
duced by restriction:

DPCoh® (A7) —E2, pb(paseh
J lmnswh)
DPCoh®" (0,) —— DP(PY).

Moreover, F* is an equivalence of categories, and it is t-evact with respect to the
tautological t-structures on DPCoh® (O,) and D"(PY).

For the proof of this proposition we will need the following property. We denote
by D 5, the full triangulated subcategory of DPCoh® (N) whose objects are the
complexes supported (set-theoretically) on the closed subset N~ O;. In these terms,
Proposition [7.2.4] implies that this subcategory contains all the objects LY with A €
XV such that £(wy) > 0.

Lemma 7.2.7. — The category D5 is generated, as a triangulated category, by
the objects L§* with A € XV such that £(wy) > 0.

Proof. — In view of the comments preceding the statement, what remains to be
2 ~ ~
seen is that any complex .Z in DPCoh® (N) which restricts trivially to O, belongs
to the triangulated subcategory generated by the objects L§* with A € XY such
that ¢(wy) > 0. Now if yl@ = 0, then using Corollary we see that each
composition factor of each exotic cohomology object of .7 also restricts trivially to
O;. By Proposition these composition factors must be of the form L§* with
L(wy) > 0, so that .Z indeed belongs to the triangulated subcategory generated by
such objects. O

We are now in a position to prove Proposition [7.2.6]
Proof of Proposition[7.2.60 — Let us set

FPh = DP9, ) o FPh : DPCoh®" (A) — DP(PY).

asph
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(We have already encountered an abelian-category counterpart of this functor:

see (6.5.12)).) By (7.1.1)) (see also Corollary , for any A € XV we have
(7.2.1) FAsPh(LS) = T19(IE, ).
In particular, if £(wy) > 0 the right-hand side vanishes, and from this we deduce that

F2sPh vanishes on the triangulated subcategory of DPCoh®’ (/\7 ) generated by the
objects L§* with £(wy) > 0, or in other words (see Lemma [7.2.7)), on the subcategory
D5, Now by [AriBl Remark after Lemma 2.12] the restriction functor

DPCoh®" (N) — DPCoh®” (0,)
identifies DPCoh®” ((5r) with the Verdier quotient of DPCoh®” (J\~/) by the subcategory
D4 p,- The existence and uniqueness of F* follow, by the universal property of the
Verdier quotient (see [SPL |Tag 05RJ]).
To prove that F" is an equivalence, we note that the image of D g 5. under the

equivalence FP! is the triangulated subcategory generated by the objects of the
form Taspn (F€L) with w € W such that ¢(w) > 0. By [Miy}, Theorem 3.2] and the
remarks at the beginning of the subsection, the functor

D" (IT},y) : DP(PFP") = DP(PY)

asph

identifies DP(PY9) with the Verdier quotient of D(P3*"") by this subcategory, and the
invertibility follows.

Finally, it remains to prove that F" is t-exact. For this, observe (as follows
e.g. from ) that any object in Cthv(ér) has finite length. Since F2sP! is
t-exact (with respect to the exotic t-structure on the domain and the tautological
t-structure on the codomain, see Proposmon _, to conclude it suffices to show
that any simple object in Coh® ((’) ) is the restriction of a simple object in ExCoh(N).
This property can be checked in two different ways as follows.

First, recall from Corollary that the restriction functor

DPCoh® (N) — DPCoh®" (0,)
is t-exact with respect to the exotic t-structure on the domain and the tautological
t-structure on the codomain. On the other hand, it is well known that given an

v
object .% in Coh® (Or), there exists an object ¢ in Coh® (N) such that Y5, = 7.
(See [AriBl, Lemma 2.12] for a much more general statement.) By exactness the
0-th exotic cohomology object ¢’ of ¢ also satisfies g' & Z. If we furthermore
assume that % is simple, then ¢’ must admit a composmlon factor 4" such that
(4"),5, = 7, which finishes the proof.
Alternatively, if U is the unipotent radical of the unique Borel subgroup of GY

containing ng, it is known that multiplication induces a group isomorphism

Z(Gv) X ZU(;/ (7’L0) :—> ZG\/ (no)
(This can, for instance, be deduced from the results in [Hu3, §4.6].) In particular,

since Zyy (ng) is unipotent, restriction induces an isomorphism between the isomor-
phism classes of simple Zgv (ng)-modules and simple Z(G")-modules. Now Z(GY) is
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a diagonalizable group, so that any simple Z(G")-module is 1-dimensional; moreover
restriction along the embedding Z(GV) C TV induces an isomorphism

~

XV/ZRY = X*(Z(Q)).
For A\ € XV, it is not difficult to check that the image of the restriction of &y ()) to

Ohreg 1s the character corresponding to the image of A in XV /ZRY. Then the desired
claim follows from Proposition [7.2:4 and Remark O

7.2.3. Consequence for the equivalence ®°. — Proposition provides an
equivalence of categories P9 = Coh” (6r), and by we have an equiva-
lence Coh®” (Or) = Rep(Zav (ng)). Combining these equivalences we have essentially
reached our goal, but with a caveat. Namely, Proposition [6.5.18|is concerned with a
certain specific functor, whose comparison with the equivalence obtained from Propo-
sition [7:2.6] is not immediate. The more specific statement we were looking for is the
following.

Proposition 7.2.8. — In Proposition we have 5? = PY, and moreover H =
ng (’I’LQ)

To prove the proposition we will need some preliminaries.

Lemma 7.2.9. — 1. The restriction functor Cohfcr;v N) = cOth(&) is fully
faithful.
2. Every object in Coh®” ((1) is a quotient of the restriction of some object in
CohS" (N).

Proof. — We have seen in the proof of Lemma [6.5.26] that &(N) & @(N) where
N C gV is the nilpotent cone, and hence that

Homegov iy (Vi © O, Vo ® O) = (Vi @ Vo © o))
> (V7 @ Va© ON))® = Homgyev oy (Vi @ O, Vo ® O).

Since the Springer map identifies O, with the regular nilpotent orbit O, (see §6.5.11)),
our claim is equivalent to the claim that restriction from N to O, induces an isomor-
phism

Home,ov pr) (Vi ® On, Va2 ® On) = Homeev o0, (Vi ® O0,, V2 ® 00, ).

This claim follows from the fact that A is a normal variety (see the proof of
Lemma in which the complement of O, has codimension 2 (because AN has
finitely many GV-orbits, each of which is of even dimension; see e.g. [J2| §2.8]), so
that restriction induces an isomorphism ¢(N) = ¢(O,).

As explained in the Springer map induces an isomorphism O, = O,.
If we denote by %’ the GV-equivariant coherent sheaf on O, corresponding to &
under this identification, then by, say, [AriBl, Lemma 2.12(a)], #’ is the restriction
of some G"-equivariant coherent sheaf 4 on N. Since N is an affine variety, ¢ is a
quotient of some equivariant coherent sheaf of the form V ® O with V in Rep(GV).



7.2. DESCRIPTION OF THE REGULAR QUOTIENT 279

(In fact, one can take for V any finite-dimensional GV-stable subspace of I'(N,¥)
which generates this &'(N)-module.) Pulling back the surjection (V ® On)0, - F'
along the isomorphism (5r = O, we obtain a surjection (V ® & /\7)| 5. %, which
proves the desired claim. O

Corollary 7.2.10. — For any ¥ in Coh®” (O,), there exist Vi, Va in Rep(GY) and
f € Hom,av (ﬁ)(Vl ® Oy, Va @ OF) such that F = COk(fI@)'

Proof. — Using Lemma twice, we obtain V1, V5 in Rep(GY) and a morphism
g:("1® O)e, = (N1® ﬁﬁ)l@ such that .7 = cok(g). Now by Lemma [7.2.9([1]) g is
the restriction of a morphism f: V4 ® 05 — V2 ® O, which finishes the proof. [

Proof of Proposition[7.2.8 — Consider the following commutative diagram, ob-
tained by restricting the functors appearing in Proposition to appropriate
subcategories:

Fdﬁph

Coh$" (N “p‘“ pasph

N

Coh® (0,) ——E, po.

As noted in (6.5.12), the composition TI° 0 F = TI)_, o FasPh ip this diagram takes

values in the subcategory '|50 C PY. By definition, F’O is closed under subquotients.
But if we follow the other path around the dlagram Lemma [7.2.9{[2) implies that
every object in PY is a quotient of some object in the image of Hasph o Fasph e
conclude that

P9 =PY.

In particular, the equivalence ®° from Proposition [6.5.18 has PY as its domain. Extend
the diagram above as follows:

Fasph
Coh§ " (N) weh, pasph
J/ \J asph
(7.2.2) CohG” (51")
5. 0
6.5 10l2 Lo () Iltb

For ;f

Rep(ng (no)) B — Rep(H).

We emphasize that we do not claim that this diagram as a whole is commutative.
Its upper part is commutative by the considerations above, and if we omit the arrow
labelled F* then the remainder of the diagram is commutative by Lemma [6.5.26
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Let us denote by T : cthv(&) = Rep(Zgv(ng)) the equivalence from (6.5.10)).
We claim that for any .% in Coh® (O,) there exists an isomorphism
(7.2.3) 30 0 F*(F) =5 ForZe” ") o Y(7).

In fact, by Corollary [7.2.10] there exist Vi, Vs in Rep(GY) and a morphism f : V; ®
O — V2 ® Oy such that & = cok(fl(—jr). Applying the exact functors ®° o F* and

z . .
For HGV("D) oY, we deduce isomorphisms

3% 0 F"(F) = cok (@Y o Fr(f|@r)),
ZGV (no) ~ ZGV (710) _
Fory o T (F) = cok(Fory; OT(flor)).

Using the commutativity of the upper part of (7.2.2), from the first isomorphism we
deduce that

%0 F"(F) = cok(@° o I1° 0 F(f)).
On the other hand, using the commutativity of the outer part of (7.2.2)) we obtain
isomorphisms making the following square commute:

®YoI1% F(f)

0ol o F(V1 ® O) P0oIl’ o F(Va ® Of)

| |

Zgv (no) FOFZGV (WD)OT(f@T) Zgv (no)
Fory o T(Vi® Og)5,) Fory o T((V2® Og)5,)-

We deduce an isomorphism ([7.2.3)), finishing the proof of the claim.
Finally, we can conclude the proof as follows. By Tannakian formalism (see
e.g. [DM Proposition 2.8]), to prove that H = Zgv(ng) it suffices to prove that

the functor ForfIG v(0) s an equivalence of categories. This functor is obviously faith-

ful. If V, V' are in Rep(Zgv (ng)), then we have
Homgep 1) (Forse¥ "0 (V) Forze¥ ") (V7))
= Homgep(rr) (P°F* Y H(V), ®°F" Y~ (V")) = Homgep (7, (no)) (V. V')

where the first isomorphism uses (7.2.3) (applied to T=1(V) and Y~1(V’)), and the
second one the fact that ®°, F™ and Y~! are equivalences. It follows that the injec-

tion Homgep(z,,v (no)) (Vs V') — HomRep(H)(ForIZ{GV (no)(V), Forzcv(no)(V')) must be
an isomorphism for dimension reasons, proving that ForIZ{GV(m’) is fully faithful. On
the other hand, for any V in Rep(H ), applying (7.2.3)) to (F*)~1o(®°)~1(V) we obtain
an isomorphism

V 2 Forye’ ") (T o (F) ™1 o (8°)~1(V)).

It follows that ForZGV("O) is essentially surjective, and hence an equivalence. O

7.3. A perverse description of equivariant coherent sheaves on N

In this section we describe an equivalence of categories deduced from Theorem[6.6.1
in [Bed].
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7.3.1. Statement. — We denote by fIWf € W the subset of elements w which are
minimal (for the Bruhat order) in WiwW;. Under the bijection XV = fI¥ given by
A= wy (see , one can easily check that the preimage of the subset fW c fIV is
the subset —XY of anti-dominant coweights. We will also denote by ng the quotient
of the category P; by the Serre subcategory generated by the simple objects %/
with w € W~ fW!. The quotient functor I : P; — P! factors through a functor
f1‘[2510}1 : P?Sph — P! which identifies the category P¥ with the quotient of P?Sph by
the Serre subcategory generated by the objects Maspn(F6L) with w € W~ fWt.

Recall also the Springer map pgpy : N'— N introduced in the course of the proof

of Lemma [6.5.26, and the equivalence F#P" from ([6.6.3). In this section we will be
2

interested in the category Coh® (N) of GY-equivariant coherent sheaves on .

Theorem 7.3.1. — There exists a unique triangulated functor
TR DPCoh® (W) — D(*P)
which makes the following diagram commutative:

Frasph

DbCthv (ﬁ) L, Db(Pasph)
R(?Sm)*l iDb(fnfxsph)
DPCoh®’ (V) —E° Db(pi).

Moreover, 'Ft is an equivalence of categories.

Remark 7.3.2. — Transporting the tautological t-structure on DP(!P%) along the
equivalence fF* one obtains a nonstandard t-structure on the triangulated category
DPCoh®” (N). This t-structure also has an intrinsic construction: it is a special case
of the “perverse coherent” t-structure from [AriB]; see [Bed, Theorem 2].

The proof of Theorem will be given in below, after a number of pre-
liminary results proved in the next two subsections.

7.3.2. Pushforward to the nilpotent cone. — We start with some results re-

garding the functor R(pspr)« and the “free” equivariant coherent sheaves on N. Recall
the simple exotic sheaves L§* (A € XV) introduced in §7.1.4]

Lemma 7.3.3. — If A € XV ~ (=XY), then we have
R(pspr) LS = 0.

Proof. — Let A € XY \ (—=XY). By the Yoneda lemma, and since the scheme A is
affine, to prove that R(psp,)«L$* = 0 it suffices to prove that

Hom pycopev (3 (V @ O, R(pspr) LX) = 0
for any V in Rep(G") and n € Z, or in other words (using adjunction) that
Hom py,copav (i) (V @ O, LY [n]) = 0
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for any V in Rep(GY) and n € Z. Using the equivalence Fryy, in view of (6.6.1))
and ([7.1.1]), what we have to prove translates to

HongW(mG,@e)(gZW(V)’ I ) =0

for all V in Rep(GY) and n € Z.

Now the assumption that A ¢ —XY means that wy ¢ W' (see , and hence
that #€LY is the pullback of a complex (in fact, a shift of a simple perverse sheaf)
under the morphism 75 : Flg — LG/ J; for some s € S¢ (where we use the notation
from the proof of Lemma . Thus, by adjunction, to finish the proof it suffices
to check that

(1) ZTV (V) =0
for all V' in Rep(GV). This, in turn, will follow if we prove that
(ms) () 2PV (V) = 0
for all V' in Rep(GY). Now, using the base change theorem we see that
(ms)" (1) ZTV (V) 2 2PV (V) ! 76 [-1).
Then, using the centrality of Z(V') (see Theorem and Lemmawe see that
VW) K IC = ATV K (V) s =2 APV A I 2 (V) =0,

which concludes the proof. O

Remark 7.3.4. — See [Be3l Proposition 8] or [Ac2l Proposition 1.6] for proofs of
Lemma which do not rely on the equivalence Fryy.

Lemma 7.8.5. — For any V in Rep(GY) and any X in DPCoh®” (N), the functor
R(pspr)« induces an isomorphism

Hom p, ¢ opav (A7)(V ®O0g, X) = Hom pp oo N) (R(PSpr)*(V ® Ox), R(Pspr)*(X))-

Proof. — It follows from ([6.6.5)) (using the adjunction (L(pspr)*, R(pspr)«)) that the
higher derived functors R*(pspr)«O g vanish for i > 0. In view of (6.5.14), we have a
canonical isomorphism

R(pSpr)*OK[ = ON
This implies that R(psp)«(V @ Og) = V ® Oy, and then the claim follows by
adjunction again. O

Lemma 7.8.6. — For any i € XY, the object N(u) ® O belongs to ExCoh(N),
and there exists a surjective morphism

N(k) ® O — Vi

whose kernel belongs to the subcategory generated under extensions by the objects VI*
(veXVY).
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Proof. — The fact that N(u) ® Og belongs to ExCoh(N) follows from and
Proposition since ZZW(N(p)) is perverse. To prove the second claim, using the
same results, it suffices to prove that there exists a surjection 27" (N(u)) — VZV
whose kernel admits a filtration with costandard subquotients. In turn, this is easily

seen to follow from the fact that ZZV(N(u)) is tilting (see Theorem [6.5.2)) and that
Flévx is open in its support (see Remark . L]

The proof of the following lemma relies on the geometry of nilpotent orbits, and
will not be reviewed here. For details, see [Bell, Lemma 7] or [Acll Lemma 5.9].

Lemma 7.3.7. — The category DPCoh®’ (N) is generated, as a triangulated cate-
gory, by the essential image of the functor

R(pspr)« : DPCoh® () = DPCoh®" ().

7.3.3. Quotient by some simple exotic shaves. — Let us now denote by (LS* :

A€ XY N\ (=XY))serre the Serre subcategory of the abelian category ExCoh(N) gen-
erated by the simple objects LY with A € XV ~ (—=XY). We can then consider the
quotient abelian category

A = ExCoh(N)/(L§ : A € XV~ (=XY))serre-
Recall that by Corollary we have a natural equivalence
DPExCoh(N) = DPCoh®" (A).
We deduce a natural triangulated functor
(7.3.1) D"Coh®" (N) — DPA.

On the other hand, we denote by (L§* : A € XV \ (=XY))a the triangulated
subcategory of DPCoh®’ (./\7) generated by the objects L$* with A € XV \ (in).
Then we can also consider the Verdier quotient category

D := D"Coh® (N)/(L : A € XY~ (=XY))a.
Most of the statements in this subsection are concerned with the quotient functor
IT: D"Coh®’ (V) — D.
The universal property of the Yerdier quotient ([SP), Tag 05RJ]) says that triangu-

lated functors out of DPCoh®" (NV) that kill all L§* for A € XV~ (—=XY) must factor
uniquely through II. This property applies in particular to R(pspr)« (by Lemma|7.3.3))
and to the functor in ([7.3.1]). We obtain factorizations

R(pspr)«
/_\
bEahCGY (N bEahGY
and
(7.3.1)

Vo~ /x
(7.3.3) DPCoh® (N) —— D —— DPA
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In the latter case, the induced functor D — DPA is an equivalence by [Miy} Theo-
rem 3.2].

Lemma 7.3.8. — For any X € D, there exists d € Z such that
Homp (II(VSY), X[i]) =0
for any i < d and any A € XV.

Proof. — Transfer this problem across the equivalence D = DP A from (7.3.3). Then
the claim becomes clear: since each II(V$¥) belongs to (the preimage of) A, it suffices
to choose d such that (the image of) X|[d] is concentrated in nonnegative degrees. [

Lemma 7.8.9. — Let V € Rep(GY).

1. For any X in DPCoh®’ (./\7), the functor I1 induces an isomorphism

Hom py, copev (7 (V @ O, X) = Homp (II(V ® O ), I1(X)).
2. For any v € XV we have
Homp (II(V ® Og), I(V;¥)[1]) = 0.
Proof. — By [Miy] Lemma 2.1] (or more precisely the dual statement), to prove
the claim it suffices to prove that
Hom 1, ppav (5 (V @ O, X) =0

if X belongs to (LS : A € XV ~ (—=XY))a. By standard arguments, it suffices to
check this when X = L§¥[n] for some A € XV \ (=XY) and n € Z, and in this case
the claim was checked in the course of the proof of Lemma [7.3.3]

In view of , to prove the claim it suffices to prove that

Hom 1, ¢ gpav (K/)(V ® O,V [1]) =0.
Using the equivalence Fryy, (6.6.1)) and Proposition this assertion is equivalent
to the assertion that
HomD;W(mG,@E)(QPIW(V)’ ngm) =0.

Finally, the latter assertion follows from the fact that 22" (V) is tilting (see Theo-
rem [6.5.2)) and (6.4.2)). O

Lemma 7.3.10. — For any A € X and w € Wi, we have
(V) = (V)
m D.

Proof. — Of course, it suffices to prove the claim in case w = s € S and s\ # .
Moreover, replacing A by sA if necessary, we can assume that (A, a) > 0, where « is
the simple root associated with s. As usual, we transport the statement across the
equivalence Fryy. Then, in view of Proposition and , what we have to
prove is that Vfw and VS{V have isomorphic images in the Verdier quotient by the
full triangulated subcategory generated by the objects J%MIW with p ¢ —XY.
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From the formula (4.1.1)) we see that £(t(A)s) = £(t(A)) + 1, so that
Vins = Vi« Vi
(see Lemma [4.1.4)[2))). By Lemma|6.4.5] this implies that
VI = vPV I v
Now we have an exact sequence of perverse sheaves €. — VI — #€!: convolving
with Vfw on the left, we deduce a distinguished triangle

VYL gl 5 Ry 5 vy B
Hence, to conclude it suffices to prove that Vi"+! #%€1 belongs to the full triangulated

subcategory generated by the objects f‘gﬂzw with p ¢ —XY.
As already used above we have V"W 2 Avzyy (VtI(A)), so that

V%‘W *I j(gsf = AVIW(V{(}\)) *I j%SI = AVIW(V{(}\) *I ]CgsI).
As in the proof of Lemma [7.3.3] the base change theorem implies that we have
Vi * FECL = () (7). Viy [1]-

Since t(\)s >Bru t(A), ms induces an isomorphism between Flg (x) and its image in
LG/ Js. Denote that image (which is an I-orbit) by FI¢, ;(,). Then (’/Ts)*vtl()\) identifies
with the l-extension of the constant local system on FIf; ,(y shifted by £(t(\)). The
latter object is a perverse sheaf; since the functor (m,)*[1] is t-exact and sends simple
I-equivariant perverse sheaves to simple perverse sheaves of the form ,ﬂ%ﬂyf with ys <y
(by IBBDG] §§4.2.5-4.2.6]), we deduce that (ws)*(ns)*v{@ [1] is perverse, and that
all of its composition factors are of this form. Using Lemma@ and Corollary [6.4.7]
we deduce that VIV« 7€ is perverse, and that all of its composition factors are of
the form 62" where v € XV satisfies w, s <pry w,. In particular, these v’s cannot
belong to —XY, so that indeed ng xI 7T belongs to the triangulated subcategory
generated by the objects J‘KMIW with p ¢ —XY. O

Lemma 7.8.11. — For any u € XV, the complex R(pspr)*v;x s concentrated in
degree 0 (i.e. is a coherent sheaf).

Proof. — Recall that we have R(pgpr)« = ®a o II. Hence Lemma [7.3.10] implies
that it suffices to prove the claim in case p € XY. In this case, by Lemma we
have Vi¥ = 05 (u). Now, as already used in the proof of Corollary by [Bro,
Theorem 2.4] the complex R(pspr)«O (1) is concentrated in degree 0, which finishes
the proof. O

Lemma 7.3.12. — Let X be an object of D which admits a filtration (in the sense
of triangulated categories) with subquotients of the form T(V*) (u € XY). Then
there exist V in Rep(GY) and a distinguished triangle

Y STV e o) » X

where Y is an object of D which admits a filtration (again in the sense of triangulated
categories) with subquotients of the form TI(VEX) (u € XVY).
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(See the proof of Proposition for the notion of a filtration in the sense of
triangulated categories.)

Proof. — We proceed by induction on the length of the filtration of X. If this length
is 0, i.e., if X = 0, then there is nothing to prove. Otherwise, our object X fits into
a distinguished triangle

x4 x &) L
where X’ has a shorter filtration, still with subquotients of the form II(V¢*). By
Lemma/7.3.10] we may assume that 4 € XY. Assume by induction that the conclusion
holds for X': there is a distinguished triangle

Y STV @ o) 5 x0 B

where Y has a filtration with subquotients of the form II(V$*). On the other hand,
since p € XY, Lemma tells us that there is a short exact sequence of exotic
sheaves K < N(u) ® O — VX where K admits a filtration by various V7*. Apply
IT to obtain a distinguished triangle

T(K) - T(N(w) @ 0) & T(ver) 2y
By Lemma , the composition TI(N(u) ® Ox) RN H(V§Y) — X'[1] vanishes, so
J factors through a morphism j’ : TI(N(u) ® Of) — X
Set V := V'@N(s), and let Y be the cocone of the map foh+j" : I(V®Oy) — X.
We can assemble these objects into the commutative diagram as shown below. In
this diagram, the bottom two rows and all three columns are distinguished triangle.
(Furthermore, the middle row is split.)

(1

Y’ Y (K)
! ! 1
) (1]

V' ®@0gy) —— (Ve Oy) — HO(N(u) @ Og) —

r foh+j i
X/ ! \L / vex (1]

¥ g
Jm l[” i

By the 9-lemma (see [BBDGI Proposition 1.1.11]), the top row is a distinguished
triangle, and hence Y has a filtration of the desired form. O

7.3.4. Proof of Theorem — We can finally explain the proof of Theo-
rem It will be based on the following general lemma.

Lemma 7.3.13. — Let C be a triangulated category, and consider two cohomological
functors Hy = (H{ : j € Z) and Hy = (H3 : j € Z) from C to an abelian category.
Also let ¢ : Hy — Hy be a morphism of cohomological functors, and let (X; : i € I)
be a collection of objects in C. Assume that

1. there exists d € 7. such that H (X;) = 0 = H}(X;) for all j < d and all i € I;
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2. for any i € I there exist X in C, i’ € I, and a distinguished triangle

X, 5 X - X, 4

such that gpg( : HY(X) — H}(X) is an isomorphism for all j € 7.
Then apg(q : HI(X;) — H}(X;) is an isomorphism for all i € I and j € 7.

Proof. — The proof proceeds by induction on j. The claim is obvious if j < d by .
We then consider some j € Z, and assume the property is known for j — 1. Fixi e [
and a triangle as in . The associated long exact sequences provide a commutative
diagram

H{™N(X) — H] (Xy) — H{(X;) — H{(X) — H{(Xy)

B E% [ |+ [
17 () —— 17 (X0) —— (X)) — HY(X) — HJ(X,)

in which the second vertical arrow is an isomorphism by induction, and the first
and fourth arrows are isomorphisms by assumption. Ignoring the fifth column and
applying one of the four lemmas, this diagram shows that gogf is injective for any 1.
Then, in the full diagram we know that the fifth vertical arrow is injective, so that
by the five lemma the morphism wg(i is invertible. O

Proof of Theorem[7.3.1) — Let D’ be the Verdier quotient of DP(PPh) by the full
triangulated subcategory generated by the objects aspn (£ with w € W < fWT.
(The latter subcategory is the image of (L§* : A € XV \ (=XY))a under F2Ph,
thanks to Corollary and ) Expand the diagram from the statement of
the theorem as follows:

asph

DPCoh®" (V) 2 DP(paseh)

lm {
R(pSpr)* D i D/ Db(fngsph)
Loy i

DPCoh®’ (W) ——-FL 5 pb(ipt),

Here, the middle horizontal arrow is an equivalence induced by F?2$Ph. In the right-
hand column, we have factored Db(fﬂgsph) through D’ using the universal property
of the latter. As in , [Miy], Theorem 3.2] implies that the induced functor
D — Db(ng) is an equivalence of categories. Thus, the existence of {Ff and the
claim that it is an equivalence will both follow if we prove that the functor ®xs
of is an equivalence of categories.

First we will prove that @, is fully faithful. For this we fix Xy in D, and consider
the cohomological functors H;, and Hy from D°P to the category of Q,-vector spaces
defined by

H{(X) := Homp (X, Xolj]), H3(X) := Hom g o) (Bar(X), or(X0)[j])-

The functor ® s induces a morphism of cohomological functors H; — Ho.
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We will apply Lemma to these data, with (X; : ¢ € I) being the collection
of objects of D which admit a filtration (in the sense of triangulated categories) with
subquotients of the form H(VZ") with p € XV. Assumption can be checked
independently for Hy and Hy. For H; it follows from Lemma[7.3.8] For H; it follows
from Lemma (In fact, one can take for d any integer such that the complex
D r(Xo)[d] is concentrated in nonnegative degrees.)

To check assumption , we observe that for any V' € Rep(GV) the functor ®
induces an isomorphism

Homp (I1(V ® Ox), Xo[j]) — Hom i cape (xry(Bar(V © Ox0), Bar(X0) )

for any j, by Lemma and Lemma . (Here we also use the fact that II
is essentially surjective, as a Verdier quotient functor.) Hence the desired property
follows from Lemma [T.3.12

The conclusion of Lemma implies in particular that the functor ®, induces
an isomorphism

Homp (I(V5Y), Xo[j]) % Hom pucopov ) (R(Pspr)« V55 Bar (X0) 1))

for any j € Z. By construction the objects (V¢ : u € XV) generate DPCoh®” (N) as
a triangulated category. Therefore their images under II generate D as a triangulated
category, which finally proves that the morphism

HOInD()(7 Xo) — HOInDbCOhGV(N)((I)N(X)a (DN(XO))

induced by ® s is an isomorphism for any X in D, hence that ® s is fully faithful.
This full faithfulness implies that the essential image of ®,s is a triangulated
subcategory. On the other hand, by Lemma this essential image generates
DPCoh®” (N) as a triangulated category. Thus @, is essentially surjective, and hence
an equivalence. O



CHAPTER 8

A MODULAR ARKHIPOV-BEZRUKAVNIKOV
EQUIVALENCE FOR GL(n)

Let IF be an algebraic closure of F,,, and let £ # p be another prime number. The
main result of Chapter []is an equivalence of categories

Fryy : DPCoh® (Nf) — Db, (Flg, k) for k = Q,

where G is a connected reductive algebraic group over F. It is natural to ask for
a “modular” analogue of this statement, i.e., one in which k is replaced by a field
of positive characteristic. In this chapter, we prove such a modular analogue in the
following special case:

B _ an algebraic Lim
(8.0.1) G = GL(n,F), k= closure of Fy, > 2 (Ln/?J)

In this setting, as observed in Example the group G}/ is also a general linear
group: it identifies canonically with GL(Ey), where Ey := H*(P"~!;k) (a k-vector
space of dimension n).

The plan of the proof is completely parallel to what we have done in Chapter [6]
with only a few additional technical difficulties. Most of these difficulties are encoun-
tered in Section [8.1] (the modular analogue of Section [6.2), and are due to the fact
that the category Rep(G)/) is not semisimple. The standard idea to overcome such
difficulties, which we will use, is to work with tilting G)/-modules; in our specific
situation there are obstacles to these techniques (in particular, because an exterior
power of a tilting module is not necessarily tilting), and our assumptions on G and
{ are in fact essentially imposed to be able to deal with these obstacles. We will not
repeat the statements (nor the proofs) that do not require modifications other than
replacing Q, by k, and will only explain the modifications that are required to work
over a coefficient field of positive characteristic.

8.1. Coherent sheaves on the Springer resolution

We consider the setting of (8.0.1]).
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8.1.1. The basic affine space and its affine completion. — As in Section [6.2
we will consider H-equivariant coherent sheaves on H-equivariant k-varieties X, for
H a k-algebraic group. Here again, for any .%,% in D°Coh* (X) the k-vector space
Hom pbeon(x)(#,%) has a natural structure of an algebraic H-module. But since k
has positive characteristic, even in the setting when H is reductive the formula
does not hold in general. As a replacement, we will use the following much more
specific claim, which uses the notion of modules with a good filtration. Recall that if
H is a reductive algebraic group, and By C H is a Borel subgroup, a (not necessarily
finite-dimensional) algebraic H-module M is said to admit a good filtration if it admits
an exhaustive filtration

{O}ZM()CMlCMQC"'CM

indexed by Z>¢ such that each subquotient M,,/M,,_; is of the form IndgH (A\n) for
some character \,, of By. (It can be easily checked that this notion does not depend
on the choice of By. For more on good filtrations, the reader might consult [J1,
§811.4.16-11.4.24].)

Lemma 8.1.1. — Assume that H is reductive. Let F,9 in DbCohH(X), and as-
sume that
HomeCoh(X)(gvg[n]) =0

forn # 0, and moreover that the H-module Hom pucon(x) (-, %) admits a good filtra-
tion. Then we have
Hom pyconr (x)(F,9[n]) =0

for n # 0, and the forgetful functor DPCoh™ (X) — DPCoh(X) induces an isomor-

phism
~ H
Hom pbconrr(x) (7, %4) — (Hom poconx) (F,9))

Proof. — Let us denote by Rep™(H) the category of all (possibly infinite-dim-
ensional) algebraic H-modules, and by Vecty® the category of all k-vector spaces.
Let

17 : Rep™(H) — Vect®
be the functor of H-invariants: I (M) = {m € M | h-m =m for all h € H}. This
functor is clearly left exact. It is well known that the category Rep® (H) has enough
injective objects (see [J1, Proposition 1.3.9]), so I admits a right derived functor

RI . D™Rep™(H) — DT Vect°.
Now the bifunctor
RHom pucon(x)(—, —) : D"Coh™ (X)) x DPCoh™ (X) — D Vect;®
factors canonically through a bifunctor
RHom pucon(x)(—, —) : D"Coh™ (X)) x DPCoh™(X) — D*Rep™(H),
and by [MR1], Proposition A.6], for any .#,% in D*Coh™ (X) and n € Z we have
Hom pycont (x)(F,9[n]) 2 H* (RI” (RHom picon(x) (7, 9))).-
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Our assumptions ensure that the complex RHom pycon(x)(#,%) is concentrated in
degree 0, i.e., it is isomorphic to Hom pucon(x)(F, %), so that

Hom pucontr (x) (-, 4[n]) = H" (RIY (Hom picon(x) (F,9))).-
Finally, since Hom pbcon(x)(-F,%) has a good filtration, the complex of vector spaces

RHH(Homecoh(X)(y,g)) is concentrated in degree 0 (see [J1, Proposition 11.4.13
and Lemma 1.4.17]), which finishes the proof. O

Asin §6.2.1 we can consider the quotient Gy /U, with its natural action of G}/ x T}/,
0.2.3]

and as in ([6.2.3]) we have

(8.1.1) oGy /UY) = @D Ne(A) @ kpyv (=),
AeXV
where the terms in the right-hand side vanish unless A € XY. Lemma also
remains true, with an identical proof.
It is known in this setting also (although this is much less obvious) that the maps
ay , are surjective for all A\, € XY, see [J1, Proposition II.14.20]. Therefore the
k-algebra 0(Gy /U') is finitely generated, so that it is reasonable to set

X := Spec(O(GY JUY)).

We again have an open and dense embedding Gy /U < Xk, whose complement (with
its reduced subscheme structure) will be denoted dX.

8.1.2. The Springer resolution and some variants. — As in §6.2.2] we will
consider the Springer resolution

ﬁk = GE;/ XBJX nﬂ}/
(where 1)/ is the Lie algebra of U}) with its natural action of G}/, and also the inverse
image N of Ni in gY x GY /U, with its natural action of GY x T)Y. (Here, g’ is the
Lie algebra of GY.)

Now the first difference with Chapter [6] arises: in practice, instead of considering
the variety above, we will need to consider a certain “multiplicative analogue” defined
as follows. We set

Z;{v]k = Gul/ B’;/ UI};/’
where By acts on its normal subgoup U, by conjugation. Consider the natural
G)/-action on this variety. As for Ni we have a natural closed cmboddmg U —
GY x (GY /BY) (defined by [g,u] — (gug™*, gBy)), and we denote by Uy, the preimage
of Uy in GY x (GY /UY). Then Uy, admits a natural action of GY x T, and as in
and we have an equivalence

(8.1.2) Coh® (h) = Coh® ™' (74,
and identifications
(8.1.3) O(U)-x = T(U, O (N)

for A € XV. (Here 07 ()) is the pullback to Uy, of the line bundle on GY /BY naturally
associated with \.)
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The construction of Z/J\k can be seen as a particular case of the following general
construction. Consider an affine k-group scheme H, and a separated k-scheme X
endowed with an H-action. Then the universal stabilizer for this action is the closed
subscheme

(H X X) XXxX AX

of H x X, where AX C X x X is the diagonal, and the morphism H x X —
X x X is given by (h,z) — (h-x,z). In case X is affine, this closed subscheme can
be described more explicitly as follows. The H-action on X defines a right &(H)-
comodule structure on &(X), given by a comultiplication morphism A : 0(X) —
O(X)® O(H). Then the ideal in O(H x X) = 0(X) ® O(H) defining the universal
stabilizer is generated by the image of the map
O0X)— 0(X)® O(H)

sending f to A(f) — f® 1.

Applying this construction in the case of the G)-action on G}/ /U, one recovers
the scheme L?k. The universal stabilizer for the Gﬂz -action on the affine scheme Xj
will be denoted LA{X’k. As for /\A/';( in , we have

(8.1.4) Z:l\/\qk N (G]]Z X Gﬂ}//Uﬂz/) = Z:{\]k.

Here our group G}/ is a general linear group; we therefore have a G)/-equivariant
open embedding

(8.1.5) GY = gy
sending z to z —Id. (Here, the G)-actions are given by conjugation.) This morphism
restricts to an isomorphism Uy — 1y, so that (8.1.5) induces an isomorphism

(8.1.6) Uy =5 N
The following statement will be our replacement for Lemma [6.2.4]

Lemma 8.1.2. — There exists N € Z>o such that, for any X € XY such that
(X, &Yy > N for any simple root o, the morphism
ﬁ(ﬁ/\@k)_)\ — ﬁ(i{\k)_)\
induced by restriction is an isomorphism.
Proof. — The proof is the same as for Lemma [6.2.4} in the first step, we replace the

complex .#* by its restriction to GY x (G /B)) (which provides a resolution of the
pushforward of 0y to Gy x (Gy//By)). O

8.1.3. Koszul complexes. — The construction of the Koszul complex ((6.2.13) as-
sociated with a surjection V' — V' also applies to k-vector spaces. In particular, using
this construction for the morphism f) and using the same procedure as in §6.2.3] we
obtain a complex

= 0= AR (NK(V) @ O, = APTHN)) @ kv (V) © G = -+
— AT (Ng(N) @ kv ((dy —1) - \) @ O, 2 krv(dr- N @O, =0
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of objects of CohG¥ ¥ T (ij,k) (where dy = dim(Ng(A))) concentrated in degrees be-
tween —dy and 0, whose restriction to Uy is acyclic. Tensoring this complex by
kzy(—=dx - M), forgetting the term in degree 0, and then applying [—1], we obtain a
complex

= 0= AP (Nk(V) @ kg (—da - A) ® O
= AP (N(N)) @ kg ((—da +1) - A) ® O, =
= N (k) @ kg (-)) @ G, =0 -
concentrated in degrees between —dy + 1 and 0, which will be denoted by %.. By
construction there exists a canonical morphism of complexes

(8.1.7) G — Oy

x .k’

whose cone is supported set-theoretically on the preimage of 0, C Ak in LA{XJK.
Later we will also consider the following construction. For any simple root «, we
fix a coweight @ such that for any simple root 8 we have

<w1\1/7 /6> = {
Then any A € XY can be written uniquely in the form

A:ZHQ'WXJF)\O

1 if 8= q;

0 otherwise.

where for each simple root o we have n, € Z>o and (Ag,a) = 0. (In fact, here we
must have n, = (A, a).) We then set

g;\ = <® g;@ga> ®ﬁﬁx,k Do

(03

There exists a canonical morphism of complexes
(8.1.8) G — g >

obtained by taking tensor products of the morphisms ¥,v — ﬁﬁx . and 9, — Oy

Xk
from (8.1.7).

The first property of the complexes ¢, that will be important for us is that its
components are all direct sums of objects of the form V ®@ kry (—n) ® 0 where V

is in Rep(GY) and n € XV satisfies (n, ) > (X, @) for each simple root a. The second
important property is given by the following lemma.

Lemma 8.1.3. — For any X € XY, the cone of the morphism (8.1.8) is supported
set-theoretically on the preimage of 0X, C Xy in Ux k.

Proof. — The claim is known if A\ € XV satisfies (A\,a) = 0 for each simple root

a, since in this case ¥ = ¥\. We therefore only have to check that if it holds for
some A, and if « is a simple root, then the claim holds for A + w@?. Now we have
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%erx =9 ®gamg 9y, and under this identification the map (8.1.8) for A + @ is

the composition

Zgﬁﬁﬁa

Xk

g)/\ ®ﬁax § gw({ — g/{ ®ﬁax . 0,

Z/A{X,Bc

where the first morphism is induced by the canonical morphism ¥,v — ﬁ’a”(, and
the second one is the morphism for A. By induction the cone of the second
morphism is supported set-theoretically on the preimage of dAj, and since the same
property holds for the cone of the morphism ¥y — ﬁﬁmu it also holds for the
first morphism. The octahedral axiom implies that the cone of our composition is an
extension (in the sense of triangulated categories) of the cones of these two morphisms;
therefore it is supported set-theoretically on the preimage of 0X), which finishes the
proof. [

8.1.4. Equivariant coherent sheaves on Uy. — We now have the following ana-
logue of Lemma Here we denote by Tilt(G)/) C Rep(GY) the subcategory of

tilting modules

Lemma 8.1.4. — The category DPCoh®¥ (Z/le) is generated (as a triangulated cate-
gory) by the following classes of objects:

L. the line bundles Oy (X), for X € XV

2. the objects of the form V. @ Oy (\) where V € Tilt(Gy) and A € XY.

Proof. — In view of , the proof is identical to that of Lemma with the ex-
tra observation that the subcategory Tilt(GY) generates DPRep(GY ) as a triangulated
category (by the general theory of highest weight categories; see e.g. [Ril Proposi-
tion 7.17]); therefore in we can equivalently replace the condition V' € Tilt(GY)
by the condition V' € Rep(GY). O

We also have the following analogue of Lemma [6.2.9

Lemma 8.1.5. — For any A\ € XV there exists V € Tilt(G)/) and an embedding of
G -equivariant coherent sheaves Oy (\) =V ® Oy .

Proof. — In view of (8.1.6)), the same proof as that of Lemma applies, replacing
Nk (ws(A—v)) by the indecomposable tilting G}/ -module with highest weight w,(A—v)
(see [J1l, Proposition IL.E.6]). O

8.1.5. Describing the category of equivariant coherent sheaves on U, as a
quotient. — We will denote by Tilt(G) x T}) the full subcategory of Rep(G}/ x T})
whose objects are the tilting representations. In more concrete terms, any object V
in Rep(Gy x T,Y) can be written in a canonical way as a direct sum

V=P V' eky O

AEXV

(DRecall that a finite-dimensional algebraic module M over a reductive algebraic group is called
tilting if both M and M* admit good filtrations.
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for some representations V* in Rep(G)/) (with only finitely many nonzero terms);
then V is tilting iff each V* is a tilting G)/-module. We will denote by

COhgktthTk (UX k)

the full additive subcategory of Coh@ ¥ T’ (Ux,k) whose objects are the “free tilting”
coherent sheaves, i.e. those of the form V ® & with V' in Tilt(Gy x T,/). Since

a tensor product of tilting GyY-modules is tilting (see [J1, Proposition IL.E.7]), the

subcategory Cohfr tllt (L{X k) is stable under tensor products of coherent sheaves.
As in §6.2.5 we will consider the composition
(8.1.9) KPCoh%* ™ ({fy ) — DPCoh® T ({fx 1)

fr,tilt
s DPCoh® ¥ T () DPCoh® (#4,).

where the first arrow is the obvious functor, and the second one is pullback under the
open embedding Uy, C Ux i (see (8.1.4)). We will denote by KbCohgkt:tT (Z/{X k)OX

the kernel of this functor, i.e. the full subcategory of K bCohg“‘t:tTk (L{X k) consisting

of objects whose cohomology is supported set-theoretically on the preimage of 0X.
Our goal in this subsection is to prove the following analogue of Proposition [6.2.10}

Proposition 8.1.6. — The functor

G G
KCoh{ ™ (U s0) /K" Cohs ™ (U i) o — D"Coh® (Uh)

induced by (8.1.9) is an equivalence of triangulated categories.

Until now, we have not used our assumption on ¢ from (8.0.1)), and in fact all the
results from the previous subsections hold in all characteristics. The main reason for
imposing this assumption is that it guarantees that the following claim holds.

Lemma 8.1.7. — If X either is of the form w) for a a simple root, or satisfies
(A, @) = 0 for all simple roots «, then for any r > 0 the G} -module /\T(Nk()\)) is
tilting.

Proof. — First, if (A\,a) = 0 for all simple roots «, then A is the restriction of a
character of G}/, so that Nx(\) = kgy(A). Now any 1-dimensional module is tilting
(as a simple induced module), and there are no higher exterior powers to consider.

Next we fix a simple root «, and consider the case X = wy. In this case also it is
well known that Nk (\) is a simple induced module, and therefore tilting. (Indeed, the
T,/ -weights of Nig(\) are exactly the Wi-translates of A, so that this module cannot
have a nontrivial submodule.) Moreover, it is known also that

dy := dim(Ng(\)) < (Ln/%)

(More precisely, each Nk(w) is an exterior power of the natural representation of

G, = GL(Ex), tensored with some 1-dimensional module.) If r < dy/2, our assump-
tion on £ from 1) guarantees that all k-representations of the finite group &, are
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semisimple, so that A" (Ni(A)) is a direct summand of Ni(A\)®". The latter module is
tilting as a tensor product of tilting modules (see again [J1, Proposition IL.E.7]), and
hence so is A"(Ng(X)). If instead r > d /2, we observe that

A" (Nx(2)) 2 A% (Nk(N) @ (A7 (Nk(V))

Here A% (Ni())) is tilting because it is 1-dimensional, and A%~ (Ng())) is tilting by
the case treated above; so A"(Nk())) is tilting also. O

Lemma implies that the complexes ¢, from § (with A as in the lemma)

are complexes of objects in Coh? (UX k). It follows that the same is true for the

fr tllt

\2 NN
complex 45, for each A € XY. The images of these complexes in K bCothj"‘tiTtTk (Ux k)
will play a crucial role in the proof of Proposition [8.1.6]

Proof of Proposition [8 — Using Lemma[8.1.4] as for Proposition[6.2.10, what we
have to prove is that our functor induces, for any p € XV, n € Z and V in Tilt(GY),

an isomorphism from

Hom b Cohfrkmt (Ux /Kb Cohfcjk“iTkv (ljl\ka)ax (V ® kT[kV (,U) ® ﬁﬁx‘k’ ﬁﬁ){,k [n])
to
Hom M conGY ( (V®ﬁ (1), 07 [n]).

We first prove that our map is injective. A morphism from V ® kTv( ) ® ﬁux[
to g, [n] in KbCothjktthTk Uz k)/KbCothj mTtT (U )ox can be represented by a
diagram
(8.1.10) Vekny (e, & F %o, [l

GY xXT

where % is an object of KbCohfr St

(Z/[X k), and the cone of f belongs to the sub-

category K bCohfr St (Z;I\X’k)a;(. Saying that the image of this morphism vanishes is
equivalent to saying that the image of g under vanishes.

Now choose A € XY, and consider the complex ¢ from §8.1.3] Lemma
says that the cone of the canonical morphism %) — ﬁﬁ&k is supported on the

closed subset Z;{\ka N z?k; hence the same will be true for the induced morphism
F ®ﬁA %j\ — % . In other words, this morphism is an isomorphism in the quotient

category KbCohfr tlltTk (U k)/KbCohfr o ™ (U 1) o~ This argument shows (after an

appropriate choice of \; see also the comments preceding Lemma that in the
diagram we can assume that the components of .# are all direct sums of
objects of the form M ® kv (—n) ® Oy with M in Tilt(Gy) and n € XY which
satisfies the condition in LemmaRIL2
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For such M and n we have

0 otherwise.

Homkbcohikvﬁffkv (@) (M @k (=) © O, . Og,, ,In])
_ (0 0@ p)-) T ifn=0;
0 otherwise
and
- oy
M*®Fu7ﬁ~ K lfTL:O,
Hom o6y gz, (M ® O (=), O, In]) = {( e )

Here the first equality is clear, but the second one deserves some explanation. First,
by [KLT} Theorem 2] (see also the isomorphism (8.1.6])), we have

H" (U, O (n)) = 0
for n # 0, which implies that
HomecOh(ﬁk)(M ® Oy, (=n), Oy, [n]) =0

for n # 0. Next, by [KLT} Theorem 7] the GY-module T'(l4, Oy (1)) admits a good
filtration, which implies (in view of [J1, Proposition I1.4.21]) that the same holds for

M* ® DU, O, (n) = Hom pcop iy (M ® 6 (—1), 0.

Hence we are in the setting of Lemma which implies our second equality.

In view of these isomorphisms, Lemma says that the functor induces
an isomorphism between these Hom-spaces. By the 5-lemma, it then follows that this
functor induces an isomorphism

Ho (2,0,

a&k[n]) = Hom (A, Oy [n])

m aVxTV Qv o~
KbCohp ¥ i1 (T 1) DbCohS (T)

for any complex 4 whose components are direct sums of objects of this form (where
A is the image of 7). In particular, this property holds for the complex # consid-
ered above, which finishes the proof of injectivity.

The proof of surjectivity will use similar tools. Namely, consider a morphism
fV®0y (1) = O [n]in DPCoh®¢ (Uy). Choose \ € XY such that A\—p satisfies the
condition in Lemma[8.1.2] Then if ¢ is as in §8.1.3|and &}’ is its image under (8.1.9),
the arguments above show that the composition

V @k O, (1) ©o, 9 = V &k O (1) L 0 [n)
(where the first map is induced by (8.1.8])) is the image of a morphism
f Ve kav (1) ® g/{ — ﬁﬁx,k [n]

~

\2 Vv
in K bCothjkﬁTtT“‘ (Ux x). Hence f is the image of the morphism represented by the

diagram
V @k (1) @ O, « V@kny(p) @ % 5 0, [nl,
which finishes the proof (in view of Lemma [8.1.3)). O
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8.2. Construction of the functor

From now on we consider the affine flag variety Flg associated with our group
G = GL(n,F), and the I-equivariant derived category of étale k-sheaves D}’(Flg, k).
For brevity, we denote the heart of the perverse t-structure on this category by

P; := Perv;(Flg, k) C D?(Flg, k),
and we introduce the notation
¥ =708 ' :Rep(GY) — P;.
Our next task will be to construct a functor
F* . DPCoh® (4) — DPy,
following the strategy of Section [6.3
8.2.1. Definition of a functor on Cohgf{iﬁﬂ‘v (Z:{\;ak). — The construction of the

functor F*¥ will again be based on the considerations of §6.3.2] The only difference is
that the role of Example will now be played by the following variant.

Ezample 8.2.1. — We consider the special case of the construction of §6.3.2) when
A" = O(H) (for the adjoint action of H on itself). Again in this case the cor-
respondence between extensions of the canonical functor Rep(H) — A-mod” to
O(H)-mod{! = Coh{! (H) and K-equivariant algebra morphisms ¢(H) — A admits a
reformulation in terms of Tannakian formalism, as follows.

For any V in Rep(H), the H-equivariant coherent sheaf V ® &y admits a canonical

automorphism i{?", described at the level of global sections as the composition

Ve oH) —VeoH) e oH) - Ve o(H)

where the first map is induced by the comultiplication morphism V- — V® ¢(H), and
the second map by the product in &(H). (Here, V ® O(H) identifies with the space of
morphisms H — V', and the automorphism above corresponds to the automorphism
sending a function f : H — V to the function h + h - f(h).) These automorphisms
satisfy
s = " @5

for V1,V in Rep(H). Given an extension of our functor Rep(H) — A-mod” to
Cohg (H), by taking the images of these automorphisms (and forgetting the K-
equivariance) we obtain an automorphism of the functor V +— V ® A, which de-
termines an A-point of H, or in other words an algebra morphism ¢(H) — K. The
fact that each automorphism of V ® A is K-equivariant translates into the property
that this algebra morphism is K-equivariant.

Once again, we leave it to the reader to check that this construction provides the
same algebra morphism as the general construction described in (in this special
case). In this way we obtain that the data of the following structures are equivalent:

1. an extension of the functor V — V ® A to a k-linear (symmetric) monoidal
functor Cohf! (H) — A-mod”;
2. a K-equivariant algebra morphism &(H) — A;
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3. a K-invariant A-point of H;
4. for any V in Rep(H), a K-equivariant automorphism iy of V ® A, this collection
satisfying
v, =1y, @iy
for V1, Vs in Rep(H).
Under this correspondence, the collection (iy : V € Rep(H)) attached to an extension
¢ : Cohfl (H) — A-mod® is given by iy = p(i$2").

X\/
We start by considering the full subcategory Perv; ¥ (Flg, k) of P; whose objects
are the perverse sheaves admitting a Wakimoto filtration, endowed with its natural
monoidal structure, and the natural exact monoidal functor

—] \2
F Rep(GY x T})) — Perv?gr (Flg, k)
defined as in the characteristic-0 setting. Then using the same recipe as in one

defines the symmetric monoidal (non-full) subcategory (%, ) of Pervigr (Flg, k), such

that F factors through a monoidal functor
F*:Rep(GY xT)Y) = %.

The unit object 1¢ in € corresponds to the perverse sheaf op) := F%7/.
Next, we consider the commutative k-algebra

A= Homlnd(%)(l%aEk(ﬁ(Gﬂ\g X Tﬂ;/)))a

and the full subcategory

GY XT,
A-modg

of the category of G x T,/-equivariant A-modules whose objects are those of the form
V ® A with V in Rep(GY x T}).
The following statement is the analogue of Proposition [6.3.5]

Proposition 8.2.2. — There is an equivalence of symmetric monoidal categories
~ \% 2
H:% — A—modg *T7 given by the formula

H(V) = Hompnges) (g, E(V) « E(0(GY x TY))).

Proof. — The proof of essential surjectivity and the construction of a monoidal struc-
ture on H are identical to their characteristic-0 counterparts, and will not be repeated.
However, to check full faithfulness, one needs to argue differently, since in this set-
ting it is not true that any representation is a direct summand of a sum of copies of
O(G) x T). By adjunction, as in the characteristic-0 setting,what we have to prove
is that for V in Rep(G} x T}'), the map

(8.2.1) Homey (14, V) &5 (V @ A)G T

induced by our functor is an isomorphism. (Compare with and the discussion
following it.) As in the proof of Proposition we consider the extension of H to
ind-objects. The reasoning given there shows again that is an isomorphism
when V is the ind-object O(G) x T), or a finite direct sum of copies of O(Gy x T)).
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Before considering in general, we make the following observation. Let M be
an object in Rep(GY x 7)), and let I' be an abstract group acting on M by G}/ x T,/-
module automorphisms. Then we can consider the fixed points MT, which is again an
object in Rep(Gy x T}), and hence in %. On the other hand, by functoriality, I" acts
by automorphisms on the finite-dimensional k-vector spaces Home (14, F*(M)) and
Homep, (951, Fk(M)). We claim that the embedding M — M induces an isomorphism

(8.2.2) Home (1, F¥(MT)) & (Home (1, F¥(M)))" .

To see this, we first note that since all the vector spaces under consideration are
finite-dimensional, there exists a finite subset I'y C I" such that

MY = MPo,
r —=k To
(HOHIPI (55‘1, V)) = (HOIHPI (5}?1, F (M))) .
Then M7 is the kernel of the morphism M — D, cr, M sending v to (v-v —v)yer,,
and by left exactness of the functor Homp, (dF1, —) we deduce that
—k —k r
HOHIPI (5F1,F (MF)) = (HOIIIPI ((5F1,F (M))) .
It is easy to see (using exactness of F* and of convolution in Pervigr (Flg,k)) that
a morphism in Homp, (§F17Fk(MF)) belongs to Home (14, F*(M")) iff its compo-
sition with the morphism Fk(MF) — Fk(M) belongs to Home (14, F*(M)). The
isomorphism ({8.2.2)) follows.
By passing to limits, we see that (8.2.2)) also holds when M is an ind-object that
is an inductive limit of representations equipped with a compatible action of T'.
Now, for V in Rep(GyY x T,Y), consider the vector space V ® O(GY x T,'), which
can be identified with the space of algebraic functions G}/ x T,Y — V. In the proof
of Proposition we introduced four different actions of GV x T on this space,
including the so-called “left-only” and “mixed” actions. Regard V ® O(Gy x T)') as
an ind-object of Rep(G}/ x T)Y) using the left-only action, and then make the abstract
group I' = G}/ x TY act on it by the “mixed” action. We then have an isomorphism

VS (VeoGy xT)) .
in Rep(G) x T)Y) given by sending v to the function g — g~ - v.
Since V ® O(Gy x T,') under the left-only action is isomorphic to a (finite) direct
sum of copies of O(GY x T,Y), we have already seen that the corresponding case

of (8.2.1)), i.e., the map
Homynaee) (1, V@ O(GY x Ty)) = (V@ O(GY x TY) ® A)%« ¥ T,

is an isomorphism. The abstract group I' acts (by the mixed action) on both sides.
Taking I'-invariants and using (8.2.2) (which is permitted because (V @ 0(GY x T,/)
is a limit of finite-dimensional T'-stable subspaces), we obtain (8.2.1). O

Next, we want to define a G x TY-equivariant algebra morphism

ﬁ(z:[\x,]k) — A.
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First, the same considerations as in the characteristic-0 setting (using the mor-
phisms fy) provide an equivariant algebra morphism 0(X;) — A. Next, we fix a
topological generator of the group Z,(1) associated with F; in this way, in view of
Remark (see also §9.5.2) we obtain (unipotent) monodromy automorphisms
(my : V € Rep(GY)) (where for simplicity we write my for my(y). By Proposi-
tion these automorphisms satisfy
My, gv, = My, *! my,

for V1,V in Rep(GY/). As explained in Example such a datum determines an
algebra morphism ¢'(G)/) — A. Combining these constructions we obtain a G x T/~
equivariant algebra morphism
(8.2.3) O(GY x Xy) — A.

By construction (see §8.1.2) we have a surjection

O(GY x X) = OUx y),
whose kernel is generated by the image of a certain morphism O(G)/U)) —
O(GY/UY) @ O(GY). The restriction of this morphism to Nx(A) C O(GY/UY) is
constructed from the composition
Z (Ne(V) =2 Z(N(V) B I (k).

which coincides with fy by Lemma m This implies that the morphism (8.2.3)
factors through the surjection &(Gy x Xi) — O(Ux ), which allows us to define a
functor

~ \ Vo~ xV
F% 2 Coh$ ™™ (T ) — Pervy " (Flg, k)
\ NN
as in the characteristic-0 setting, where Cohfcj"‘ xTi (Ux i) is the full subcategory of
CohG¥ xTv (Z,A{ %) whose objects are the coherent sheaves of the form V& &y with V
in Rep(Gy/ x TY'). Below we will in fact mainly consider the restriction of this functor

to the full subcategory Cohgf‘tiiT“‘ (Z/Alx,k); this restriction will be denoted ﬁtﬂ‘ilt.

8.2.2. Factorization through coherent sheaves on Uy. — To finish the con-
struction of the functor F*¥ it only remains to prove the following claim.

Proposition 8.2.3. — There exists a unique triangulated functor

F%: DPCoh% (4) — D°P;
such that the following diagram (where the left vertical arrow is induced by restriction
to the open subset Uy followed by the equivalence (8.1.2)), and the right vertical arrow

is the obvious functor) commutes up to isomorphism:

b7k
GY xTy /75 K (F) b
fr tilt (UX,H«) — K°Py

| |

DPCoh (Uh) — L DPPy.

KPCoh
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Proof. — The proof is very similar to that of Proposition [6.3.9] using Proposi-
tion [8.1.6] in place of Proposition [6.2.10 O

In this proof, we had to restrict the functor F¥ to tilting representations in order
to apply Proposition B:1.6l However, this subtlety can be ignored a posteriori. The
following claim is a partial step towards making this idea precise, that will be needed
below.

Lemma 8.2.4. — The composition of F* with the canonical functor
Rep(GY) — D"Coh% (th), V=V ® 0y

coincides (up to isomorphism) with the composition of the restriction of Fk to
\

Rep(GY) with the canonical functor Pervigr (Flg,k) — DPP;. Moreover, for any V

in Rep(G)), the image under F* of the canonical automorphism of V ® Oy, (obtained

by pullback from the automorphism ¢ of Example is my.

Proof. — We consider the following diagram, where the vertical arrows are all induced
by the canonical functor from the homotopy category to the derived category, and
the arrows from the first to the second column are given by V — V ® ﬁﬁx . and
V=V ® O respectively: ’

bk
b G;(/ ><T]kv 5 KP(Fgy,
K COhfr,tilt Ux x)

/

KPTilt(GY) K" (FY)

DPCoh (th,) —E— DPP.
%

In this diagram the three squares and the upper triangle all commute. Moreover
the leftmost vertical arrow is known to be an equivalence of categories (e.g. by [Ril
Proposition 7.17]). It follows that the lower triangle also commutes, which proves the
first claim.

For the second claim, since any finite-dimensional algebraic G}/-module is isomor-
phic to a subquotient of a tilting module, one can assume that V is tilting; then the
claim is clear by construction. O

DPRep(GY)

8.3. Antispherical and Iwahori—-Whittaker categories

We continue with analogues of the developments in Section [6.4] Define the anti-
spherical category P?sr’h to be the quotient of the abelian category P; by the Serre
subcategory generated by the simple objects .#% with w ¢ fIW. The quotient functor
P; — P2P" will be denoted Iaqpy.
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Next, it makes sense to consider the Artin—Schreier local system Zxg over k defined
exactly as in (depending on the choice of a primitive p-th root of unity in k).
One can then define the derived category of Iwahori-Whittaker sheaves D%W (Flg, k),
as well as the abelian subcategory of Iwahori-Whittaker perverse sheaves Pryy. In
particular, one can define objects ALY and VI by the same formulas as in §6.4.3|
We can also consider the functor

Avzy : DY (Flg, k) — D%, (Flg, k)
defined by
AVIw(y) = Agw *I F.

We then have the following analogue of Theorem [6.4.2

Theorem 8.3.1. — 1. The functor Avgyy, is t-exact for the perverse t-structures
on DY(Flg,k) and D%, (Flg,k).
2. The restriction of this functor to the hearts of these t-structures factors through
a fully faithful functor P?Sph — Prwy.

The proof is identical to that of Theorem and will not be repeated here.
(Note in particular that [BeR2| allows modular coefficients, and that the results
from [BBM)] that are used apply also in this context, with identical proofs.) Below
we will freely use the notation introduced in this proof, simply replacing Q, by k

when appropriate, as well as the lemmas from §§6.4.4H6.4.5]

8.4. Central sheaves and tilting Iwahori—-Whittaker perverse sheaves

8.4.1. Statement. — We now consider the functor
D@FIW = AVIW o ¥ Rep(Gﬂ\(/) — PIW-

As in the characteristic-0 setting the category Pzyy admits a natural structure of a
highest weight category, and we can consider the tilting objects therein.
We have the following counterpart of Theorem [6.5.2

Theorem 8.4.1. — For any V in Tilt(GY), the perverse sheaf 2TV (V') is tilting.
Moreover, for any A € XV we have

(8.4.1) (ZTVWV) : ATVY = (ZTV(V) : V) = dim(V)).

8.4.2. Proof of Theorem [8.4.1 — The proof of Theorem [8.4.1] will follow the
same pattern as that of Theorem but will be much simpler since in the present
setting G is a general linear group.

Namely, the same arguments as for Proposition show that the formula
will follow if we prove the first claim. Next, the same arguments as in the characte-
ristic-0 setting (see Proposition prove the following claim.

Proposition 8.4.2. — If V,V' are objects in Rep(Gy) such that ZTW(V) and
ZTV(V') are tilting, then ZTV(V @ V') is tilting.
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For the next step, we choose a basis (eq,...,e,) in Ey consisting of eigenvectors
for the action of 7. This lets us identify GV with GL,,(k), and 7, with the subspace
of diagonal matrices. Reordering the basis if necessary, we can further assume that
By identifies with the subgroup of lower triangular matrices. These identifications
provide a canonical isomorphism

XV =z"
such that if for ¢ € {1,...,n} we set
w; =(1,...,1,0,...,0),
——

7 terms

then (wi,...,wy) is a Z-basis of XV, and XY consists of the elements of the form
kiwr + -+ kp_1wp—1 + mwy,

with k; > 0 forie {1,...,n—1}.

Lemma 8.4.8. — For any k1, ..., kn—1 € Z>o and any m € Z, the G,/-module

(@ Nﬂ«(wz‘)%) ® Nie(m - wp)

is tilting. Moreover, any (finite-dimensional) tilting Gy -module is isomorphic to a
direct sum of direct summands of such modules.

Proof. — For any i € {1,...,n — 1}, the weights of Ng(w;) (which are the same as
those of the characteristic-0 counterpart of this module) all belong to the We-orbit
of wj; therefore this induced module is simple, and hence isomorphic to the Weyl
module of highest weight w; (in the sense of [J1| §I1.5.11]); in particular, it is tilting.
Similarly, for any m € Z, the induced module Ng(m-w,) is 1-dimensional, with action
given by det®™; hence it is simple, and therefore tilting. Since a tensor product of
tilting modules is tilting (see [J1l §IL.E.7]), we deduce the first claim.

For the second claim, recall that any tilting G)/-module is a direct sum of indecom-
posable tilting modules, and that indecomposable tilting modules are parametrized
by XY (see [J1, §ILE.6]). Now if X\ = kjwi + -+ + kp_1wn—1 + mw, is dominant
(ie. if k; > 0 for i € {1,...,n — 1}), then the tilting module

<® Nk(wi)mi) ® Nk(m - wn)
i=1

admits A as a maximal weight (for the dominance order); therefore it must contain
the indecomposable tilting module attached to A as a direct summand, which implies
our claim. 0

Proposition [8:4.2] and Lemma [84.3] reduce the proof of the first claim in Theo-
rem to the special case when V is either Ng(w;) (for some i € {1,...,n—1}) or
Ng(m - wy) (for some m € Z). In these cases, the claim can be checked by the same

considerations as in §6.5.9|
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8.4.3. The regular quotient. — To finish this section we consider appropriate
analogues of Proposition and Lemma @ (In the present setting these
results are not needed for the proof of Theorem [8.4.1] However they will be required
in the proof of Lemma below.) Note that unlike in our base field is
now countable, so one key step from that section (namely, the determination of the
division ring in ) does not go through. For this reason we will restrict ourselves
to weaker claims, which will still be sufficient for our purposes.

We will denote by P? the Serre quotient of the category Py by the Serre subcategory
generated by the objects .#€! with ¢(w) > 0, and by 11 : P; — P9 the associated
quotient functor. Then, as in the characteristic-0 setting, the functor (#,¥) —
O (P#°(F %' 4)) induces a monoidal structure on P%, with product denoted ®, and
with unit object 6° := M°(#%€). The functor Z° := I° o 2 admits a natural
structure of a central functor, and for V in Rep(GY) we set m{, := I1°(my/). We will

also denote by ﬁ(} the full (monoidal) abelian subcategory of PY whose objects are
the subquotients of objects of the form 270(V) for V in Rep(Gy), so that 2 factors

through a central functor 2° : Rep(Gy) — 5(}

The (left) regular Gy -module &(G)/) is the union of its finite-dimensional sub-Gy -
modules; it therefore defines an ind-object (G)/) in Rep(G}/). We consider the image
Z9(0(GY)), an ind-object in PY. Since €(GY) is a ring-object, so is Z0(€(GY)), and
using Theorem [3.5.1] one sees that any left ideal subobject in this ring-object is also
a right ideal subobject. Hence, choosing a maximal left ideal subobject # (whose
existence can be checked as in the proof of Lemma [6.5.19)) one obtains a ring-object

quotient O(H) of é’tﬁ(ﬁ(Gﬂz)).
One can then consider the k-algebra
K := Homlnd(lg(;)(tso,Q(H))7
where the product of f : §° — &(H) and g : §° — O(H) is the composition
80 =6 ® 8" 1% o(H) ® 0(H) — 0(H),
where the rightmost arrow is the multiplication map.

Lemma 8.4.4. — The algebra K is a (commutative) field.

Proof. — Let us first prove commutativity. As part of the central structure on the
functor Z°, we have a canonical isomorphism

Sotay Py | ZOEG)) ® Z0a(GY) = 20(a(GY)) ® 2°((GY)).

By functoriality this isomorphism sends @(Q(Gﬁ))@/ to j@ﬁ(ﬁ(Gﬂz)). More-
over, this isomorphism is also (via the appropriate identifications) the image under

2 of the commutativity constraint in Rep(G)/), which is symmetric; therefore it
satisfies

Sa(e). Foeey) © Sy F ey 1
and thus also sends ¢ @V@(Q(Gﬂ\é)) to f?o(ﬁ(Gﬂz)) ® 7. It follows that this
isomorphism sends ¢ ® 2°(0(GY)) + Z°(C(GY)) ® 7 to itself, so that it induces
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a canonical isomorphism
$: O(H)® O(H) = 0(H) ® 0(H),

Let us denote by mgmy : O(H) ® O(H) — ¢(H) the multiplication map. Using
the corresponding properties for Se(GY),Z9(6(GY))? it is not difficult to check that we
AN ) LGy
have

Meo(H) © S = Mg(H),
and that for any morphism f : 6° — &(H) we have
so(idgm) ® f) = f ®idgm)

(where we identify 6° ® O(H) and O(H) ® §° with &(H) using the unit constraint).
In particular, for f,g € K, we have a commutative diagram

S ® o(H) -2 o(H)® 0(H)
g Meo(H)
50 / z ‘ \ o(H).
e e

o) ® 8 —L 6(H)® o(H)

From this diagram one deduces that f-g = g- f, proving that K is commutative.
Next, one sees as in that K can also be described as the algebra of endo-

morphisms of O(H) as an ¢(H)-module. Since this module is simple by construction

it follows that K is a division algebra, and hence a field. O

As in the proof of Lemma [6.5.20f one sees that for any % in F’? the product
O(H)®.Z is a direct sum of copies of 0(H). Using this, one obtains that the functor

o7 ﬁ? — Vectg
defined by
UK(y) = HomMOdg(H) (Q(H)7Q(H) ® ‘?)

is exact and faithful, that it admits a canonical monoidal structure, and finally that

its composition with 20 is canonically isomorphic to the functor Rep(Gy) — Vectx
sending V to K ®, V.
For simplicity, we now choose an algebraic closure K of K, and consider the functor

b : P(I’ — Vectk

defined by vx(Z) = K ®k vg(#). Then vg admits a canonical monoidal structure,

and the composition bg o 2 is isomorphic (as a monoidal functor) to the functor
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8.4.4. Monodromy and the regular quotient. — For any V in Rep(Gu\(/) we set
mY, = Ho(mv). Then m( ) defines an automorphism of the functor 20 and by
Proposition [3.4.2] we have
m(‘)/®vl = m(‘)/ ® m?//

for any V,V’ in Rep(Gy). Composing this automorphism with vg we obtain an
automorphism of the functor V +— K ® V, which defines (by Tannakian formalism,
see [DM, Proposition 2.8]) a K-point ug of G}/.

The following claim is our modular analogue of Proposition (in the present
special case).

Proposition 8.4.5. — The element ug is unipotent and regular.
The proof of this proposition will require the following lemma.

Lemma 8.4.6. — For m € Z>1, we consider the map
Gm : AP — AL

given by gm(x1,...,Tm) = x1 -+ Ty. Then the complex kg;f(o) [m — 1] € D2(A", k)
s a perverse sheaf, which satisfies

[y oyl — 1)+ koy] =1
Proof. — The proof proceeds by induction on m. If m = 1 then the claim is obvious.
If m > 2, we have a closed embedding i : A™~! = A™~1 x {0} < ¢;,}(0), with open
complement j : g1 (0) x (AL~ {0}) < ¢;,'(0). We deduce a distinguished triangle

. [
Jik, -1 (O)X(A%\{O})[m — 1] =k,-1m—1] = ikyma[m—1] —.

“Im—1

Since the right-hand side is a simple perverse sheaf distinct from k {0} (because Aglfl
is smooth), to conclude it suffices to prove that jgkggml(o)xm%\{o}) [m —1] is a perverse
sheaf which admits ky, as a composition factor with multiplicity one. Now j factors
a composition

Im-1(0) X (Ap N A{0}) = 97,51 (0) x A = g, (0)
where the first map is an open embedding and the second one a closed embedding.
We deduce an isomorphism

IRt oyxarqop[m — 1 =K1 g)[m =2 X (jo)ikar 103 [1],
where jo : Af {0} — Al is the embedding. From this we obtain a distinguished
triangle

k

k-1 (olm = 2] Rk — jik

gl ) x (s~ foplm — 1]
1]

_>kg;L1 1(0)[ —2]@kA1[1]—>.

Since kga 0) [m —2] is perverse, the first and third terms in this triangle are perverse

sheaves, showing that the middle term is also perverse. Moreover, the composition
factors of k -1 (o) [m —2]Xk,41[1] are all of the form .# Kk, [1] with .# a composition
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factor of k -1 (o [m — 2] (see e.g. [BBDG], §§4.2.5-4.2.6]); in particular, ko, is not
such a compbsition factor, which finishes the proof. O

Proof of Proposition[8.4.5 — Consider the coweight ) for 7' (in the notation of

Example . In view of Example and by construction of this element, to

prove that wug is unipotent regular it suffices to prove that if m is the monodromy

automorphism of Z(kGrelv [n]), then m is unipotent and the nilpotent endomorphism
G

o (T1°(m) —id) of the n-dimensional K-vector space vy o HO(Z(]kG -y [n])) has a single
Jordan block, or in other words a kernel of dimension at most 1. GFirst, m is indeed
unipotent by Proposition [2.4.6(1)). For the claim about the kernel of by (I1%(m) — id),

denoting by w € W the unique element of length 0 such that t(e)) € wWeox, the object
HO(Z(kG .v[n])) has length n, with all composition factors isomorphic to II°(.#¢).

G
(In fact Z(kG -y [n]) has a Wakimoto filtration of length n, and by Remark the
Re]

image in PY of each of these Wakimoto sheaves is I1°(.#%1).) Therefore, to conclude
it suffices to prove that the simple perverse sheaf .#€! appears at most once as a
composition factor of ker(m — id).

A description of the geometry involved in the construction of Z(kGrelv [r]) has been

given in From this description we see that what has to be provced is that if g,
is the map considered in Lemma and if F =k -1(,1_(oy[n], then the simple
perverse sheaf ko) appears at most once as a composition factor of ker(mg —id) C
U, (F).

Let us denote by j : g, ' (A} ~ {0}) < AZ the embedding. Then in view of [Rel
Proposition 3.1] there exists a perverse sheaf ¢ (in fact, the image of % under
Beilinson’s “maximal extension” functor) and a factorization

m g —id

/_\

Vg (F) —— G —> VY, (F)

such that the kernel of the surjection ¥4 — ¥y (F) is j1.%. Therefore, to conclude it
suffices to prove that
Now if i : g,;'(0) — AZ is the embedding, then we have a canonical distinguished

triangle

) . &l
isky—1gy[n = 1] = j1.F = kyn[n] — .

Here the third term is a simple perverse sheaf distinct from ko (by smoothness of
AR), and by Lemma the first term is perverse, and admits kg, as a composition

factor with multiplicity 1; it follows that j.%# also satisfies these properties, which
finishes the proof. O

We can now prove the (weak) analogue over k of Lemma [6.5.26f We consider the
unipotent variety U C G}/, and the (multiplicative) Springer resolution Ui — Us.
These varieties also have analogues over K, denoted Ux and Ux. We have the regular
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orbit OX C U, and the Springer resolution restricts to an isomorphism OK = 0K,
where (’)E§ is the prelmage of OX (see e.g. [Hull, §§6.3-6.4]). Again we have an
isomorphism Gy, /Zgy (ug) — OF, where Gy is the base change of Gy to K (see the
discussion in [Hull, §6.4]), and hence an equivalence of categories

(8.4.2) Coh% (OF) = Rep(Zay (uo))

as in (6.5.10). If we denote by Cohgi‘éﬂt (Ux), resp. Cohfr g (Uy), the full subcategory
of Coh®* (Ux), resp. Coh®¥ (U), whose objects are those of the form V @ 0y, for some

V in Tilt(GY), resp. of the form V' ® &y for some V in Tilt(Gy/), we can consider the
composition

K®x(—) Co hG]K

(8.4.3) Coh®*  (Uh) G o (Ui) — Coh®¥ (O

fr,tilt

Rep(Zgy (uo)) — Vectk

where the second arrow is given by restriction to the open subset (’55 - Zle, and the
fourth one is the natural forgetful functor. (More concretely, the composition of the
last three arrows is the pullback under the embedding {up} — Uy, where g is the
unique preimage of ug in HK.)

On the other hand, we can also consider the composition

(8.4.4) CohS¥, (Uh) 225 BY 25, Vecty,

Where the first arrow is defined as follows: the functor F¥ rvestrlcts to a functor
Cohfr mlt(uk) — Py, and then the composition 119 o F : Cohfr St (Ui) — PY factors

through P(}. The functor admits a canonical monoidal structure.

Lemma 8.4.7. — The functors (8.4.3) and (8.4.4) are isomorphic as monoidal
functors.

Proof. — The proof is similar to that of Lemma [6.5.26, First we observe that both

functors
~ ([®3)
Tllt(Gﬂg) E— COhfr tllt(u ) VeCtK
(R-2.4)

identify (as monoidal functors) with the functor Tilt(GY) — Vectg sending V to
K®g V. In other words, (8.4.3) and (8.4.4) agree on objects. It remains to check that
they agree on morphisms.

For this, we use the fact that both of our functors extend in a natural way to the
full subcategory Cohfcjkv (Uy) of Coh® (Uy) consisting of objects of the form V @ oy,
with V' in Rep(GY). Using Lemma [8.2.4] we see that here again the compositions

v -~ (B43
Rep(G)) —— CohfcjJk (Us) ¢ Vectg
(G

are both canonically isomorphic (as monoidal functors) to the functor Rep(GyY) —
Vectk sending V to K ® V.
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We then consider the composition of these “extended” functors with the pullback
\2 vV o~ ~
functor Cohfcjk (GY) — CohgIk (Uy) associated with the composition Uy — U — G-
In view of Example [8.2.1] to check that the two functors

V2 u Voo~ 18.4.3))
(8.4.5) CohS¥ (GY) 2255 Coh&¥ (1) == Vect
(18.4.4)

coincide it suffices to prove that the associated K-points of G} coincide; however by
construction these two points are given by ug.
This observation shows that, for any Vi, V5 in Rep(G}/), the maps

Hom (V1 © gy, Vo © Ogy) — Homg (K @i V1, K @4 V2)

Coh%¥ (GY
induced by the two functors in (8.4.5|) coincide. To conclude, it therefore only remains
to prove that for Vi, Vs in Tilt(G)/), the pullback functor induces a surjection

Hom (V1 ®ﬁgkv7‘/2®ﬁguy) —)HOHIC (Vl ®ﬁak,V2®ﬁgk>.

Coh ¥ (GY) oh ¥ ()

Here the left-hand side identifies with
(V7 @ Ve ® 0(GY)%,
and the right-hand side with
(Vi @ V2 ® 0U)% = (V] © V2 OU)) %

(Here we use the fact that &'(Uy) = O(Uy,), by normality of Uy, —see [Hull §4.24] —and
Zariski’s main theorem.) Therefore, to conclude it suffices to show that the morphism

(@ V2@ 0(GY)% = (' @ V2 ® 0U))
induced by restriction is surjective,.

It is well known that if M, C g is the nilpotent cone, we have O(Ny) =
O(gy) ® oay)°Y k, and that @(gY)% is isomorphic to a polynomial algebra (gener-
ated, for in;tance, by the coefficients of the characteristic polynomial). Moreover,
the morphism @(g) )% — &(gY) is flat, e.g. by [BC, Proposition 4.2.6]. Starting
with a finite free resolution of k as an ﬁ(gu\()GkY -module (e.g., the Koszul resolution),
and then tensoring with the flat &'(gy/ )C¥ -algebra & (gy), we obtain a G-equivariant
finite resolution of O'(N) as an 0(g,/)-module, all of whose terms are direct sums of
copies of 0(gy) (as equivariant modules). Then, since the open embedding (8.1.5))
restricts to an isomorphism Uy — N, tensoring with the flat &(gy)-algebra &(GY)
we obtain a G)/-equivariant finite free resolution of &'(Uy) as an O(G)/)-module, all of
whose terms are direct sums of copies of &(GY) (as equivariant modules). Breaking
this resolution into short exact sequences and using the same kinds of arguments as
in the first step of the proof of Lemma from the fact that

H>(GY, Vi@ Va® O0(GY)) =0

(because Vi* ® Vo @ O(GY) admits a good filtration, see [JI| §§11.4.20-11.4.21]) we
obtain that the morphism

(Vi @ Va® O(GY)F = (V' @ Vo @ OU))



8.5. PROOF OF THE EQUIVALENCE 311

induced by restriction is surjective, which finishes the proof. O

8.5. Proof of the equivalence
8.5.1. Statement. — As in Section we will consider the triangulated functor
F¥,, : D"Coh®* (U4) — D%, (Flg, k)
defined as the composition
DPCoh® () £ DPP; = DP(Fle., k) 22% Db, (Fle, k),

where the second arrow is the realization functor. Our goal is to prove the following
counterpart of Theorem [6.6.1

Theorem 8.5.1. — The functor F%‘W is an equivalence of categories.
8.5.2. Preliminaries. — First, the proof of the following lemma is identical to that
of Lemma [6.6.3]

Lemma 8.5.2. — The objects Avzyy(Jx(k)) with A € XV generate D%, (Flg, k) as
a triangulated category.

Next, we consider the following analogue of Lemma [6.6.4
Lemma 8.5.3. — For any V in Tilt(G)/), the morphism

Hom ), -\ av (z]k)(ﬁflk’ Veoy)— Hompy 16 k) (F%w(ﬁgk)a Fiy(V® 03.))

induced by F%‘W is injective.
Proof. — The proof is similar to that of Lemma[6.6.4] Namely, since
Fin(0g) = A5 and  Ffy(V @ 05) = 2°(V),
the right-hand side identifies (in view of Theorem with
Hompf;sr’h (Iaspn (Ai), Waspn (Z(V))),
so that to conclude it suffices to prove that the induced morphism

Hom Oy, V ® O5) = Hompg (8°, 2°(V))

Coh%Y (ﬁk)(
is injective. For this we use the functor vk of §8.4.3] Lemma [8.4.7] shows that the
desired claim is equivalent to the fact that restriction to ug induces an injective map

(V@ OU))% — Koy V.
The latter claim can be proved as in the characteristic-0 setting, after remarking that
\2 GV
K @ (V @ OU))% = (Kex V) @x 0Ux)) ™
by [J1l 1.2.6(3)], where Ux C Gy is the unipotent variety. O
As with Corollary we next deduce the following corollary.



312 CHAPTER 8. A MODULAR ARKHIPOV-BEZRUKAVNIKOV EQUIVALENCE FOR GL(n)

Corollary 8.5.4. — For any V in Tilt(GY), any X € XY and any n € Z, the
morphism

Hom (05, V @ Og (N)n])

- HongW(Flc,k)(F%w(ﬁzjk)v Fiw(V @ 0g.(A\)[n])

M pb oS (T4

induced by F%‘W is injective.

Proof. — Let us fix V in Tilt(GY) and A € XY. By Theorem 2] (see
also (8.1.6))) we have

Hom o) (G V © O, (M) =V & H™ (U, O7(\) =0

for n # 0. Moreover, by [KLT) Theorem 7] (see again (8.1.6)) and [J1, Proposi-
tion I1.4.21], the G}/-module

Hom pyconigy (O, V ® O, (V) = V @ H (U, O (V)
admits a good filtration. In view of Lemma this implies that

Hom ~k)(ﬁﬁk, V& 0y (Nn]) =0

DbCoh®Y (14,
unless n = 0, and moreover that we have

\%
Gy

Hom (05, V @ 05 (V) = (V@ H U, O (V)

DPCoh®Y (i)
In particular, this shows that the only case we have to consider is when n = 0.

By Lemma there exists V' in Tilt(G}/) and an embedding 07 (\) — V'@ 0y
in Coh®¥ (Uy). We deduce an embedding

(8.5.1)  Hom (Og,.V ® Oy (N) — Hom O, VoV eoy).

Coh®Y (Th) Coh®¥ (u)(

By Lemma [8.5.3] the morphism

(8.5.2) Hom Oz, VeV eoy)

— Hompy 1, 10 (Fiw (07), Fiw(V @ V' @ O )

Coh®¥ (u)(

is injective. Now by functoriality the composition of (8.5.1) and (8.5.2)) (which is
injective by our arguments above) coincides with the composition of the morphism in
the statement (for n = 0) with the morphism

Hongw(Flc,k)(F%W(ﬁﬂk)vF%W(V ® Oy ( )
— Hompp (g, 11«)(1711/\1(@7 ), Fiw(V @ V' @ 6 )

induced by our embedding ﬁl?k()‘) = V'® 0Oy, The desired injectivity follows. [
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8.5.3. Proof of Theorem [8.5.1L. — We are now in a position to prove Theo-
rem We will first prove that FX,, is fully faithful. For this, we have to check

that for any .#,¥ in DPCoh® () the morphism
(8.5.3) HomeCOthV (17[()("@’ 9) — HongW(Flg,k)(F%W(y)v F%W (“))

induced by F%W is an isomorphism.

Consider the special case when # = Oy and ¢ = V ® Oy (M\)[n] for some V/
in Tilt(GY), some A\ € XY and some n € Z. In this case is injective by
Corollary We claim that the domain and codomain have the same (finite)
dimension, so that this map must be an isomorphism.

For the right-hand side, exactly the same considerations as in the characteristic-0
setting allow us to conclude that this space vanishes unless n = 0, and that in this
case its dimension is dim(V_y). Next we turn to the left-hand side of (8.5.3) (still in
our particular case). As seen in the course of the proof of Corollary Mere again
the space vanishes unless n = 0, and in this case it identifies with

(V & T(lh, 07 (V) .

Since I‘(sz, ﬁak()\)) admits a good filtration (see again the proof of Corollary [8.5.4])
and V is tilting, the dimension of this space is

3 (Vi Ne(w) - (r(uk, 0, (N) Nk(u)) ,

vexy
where (M : Ng(v)) denotes the multiplicity of Ng(v) in a good filtration of M. Finally,
we observe that the proof of [Bry, Lemma 6.1] (which assumes that the base field
has characteristic 0, but in fact works in arbitrary characteristic) and the higher
cohomology vanishing of ﬁgk()\) imply that

(P, 05, (0) : Ne() ) = dim (Ni(v))

which allows us to conclude as in the characteristic-0 setting.
The rest of the proof is identical to that in the characteristic-0 setting, simply
replacing references to Lemma by references to Lemma
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CHAPTER 9

REVIEW OF THE MAIN PROPERTIES OF NEARBY
CYCLES

In this chapter we review the standard constructions and properties of the nearby
cycles functors. All of the facts stated here are well known (although sometimes
treated in the literature in a more limited or slightly different setting), and are recalled
only for ease of reference.

In this book we have tried to write everything in such a way that the translation
between the “classical” and the “étale” settings is immediate. However when it comes
to the definition of nearby cycles, the two settings really require different treatments.
We first explain our constructions in the classical setting, and then briefly explain (in
Section how to treat the étale setting.

9.1. Definition and basic properties

9.1.1. Definition. — Let X be a separated C-scheme of finite type, and let f :
X — C be an algebraic map. The constructions below will require the consideration
of analytic spaces which are not algebraic varieties; so by “X” we usually mean
the topological space X (C) with its classical topology; but for simplicity we do not
introduce special notation. Let X = f~1(0) and X* = f~1(C*). Let exp : C — C*
be the exponential map, and set XX = XX xcx C. (Here X* is an analytic space,
but not an algebraic variety in general.) We have the following commutative diagram,
in which every square is cartesian (as a diagram of topological spaces):

Xo — X 1 xx OPx xx
(9.1.1) f‘i lf lfx l
{0} C C* 2 C.

If k is a noetherian commutative ring of finite global dimension, the nearby cycles
functor is the functor

;s : DY(X*, k) — DP(Xo,k)
given by
Vy(F) = (i"juexpx, expy F)[—1].
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For simplicity of notation, when the map f is clear from the context, we will sometimes
write Ux for Wy.

Note that if ¢ belongs to DP(X,k), then the adjunction morphism id —
Jx €XPx, €XpY j* induces a canonical morphism

(9.1.2) FG—1] = U (5°9).

Remark 9.1.1. — We emphasize that we incorporate a cohomological shift in the
definition of the functor ¥¢; in some references (e.g. [KS1]) the nearby cycles functor
is defined as .# — i*j, expx, exp% # instead. This convention is more appropriate
when working with perverse sheaves, as shown in Theorem below.

Ezxample 9.1.2. — A surprisingly useful toy example of the setting above is that
in which X = C and f = id. Consider the natural maps

7,71:pt =C, m:C—=pt, 7:C*—=C
where 7 and 7; are the embeddings of 0 and 1 respectively, and j is the natural

embedding. If ¢ € D?(C,k) is a constant complex (i.e. a complex which belongs to
the essential image of 7*), then adjunction provides canonical isomorphisms

(9.1.3) 1Y = 1.(11)09 < 1.9 = 1009 =19,
On the other hand, we also have canonical isomorphisms
(9.1.4) 719[-1] =7" exp* 7*Y[—1] < 7, exp* TG [—1]
= m.J, exp, exp” J'Y[~1] = 7], exp, exp” J'Y[~1] = Via(7°Y).

(For the isomorphism in the second line, see, for instance, [Ac3l Proposition B.4.2].)
We claim that these two pairs of maps are related by the following commutative
diagram, where all maps are isomorphisms, and where the middle and right-hand
vertical arrows are induced by the adjunction map id — 7, exp, exp* 7*:

1Y [-1] +—— mY[-1] ———— TY[-1]

| | Jem

1Y [—1] +— mJ, exp, exp*T'Y[-1] —— ¥q(7°Y).

9.1.2. Some basic properties. — The following statement gives some fundamen-
tal properties of this functor.

Theorem 9.1.3. — Let X be a separated C-scheme of finite type, and let f : X — C
be an algebraic map.
1. For all # € D2(X* k), the object W (.F) lies in DP(Xo,k).
2. The functor ¥; : DP(X* k) — DP(Xo,k) is t-ezact for the perverse t-
structures.

For proofs, see [KS1l Proposition 8.6.3 and Corollary 10.3.13] or [Ac3, Theo-
rems 4.2.3 and 4.2.8]. (Note that since expy is a nonalgebraic map, it is not obvi-
ous from the definition that ¥¢(.%) is constructible. Indeed, the intermediate object
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eXpx, €Xpk F is never constructible if .# is nonzero: it has stalks that are not finitely
generated over k.)

The following proposition gathers some compatibility properties of nearby cycles
with pushforward and pullback functors. Its proof is an easy exercise in applying
proper (or smooth) base change (see in particular [KS1l, Exercise VIIL15] for (T)).

Proposition 9.1.4. — Let X, Y be separated C-schemes of finite type, and let
f: X —=Candg:Y — X be algebraic maps.

1. For # € DP(Y* k), there is a natural (functorial) transformation

\I/f((g\YX)*y) — (leo)*\ijog(‘gZ)'
If g is proper, this map is an isomorphism.
2. For % € D2(X* k), there is a natural (functorial) transformation
(91v0)" Y (F) = Ugog((g1y )" F).
If g is smooth, this map is an isomorphism.
Remark 9.1.5. — 1. Consider the setting of Proposition [0.1.4|(1)), and let h :
Z —'Y be another algebraic map. Then for 4 in DP(Z* k) one can check that
the following diagram commutes, where the horizontal arrows are provided by

Proposition [9.1.4f(1)) and the vertical ones by the compatibility of pushforward
with composition:

\ij((g\YX)*(hlZX)*g) — (g\Yo)*\I’fog((hlZX)*g) — (g|Y0)*(h|Z0)*\I/f090h(g)

zi lz
V(g0 h)izx)H) ((g 0 h)120) ¥ rogon(¥)-
Of course, a similar claim holds for the morphism in Proposition [9.1.4{(2]).

2. An important special case of Proposition [9.1.4{(1)) is when f = id¢. In this case,
for g proper we obtain a canonical isomorphism

Tia((g)y =)+ F) = RT(Yo, Uy(F)).

If furthermore the complex (g|y x )« is constant in the sense of Example
(which will be the case in all the examples we will encounter in practice), we
deduce a canonical isomorphism

H (971 (1), Zjg-1)) = H® (Yo, Uy(F)).

We will also require the following compatibility properties of nearby cycles with
Verdier duality, change-of-scalars, and external tensor products. Here is stated
only for completeness; it will not be used in this book. In , given a ring morphism
© : k = Kk’ (where both rings are noetherian, commutative, of finite global dimension),
we consider the change-of-scalars functors

L L
k' @ (—): D2(X,k) — DY(X,K), K & (—): D2(Xo, k) — DP(Xo,k'),
see e.g. [Ac3l §1.4].
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Proposition 9.1.6. — 1. Let X be a separated C-scheme of finite type, and let
f: X — C be an algebraic map. For F € D2(X* k), there is a natural
isomorphism

qlfoDXX(y) l)]DXO o\I/f(ﬂ)
2. Let X be a separated C-scheme of finite type, let f : X — C be an algebraic

map, and let p : k — k' be a ring homomorphism. For F € D®(X* k), there
1s a natural isomorphism

' L ' L
k' ®k \I/f(y) — \Ilf(lk Rk F).

3. Let X, Y be separated C-schemes of finite type, let f : X - C andg:Y — C
be algebraic maps, and let f Xc g : X xc Y — C be the induced map. For
F € DY(X* k) and 4 € D2(Y* k), there is a natural isomorphism

L L
\I/f(g[) X ‘I’g(g) — ‘Ilecg(y Xc g),

where F KL G denotes the restriction of (F R* G)[—1] to X* xcx Y C
X*xY*.

For proofs, see [Masl, Corollary 3.2] or [Ac3l Proposition 4.2.4] for (this state-
ment has earlier but weaker antecedents; see [Mas| for details), see [Ac3l Proposi-
tion 4.2.5] for (2)), and see [Sc, Theorem 1.0.4] for (3).

Remark 9.1.7. — Although we will not repeat the proof of Proposition [9.1.6] it
will be useful below to have an explicit description of the construction of the map in
part . Recall that for any continuous map of topological spaces h : X — Y, there
is a natural “Kiinneth” map (not, in general, an isomorphism)

(9.1.5) W & = ho(F ©9).

(This map is obtained using the adjunction (h*, h.) and the compatibility of h* with
tensor products.) From this construction we deduce, for continuous maps hy : X1 —
Y1 and hs : X5 — Y5, a canonical morphism

(9.1.6) (h)oZ B (h)a % — (h1 x ha)o(F R Y):

see e.g. [Sdl, §1.4].

Briefly, the map in part (following [Sc|; see also [I1), §4]) is defined by apply-
ing to the map h = j o expy, y. In more detail, denote by ix, jx, expy,
resp. iy, jy, €Xpy, the maps involved in the construction of ¥ ¢, resp. ¥, and consider
the diagram

exp(Q):epr X exXpy

i i xi ()i ~ ~
Xo x Yy XX, X Y LTI Xy X XX xYX.

Using (9.1.6)) we obtain a canonical morphism

L L
UH(F)RU,(Z) = iP5 expl® exp@*(F RG)[-2],



9.1. DEFINITION AND BASIC PROPERTIES 321

and a computation of stalks (see [Sc, Proof of Corollary 1.2.1]) shows that this map
is an isomorphism. (The idea is that the stalks can be expressed as the cohomology
of a compact space, so that one can apply the classical Kiinneth formula.)

Next, consider the commutative diagram

C—— (CxC) xgxyex C* —— CxC

N l lcxp X exp

C* —— C*xcCx

Here, the bottom horizontal map is the diagonal embedding, and the composition of
the two maps along the top is also the diagonal embedding. Let k, k, e, and d be
the maps shown in the diagram below, obtained by taking the fiber product of the

diagram above with X x Y

XX xe VX = (X xc V)X —4s XX xcx VX NG S NS S
e exp(®)

exm J, J,p

XX xex Y —E 5 XX x vy,

We have a sequence of adjunction and base change maps

L L
expl? expP*(FRY) — k& exp'? exp*(F KN YD)
- L L
— ke k" expP*(F KD = kyee(F Ko 9[1])

L L
— kyerdod e (F Mo G[1]) = ks exXPxy v XD w oy (F Me 91]).

Applying i(2)*j£2) [—2] we deduce a natural map

L L
i@ exp® exp@*(FRL)[~2] = iP* (1@ 0k). exDx s XD ey (FReZ[1)).

Here, both i?) and j® o k factor through the closed immersion X xcY — X x Y.
Using these factorizations and the fact that a composition of push and pull functors
associated with a closed immersion is the identity, one sees that the codomain of this
morphism identifies with ¥ ¢y o (.F &é %). Once again, a computation of stalks shows
that this map is an isomorphism, from which we obtain Proposition |9.1.6{(3]).

We conclude this subsection with another compatibility property of nearby cycles
with external products.

Lemma 9.1.8. — Let X, Y be separated C-schemes of finite type, and let f : X — C
be an algebraic map. For any F in D2(X* k) and any 9 in DP(Y,k), there exists a
canonical isomorphism

L L
VH(F)RG S Uy (FRY)

where px : X XY — X is the projection morphism.
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Proof. — Recall that *-pullback functors commute with external products in the
natural way, see [Ac3l Proposition 1.4.21]. In view of the definition of the nearby
cycles functor, it therefore suffices to prove that for any .’ in D+()~( * k) and ¢4 in
D®(Y,k) the natural morphism

L I
(joexpy)«F' WY — ((joexpy) x idy) (F'KZ)

(see (9.1.6)) is an isomorphism. This claim however follows from the proof of [Ac3|
Proposition 2.9.1]. (This proof shows an isomorphism h,.#'K*4 — (hxid),(ZF'K'9)
under the assumption that h is algebraic and .#’ is bounded and constructible, but
these assumptions are not used in the arguments; only the fact that ¢ is bounded
and constructible matters.) O

9.1.3. Monodromy. — For .% € DP(X* k), there is a natural action of the fun-
damental group m1(C*,1) on the object expy, exp% .# (induced by the action on
C), and hence on ¥ ;(#). In particular, one can consider the action of the canonical
generator of w1 (C*, 1) (i.e. the class of the counterclockwise loop t — exp(2int)). The
resulting automorphism of ¥;(.%) is denoted by

mg : Uy (F) = Uy (F),

and is called the monodromy automorphism. The isomorphisms in Proposition
and in Proposition[0.1.6|are all compatible with the monodromy automorphisms in the
obvious way; for instance, in the setting of Proposition |i the map mz XY my
identifies with m zgre. It is well known also that for any .# € D} (X, k) we have a
canonical distinguished triangle
k- id—mg (1]

(9.1.7) "5 F =1 = U (F) —=> V4 (F) —,
see [Brl, Proposition 1.1] or [Sc| (5.88)].

Using this triangle, the complex ¥¢(.#) can be more explicitly computed in the
following case.

Lemma 9.1.9. — Let X be a separated C-scheme of finite type, let f : X — C be
an algebraic map, and let F € Perv(X*,k). Assume that mg = id. Then there exists
a canonical isomorphism

\I’f(y) = pt%ﬂ_l(i*j!*y).

Proof. — Since ¥;(%) is perverse (see Theorem [9.1.3([2))), taking the long exact
sequence of perverse cohomology associated with the distinguished triangle (9.1.7))
we obtain an isomorphism P ~1(i*j,. ) = U;(F). Now, consider the standard
distinguished triangle
WF = T = i F U

Since ji.# and j,%# are perverse (by [Ac3l Corollary 3.5.9], which is applicable
here because j is an affine morphism), using this triangle we obtain that P2# =1 (i*j,.%)
identifies with the kernel of the canonical map j1.% — j..#. Now, by definition of
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the functor ji. this kernel is also the kernel of the surjection j5.% — j..%, and con-
siderations similar to those above show that the latter kernel is P2#~1(i*ji..7), as
desired. ]

9.2. Beilinson’s construction of unipotent nearby cycles

In this section, we describe Beilinson’s alternative construction [Bei2] of the
“unipotent part” Wy of ¥y, following the exegesis in [Re| (see also [Mo]). Because
the proofs in [Re| assume that we are working with field coefficients, we include
proofs below of the statements we will need.

9.2.1. The unipotent nearby cycles functor. — If .% € Perv(X* k), then by
Theorem [9.1.3([2) ¥;(.%) is also a perverse sheaf. We define the unipotent nearby
cycles sheaf of F, denoted by W4 (.F), by

(9.2.1) W (F) = limker(1 — m ).

Let us explain why this limit exists. We clearly have an increasing chain of subobjects
ker(1 —mgz) C ker(1 —mz)? C ker(1—mg)3 C ---

of W¢(.F). Since Perv(Xy, k) is a noetherian category (see [Ac3, Theorem 3.4.4]), this
sequence is eventually constant, which justifies the existence of the limit in .

By construction, the automorphism mg of ¥ (%) preserves the subobject W} (7).
Moreover, the endomorphism

myg : VH(F) = VN(F)
induced by mg is unipotent (in the sense that (1 — m'3)* = 0 for a > 0), and the
endomorphism of ¥y (F)/¥}"(F) induced by 1 —my is injective. In fact, U (.F) is
characterized (among subobjects of the perverse sheaf ¥;(.%)) by these properties.

In view of the definition and the distinguished triangle (9.1.7)), we have canonical
isomorphisms

(9.2.2) ker(1 — m%) = ker(1 — mg) = P 1(i*,.7)
and
(9.2.3) cok(1 — mg) = 20 (i*j,.F).

If k is an artinian ring (e.g. a field), then the category Perv(Xy,k) is artinian as
well (see [Ac3l Theorem 3.4.5(3)], whose proof applies to any artinian ring), so that
the sequence
(9.2.4) im(1 —mgz) Dim(l—mg)? Dim(l —mgz)* > -

must be eventually constant. Denoting by \I/?'u“(f ) its limit, it is not difficult to
check that we have a canonical decomposition

(9.2.5) V(F) = UP(F) @ P F)

preserved by mg. In particular, in this case the functor Wyt is a direct summand of
U, and then Theorem implies that W}" is an exact functor.
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For general k, W}" is at least left exact, but it may fail to be exact.

9.2.2. Beilinson’s construction. — We identify the fundamental group 71 (C*, 1)
with Z in such a way that the canonical generator from corresponds to 1 € Z.
For a > 0 we set L, := k[z]/(z%), which we regard as a Z-module on which 1 € Z
acts by multiplication by 1 — . Via the identification 71(C*,1) & Z, L, can be
regarded as a k-representation of w1 (C*,1), and we denote by %, the associated k-
local system. (Below, we will sometimes write .Z¥ instead of ., when we want to
emphasize the base ring under consideration.). We will denote by T, : £, — %, the
automorphism corresponding to multiplication by 1 — 2. Note that (id — T,)* = 0.
If a < b, multiplication by 2~ induces an embedding of k-representations L, < Ly
whose quotient is Ly, and hence an embedding of local systems

(9.2.6) L %,
whose quotient is .%,_,.

Proposition 9.2.1. — Let X be a separated C-scheme of finite type, let f : X — C
be an algebraic map, and let F € Perv(X* k).

1. For any a > 0, there exists a canonical isomorphism
L ~
P 5.(F @ (F) L) = ker(1 —mB)* C ()
that intertwines the map induced by T, ' with m%. Moreover, under these iso-
morphisms the map induced by (9.2.6) corresponds to the embedding ker(1 —
mu)® < ker(1 — mU)®. In particular, for a > 0 we have a canonical isomor-
phism
L ~ un
(9.2.7) PTG (F @ (f) L) = V(7).
2. For any a > 0, there exists a canonical isomorphism
L ~
PAC (05 (F @ (f)* L)) = cok(l — mg)®

that intertwines the map induced by T, with mg. Moreover, under these iso-
morphisms the map induced by corresponds to the map cok(l —mg)* —
cok(1 — mg)? induced by (1 —m )°=°.

In particular, if the sequence is eventually constant then for a >0
we have a canonical isomorphism

L ~
PAO( G (F @ (f) La)) = V(P).
3. For any a >0 and any n € Z ~ {0, —1} we have
L
LA (i3 (F @ (f*) L)) = 0.

(D As noted in §9.2.1] this assumption is automatically satisfied if k is artinian. It is also true of
course if WY (F) = W r(F).
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If the sequence (9.2.4) is eventually constant, then for any a > 0 there exists
b > a such that the map

L L
(9.2.8) PAO(T (T @ (fX) La) = PAHO( G (F @ (f) %))
induced by vanishes.

Proof. — It is clear that the complex .# @ (f*)*.%, is a perverse sheaf.
By (9.2.2), we have a canonical isomorphism

L
(9.2.9) RA G (F S (1) L)) = her(l = Mz,

On the other hand, since exp*(.%,) = L, ®k k¢, we have a natural isomorphism

L L
(9.2.10) Ui(F @ () L) 2U(F) Rk L,

that identifies m zgr ()« g, With mz ® (1 —x). The endomorphism mg ® (1 — ) of
Vs (F)® L, stabilizes U3 () ® Ly, its restriction to this subobject is unipotent, and
the endomorphism of (¥ (#) ® L,)/(¥}"(F) ® L) induced by 1 — (mg @ (1 — x))
is invertible. Therefore, the isomorphism ((9.2.10)) restricts to an isomorphism

9.2.11) V(T & (1X) L) = WI(F) By Lo

that identifies mZo ;). o With mg @ (1—2a).
In the rest of the proof, to avoid heavy notation it will be convenient to treat
U3 (F) informally as though it had “elements.” (We leave it to interested readers to

translate our informal arguments into rigorous ones using the language of abelian cat-
egories. ) Thus, in view of (9.2.11)), any element of ¥} (7 QL (*)*.%,) can be written

as Zl o m; ®x*, where my, ..., mq_1 are elements of \I/}n(ﬁz) In this language, the
operator 1 — m9®L(fX) o 1s given by

(9.2.12) (1-— mlg@L(fX)*“%)(Zmi ® ')

= (mg — m% (mo) ®1+Z i — m%2(m;) + mP(m;_)) ® 2",

so that our element 3" m; @z’ lies in the kernel of 1 — MY e (fx)e g, if and only if
(9.2.13)
(I=m%)(mg)=0 and m; —mP(m;)+mGF(m;—1)=0 fori=1,...,a—1.

Since m'y? is invertible, the latter equation can be rewritten as
mi—1 = (1= (m&)™)m,,

and then we deduce that m; = (1 — (m4)~1)*"1=im,_; for all i. In particular,
mo = (1—(m%) 1) 1mg,_q. Inlight of this, the first equation in (9.2.13) is equivalent
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to (1 — (M%) H%me—1 = 0. To summarize, Zf;ol m; ® x' lies in the kernel of
1-— m‘i;®L(fx)*3a if and only if

(9.2.14) '

(1— (M) H%me_ 1 =0 and m; = (1—(Mm%Z) ) '""m,_4 fori=0,...,a— 1.

Now, consider the surjection
L
(9.2.15) VT @ (f7) L) — V(F)
sending Z?:_Ol m; @ ¥ to me_1. From (9.2.14) we see that this map is injective on
ker(l — m% s ;x).g ), and that the image of this kernel is ker(l — (m'@#)~")* =
ker(1 — m%)?. In view of (9.2.9), this provides the desired isomorphism.

It is clear from the construction that these isomorphisms are compatible with the
maps induced by (9.2.6) in the expected way, and an easy computation shows that
they intertwine T, with (m%)~!.

The construction is “dual” to the one above. Namely, using a nonunipotent
version of ((9.2.12)) we see that the embedding

L
Vi (F) = Vp(F @ (7))
sending m to m ® 1 (where we tacitly use (9.2.10))) induces an isomorphism
COk(l — m;)“ l> COk(l — my®L(f><)*c_(£a).

Since cok(1—m3')® = cok(1—mg)?, using (9-2.3) we deduce the desired isomorphism.
We leave it to the reader to check the stated compatibilities with the maps induced

by T, and by (9.2.6)).
For the last assertion, we can make use of the decomposition (9.2.5). In this
expression, 1 — mg restricts to an automorphism on W3™" (7). It follows that

(9.2.16) cok(l —mg)® = cok(l —mZ)*.
for any @ > 1. Since 1 — m% is nilpotent, the right-hand side above identifies with
Vg (F) for a > 0.

Since j is an affine embedding, the complexes j(.F @ (f*)*.%,) and j.(F @&
(f*)*%,) are perverse sheaves. Considering the canonical distinguished triangle

JF & () 2a) 5 o F B (1) 2a) = 1" F 8 (1) Za)
we deduce that P27 (i*j.(F @F (f*)*%,)) = 0 for n ¢ {—1,0}.

Now, consider the case n = 0. In this case, in view of together with ,
what we have to prove is that given a > 0, for sufficiently large b > a the map
cok(l — m%)® — cok(1 — m%)® induced by (1 — (m4f)~1)’=4 vanishes. But this is
obvious, since 1 — (m%)~! is nilpotent. O

Remark 9.2.2. — Here is an alternative description of Beilinson’s construction.
Let p, : Ly — k be the k-linear map given by

{0 ifi=0,1,...,a—2,

Pa@®) =31 i a1
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Of course, this is not Z-equivariant, and it does not correspond to any map of local
systems on C*. However, it does correspond to a map of local systems exp* %, — k¢
on C. This gives rise to a natural map exp’ (F @ (f*)*%,) — exp% %, and then,
by adjunction, to a map

L
F R (f)' L — expy.expy Z.
Applying P#~1(i* j.(—)) to this map yields a map

L
(9.2.17) PAHHi* 5 (F @ (F) L)) — Vi (F).
The map p, above is closely related to the formula for (9.2.15)). Using this observa-

tion, it can be checked that (9.2.17) coincides with the map considered in Proposi-
tion [-Z1(f).

The following proposition should be compared with Proposition [9.1.4]

Proposition 9.2.3. — Let X, Y be separated C-schemes of finite type, and let
f: X —=>Candg:Y — X be algebraic maps.

1. Assume that g is proper. Let F € Perv(Y ™ k), and assume that (g)yx)«F is
perverse. Suppose either that k is artinian, or that V5 (F) = Vsoe(F). Then
there is a natural isomorphism

T gy <)o F) = (91v5)+ P iog(F).-

2. Assume that g is smooth of relative dimension r, and let F € Perv(X* k).
There is a natural isomorphism

(9p) W (P)Ir] = Uioy ((gjy<)"Z[r]).

Proof. — In the case where W5 (F) = Wyoq(F), the claim is immediate from
Proposition[9.1.4] Assume now that k is artinian. Then, by Proposition [0.2.1 and the
discussion in §9.2.1} for large enough a we have a truncation distinguished triangle

fog (P = iy iy« (F ((fo9)) L) = u(F)

Apply (gy,)~ to this triangle. By proper base change and the projection formula, we
can rewrite the middle term to obtain a distinguished triangle

(9.2.18)  (gyyy)= T3, (F)[1] = idixa((gy <)o T & (f¥)"2)
= (gy) 0, (7) s

As in the proof of Proposition [9.2.1{(3]), the middle term has the property that

L
PA" (5 ix((g)y = )«F @ (f*)" L)) =0  unless n = —1,0.

We claim that (g)y,)«¥c,(#) is perverse. If this were not the case, then by

considering the minimum or maximum & such that P57 k((g‘yo)*\ll‘}gg(ﬂ )) # 0 and

examining the long exact sequence in perverse cohomology associated with ((9.2.18]),
one arrives at a contradiction.
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Another application of Proposition yields the distinguished triangle

un - L * un (1]
(0.2.10) W (g ) P)1] = i (g <)o & () L) = WP (g ) 7) s
A standard argument with truncation shows that ((9.2.18]) and ((9.2.19)) are canonically
isomorphic, which implies the desired claim.
Recall that ¢g*[r] is t-exact for the perverse t-structures. Using this and the
base change theorem we obtain for any a > 0 an isomorphism

e L * ~ —1ex * L *
(9ve) P~ (i jx (TR (F*) La))lr] = P~ (15 Gy ((gpy< )" Z[r]@((fog)* )" La)).-
The result follows from this by taking a large enough and using Proposition O

As an application of Proposition we obtain the following generalization of
Lemma (Its proof is based on similar ideas to those in the proof of Lemma
and is therefore left to the reader; this statement is not used in this book.)

Lemma 9.2.4. — Let X be a separated C-scheme of finite type, let f : X — C be
an algebraic map, and let F € Perv(X* k). Assume that (m —id)* =0 for some
a > 0. Then there exists a canonical isomorphism

WI(F) S5 PN G (F B (F) L),

and an exact sequence of perverse sheaves

LY (F) o (T 6 (F) L) 1l F & () Za).

9.3. Monodromic complexes

In this section (which is used in an essential way only for a technical lemma in
Part [LI] of the book), we review a rather different notion of “monodromy” for certain
complexes of sheaves on a variety acted on by a torus. In a special case, the kind of
monodromy discussed here will match the notion that arises in the context of nearby
cycles (which we recalled in §9.1.3)).

The discussion below is inspired by [Ve] as well as [BeY], Appendix A], but because
we are working with sheaves in the classical topology, we can take advantage of some
nonalgebraic constructions to significantly simplify the development.

Remark 9.3.1. — 1. In most of this book, we work only with constructible com-
plexes of sheaves, and thus the term “equivariant derived category” has implic-
itly been treated as synonymous with “equivariant constructible derived cate-
gory.” In this section, however, because we will work with some nonalgebraic
actions and nonalgebraic maps, more care is required. For this section only,
equivariant derived categories should not be assumed to implicitly consist only
of constructible complexes; instead, constructibility will be explicitly indicated
in the notation when we wish to impose it.
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2. Here we discuss monodromic complexes in the setting of analytic sheaves
on complex algebraic varieties, but there are variants of this notion in other
sheaf-theoretic contexts. We will more briefly discuss the case of étale sheaves
in In the context of Z-modules, the theory that plays this role is that of
“weakly equivariant” Z-modules; see e.g. [BeY], Remark A.1.3] for a discussion.

9.3.1. Definitions. — Let T be a complex algebraic torus. Regarded as a Lie group
or a topological group, it admits a universal cover exp : T — T. In concrete terms,
we have T = X, (T) @7 C, and if we identify T with X, (T)®zC* then exp : T — T is
induced by the map C — C* sending z to exp(2imz). The group T is contractible, and
the kernel of exp : T — T is canonically identified with X.(T) (i.e., with m (T, 1)).

Let X be a separated C-scheme of finite type equipped with an algebraic action of
T. Then we can let T act on X via exp. This action is usually not algebraic, but it
is at least continuous, so following [BI, it makes sense to consider the T-equivariant
derived category DE(X ,k). Since T is contractible, we know from [BIJ, Theorem 3.7.3]
that the forgetful functor D;’;(X k) — DP(X, k) is fully faithful. We may also consider
the constructible T-equivariant derived category D% (X k)= D% (X,k) N DP(X k).
We call this the T-monodromic category of X, and we introduce the notation

D} non(X, k) := D2 (X k).

mon ( c

This is a full triangulated subcategory of DP(X, k).
Next, consider the constructible T-equivariant derived category D% (X, k). The
unipotent T-monodromic category of X, denoted by

Dg(X [T k),
is defined to be the full triangulated subcategory of DP(X,k) generated by the image
of the forgetful functor
(9.3.1) D} (X,k) — D2(X,k).

(For a justification of this terminology, see Corollary below.) This functor factors
through D'% (X, k), so we have

DP(X /T, k) C D00 (X, k).
In the case when X is a principal T-bundle over some other variety Y = X/T, the
category D%C(X ,k) can be identified with DP(Y,k), and the forgetful functor (9.3.1)

with pullback along the quotient map X — Y. This observation shows that our
definition generalizes that in [BeY], [Ve].

mon (

9.3.2. Monodromy. — The definition of monodromy in this setting will be based
on the following construction.

Proposition 9.3.2. — Let X be a separated C-scheme of finite type equipped with
an algebraic action of T. For any object F in D;(X, k), there is a canonical group
homomorphism

ne : Xo(T) = Aut(F).
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Moreover, for any morphism ¢ : F — 94 in D'%(X, k) we have ¢ o g = pg o ¢.

Of course, by restriction, the same result applies to objects and morphisms in
Db on(X,K) or DE(X/IT,K).

Proof. — Let a,p: T x X — X be the action and projection maps, respectively. As
in any equivariant derived category (see e.g. [Ac3l, Lemma 6.4.6]), for every object
F € DI%(X, k) we have a natural isomorphism 0g : p*# — a*% in D;’;(T x X, k),
where T acts on T x X via g - (h,z) = (ghg™',g - x), i.e. (since T is abelian) via
the action on the second factor X. Here, “natural” means in particular that for any
morphism ¢ : F — ¥ in D%(X, k) we have

(9.3.2) a*pobg =0y o0p*o.

Now let v € X.(T), regarded as a point in T. Because v acts trivially on X, the
restriction to {7} x X C T x X of either p*.% or a*.% is canonically identified with
7. We set

pz(y) = 02)pnxx : F = F.

It is easy to see that pg is a group homomorphism X, (T) — Aut(.%). The fact that
it commutes with all morphisms follows from (9.3.2)). O

In more pedantic terms, Proposition [0.3.2] says that monodromy defines a k-algebra
morphism from the group algebra k[X,(T')] to the center of the category D'%(X k)
(or D2 (X,k), or D2(X /T k), by restriction). This construction enjoys various
“functoriality” properties. In particular, if X and Y are T-varieties and f: X — Y
is a T-equivariant morphism, then the functors f,, fi, f* and f' send monodromic
complexes to monodromic complexes, and moreover, for .% in D%_mon (X,k) and ¢ in
DY .Y k) we have

(933)  ppz = fluz), ppe = fluz), ppg=(uy), tpe = f(uy).

Similarly, if X is a T-variety and .%,.%’ belong to Db (X,k), then .# ®L F' and

T-mon
Rom (%, F') are monodromic as well, and we have

L
(9.3.4) Lzorz (V) = ne(\) @ g (N),
Lrtom(7,5)(N) = R om(pgz (=), pz (N)
for any A € X, (T).

Remark 9.3.3. — The following observations are immediate from the construction:

1. If & lies in the image of D2(X, k), then g () = id# for all v € X, (T) (because
0z is the pullback of a similar isomorphism on T' x X).

2. Suppose X = T (with its natural T-action), and let £ be a local system on
T. Then .Z belongs to DP (X,k). Any such local system corresponds to a

T-mon
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representation of the fundamental group ¢ : m1(7,1) — Aut(Z), where £ is
the stalk of . at the base point 1 € T. Then we have a commutative triangle

r— Aut \[X )

o
Autﬂ.l(T,l) (fl)

m(T,1) = X,(T)

The object . belongs to D2(X /T, k) iff X.(T) acts on .%; by unipotent auto-
morphisms. This observation will be generalized in Corollary below.

9.3.3. Monodromic perverse sheaves. — Recall that the forgetful functor
Dy (X, k) — Dg(X, k)

restricts to a fully faithful functor on perverse sheaves, see e.g. [Ac3l Proposi-
tion 6.2.15]. Given an object % in Pervy.mon(X, k), it can be important to determine
whether % is equivariant or not. The answer to this problem is provided by the
following lemma.

Lemma 9.3.4. — Let X be a separated C-scheme of finite type equipped with an
algebraic action of T. A perverse sheaf F € Pervpmon(X, k) lies in Pervp(X, k) if
and only if pz(X) =id for all A € X,.(T).

Before proceeding to the proof of Lemma|9.3.4] we need to recall a few facts about
equivariant perverse sheaves. (For this material, see also [Ac3l Theorem 6.4.10].)
Consider a separated C-scheme of finite type equipped with an algebraic action of a
complex algebraic group H. Following [BLL §5], we define the category Pervy (Y, k)
of H-equivariant perverse sheaves to be the full subcategory of D‘;L (Y k) consisting

of objects whose image under the forgetful functor For : D%’C(Y, k) — DP(Y,k) is
perverse.

An alternative, and more elementary, approach to defining equivariant perverse
sheaves is to instead follow the pattern for ordinary equivariant sheaves. Let a,p :
H xY — Y be the action and projection maps, respectively. Note that since
a and p are smooth of relative dimension dim(H), the functors o*[dim(H)] and
p*[dim(H)] take perverse sheaves to perverse sheaves (see [Ac3| Proposition 3.6.1]).
Let Perv;(Y,k) be the category consisting of pairs (.%,6), where .# € Perv(Y,k) is
a (nonequivariant) perverse sheaf, and 6 : p*Z[dim(H)] = a*Z[dim(H)] is an iso-
morphism in Perv(H x Y,k) satisfying an appropriate cocycle condition (see [Ac3|
Definition 6.2.3] for details). Morphisms in Perv;(Y,k) are simply morphisms in
Perv(Y,k) that “commute with 6” in the appropriate sense.

Since all objects of D}’LC(Y, k) come equipped with such an isomorphism (see
again [Ac3, Lemma 6.4.6]), there is an obvious functor

(9.3.5) Pervy (Y, k) — Perv/y (Y, k).

We claim that this functor is an equivalence of categories. To prove this, we must
construct a functor Perv’y(Y,k) — Pervy(Y,k) that is inverse to (9.3.5). Fix an
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integer N > dimY’, so that Perv(Y,k) c DP(Y,k)[=9. Choose an N-acyclic H-
resolution r : P — Y in the sense of [Ac3|, Definition 6.1.17]. (For existence, see [Ac3|
Proposition 6.1.23].) By definition r is a smooth morphism (say, of relative dimension
d) and P is a principal H-bundle; we therefore have a quotient morphism q : P — P
which is smooth (see [Ac3| Proposition 6.1.11]). We also have a cartesian square

HxpP -5 p
(9.3.6) l Jq
p—% ,p

where a and p are the action and projection maps, respectively. Now let (Z,60) be
an object of Pervy(Y,k), and consider the perverse sheaf ¥ = r*.%[d]. The map
0 gives rise to an isomorphism 0 : p*¢ = a*¥ satisfying a suitable cocycle condi-
tion. The map 6 can be thought of as a descent datum with respect to the smooth
map q : P — P. Because perverse sheaves satisfy smooth descent (see [BBDG]
Théoreme 3.2.4] or [Ac3l Theorem 3.7.4]), the pair (¢, é) determines a unique per-
verse sheaf .# € Perv(P,k) together with an isomorphism 8 : ¥4 = ¢*.%[dim H].
The triple (%, Z[dim H — d], 8[—d]) is an object of D} (Y,k). It clearly lies in
Pervy (Y, k), so this construction gives us a functor Perv’y (Y, k) — Pervy (Y, k), which
can be seen to be an inverse to .

There is another setting in which the same considerations apply, which we will
require in the proof of Lemma and which we explain now. Assume that Y is a
complex analytic space, that H is a discrete group, and that we are given an action
of H on Y which is free (in the sense that each point has a trivial stabilizer) and
proper (in the sense that the morphism H x Y — Y x Y given by (¢,v) — (y,9 - y)
is such that the preimage of any compact set is compact; see [Lee, Proposition 12.9]
for alternative characterizations). Then by [Leel Theorem 12.11] the quotient Y/H
is Hausdorff, and the quotient morphism ¥ — Y/H is a covering map. The proof of
this theorem shows that this action satisfies the conditions considered in [Cal, §4], so
that Y/H has a canonical structure of a complex analytic space.

There is a nice theory of perverse sheaves on complex analytic spaces (see e.g. [Sc|
86.0.2]), and the constructions of the equivariant derived category (and its perverse
t-structure) in [BL] also apply in this setting; in fact, our assumptions imply that Y is
a free H-space in the sense of [BL, §0.3], so that by [BL, Proposition 2.2.5] we have
DEELC(Y7 k) = DP(Y/H,k). We deduce an equivalence of categories Pervy (Y,k) =
Perv(Y/H, k).

On the other hand we can consider the category Pervy (Y, k) defined as above. (In
this case, the datum of an isomorphism a*.% = p*.% is equivalent to the datum of an
isomorphism «.# = F for any h € H, where «y, is the action of h. We leave it to
the reader to translate the cocycle condition into these terms.) In this setting each
map in the diagram is a covering map. Now perverse sheaves have a descent
property for covering maps (this follows from the fact that they satisfy descent for the
analytic topology; see [BBDGI, Corollaire 2.1.23]), so that the same considerations



9.3. MONODROMIC COMPLEXES 333

as above allow us to also identify Perv’;(Y,k) with Perv(Y/H, k) (and hence also to
Pervy (Y, k)).

Proof of Lemma[9.3]} — The “only if” direction is just a restatement of Re-
mark . We now consider the “if” direction. Let a,p : T x X — X be
the action and projection maps. Since .# is T-equivariant, it is equipped with an
isomorphism 0 : p*% — a*.% that satisfies a certain cocycle condition.

We now consider the natural action of the discrete group X.(T) on the complex
analytic space TxX , with quotient T' x X. We can forget part of the equivariance,
and regard % as an X, (T)-equivariant perverse sheaf. The maps a and p are both
X.(T)-equivariant, so a*# and p*% are both X, (T)-equivariant complexes as well.
In fact, «*.Z[dimT] and p*F[dimT] are X.(T')-equivariant perverse sheaves. For
brevity, we will suppress the shift [dim T'] throughout this proof, while still informally
referring to a*.% and p*.# as “perverse sheaves.”

We will show below that 6 : p*.% — a*.% is an X, (T)-equivariant morphism. Let
us first explain how this claim implies the lemma. Let a,p : T x X — X be the action
and projection maps, and let e : T x X — T x X be the map induced by the quotient
map T — T. As explained above, since X.(T) acts freely on T x X, we have an
equivalence of categories

e* : Perv(T x X, k) = PervX*(T)(T x X, k).

Thus, if 0 is X (T)—equivariaint, then it must arise by applying e* to some isomorphism
0:p*% — a*%. The map 0 makes .% into a T-equivariant perverse sheaf.
To show that 0 is X, (T)-equivariant, consider the diagram

~ id
X (T)x T x X —= X.(T) x X

(9.3.7) o[ e l
TxX i; X
P
where the maps b, ¢, and r are given by
b\ t,x) = (M, ), g\t x) = (t,x), r(\x) =

Note that a ob = r o (id x a) = a o ¢ (because X, (7T') acts trivially on X) and
pob=ro(id x p) = poq. These equalities give rise to canonical isomorphisms

Yib o F S gt F, G0 p*F S g Z
Indeed, these are the structure morphisms that give the X, (7T')-equivariant structure
on o*F and p*.%, respectively.

The cocycle condition satisfied by 0 : p*.% — a*.% involves a diagram similar
to (9.3.7), but with the upper-left (resp. upper-right) corner replaced by T' x T' x X
(resp. T'x X). When restricted to the subspace X, (T') x T'x X, the cocycle equation
says that

(id X a)*ﬁ‘x*(T)XX o q*e =b"0.
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This equation involves some implicit identifications. If we spell those out explicitly,
the cocycle condition says that the following diagram commutes:

(9.3.8) ml lq*e

((idxa)*e\x*(T)xx)_l

b*a* F = (id x a)*r* F (id x a)*r*F = ¢*a*F
From the definition of y & in the proof of Proposition we see that the assumption
that pz(X) = id for all A € X.(T) means that 0x (ryxx = id. Therefore, the
composition of the maps along the bottom of (9.3.8)) is 1, and so we have

Yob 0 =q*fo .
This equation says exactly that 6 is X, (7T')-equivariant. O

As a consequence of Lemma [9.3.4] we obtain the following characterization of
objects in DP?(X//T,k) among those in D (X, k).

T-mon

Corollary 9.3.5. — Let X be a separated C-scheme of finite type equipped with an
algebraic action of T. An object F € Db (X, k) lies in D2(X//T,k) if and only if

wz(X) is a unipotent operator for all A € X,.(T).

Proof. — The “only if” follows easily from Remark . For the “if” direction,
it is enough to prove the claim when . is a perverse sheaf. Suppose therefore that %
is perverse, and that all ug(\) are unipotent. Choose a basis 71, ..., 7, for X.(T).
Using the fact that the operators ug(71), ..., pus(7,) commute, one can show that
Z admits a finite filtration

0OocsH C---CHy=F

such that 7,/ 2, (V) is the identity map for all ¢ and k. It follows from this that
pz,)7,_,(A) =id for all A € X,(T). By Lemma each .%#; /. F;_; is T-equivariant,
so .7 lies in Perv(X T, k), as desired. O

9.3.4. Monodromic complexes and nearby cycles. — We can now finally ex-
plain the promised relationship between the monodromy for nearby cycles and that
for monodromic complexes.

Proposition 9.3.6. — Let X be a separated C-scheme of finite type, and let f :
X — C be an algebraic map. Suppose X admits an (algebraic) action of C* such that
[ is C*-equivariant (with respect to the natural action on C). Then the nearby cycles
functor W : DP(X* k) — D2(Xo,k) can be upgraded to a functor

(Xo,k),

-mon

Us: DRy (X k) = D@,

such that for any F € DR, (X*,k) we have mg = pw 7y (—1). Similarly, V5" -
Perv(X ¥ k) — Perv(Xo,k) can be upgraded to a functor

TP Pervex (X7, k) — Perv(Xo /C*, k).
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Proof. — The maps i, j, and expy in are all equivariant for the group C = CX|
so U sends any C*-equivariant object at least to D2(Xg,k). By Theorem ,
it actually takes values in D2, (Xo,k).

To compute mgz, we recall an alternative formula for W;. Using the fact that
expk = exp'y, we have

U(F) = (i*ju expy, exply F)[1] 2 "), expy, R#Fom(kz.,expy F)[1]

=" j R om(expx kg, F)[1] = i"j.RAom((f*)" exp ke, F)[1].

By definition, the monodromy map mg is the map induced by piexp, k.(1). Since pz
is trivial (see Remark [0.3.3|(I))), we see from and that this coincides
with [L\I,f(gz)(fl).

Finally, if .%# is perverse, by construction the automorphism mg restricts to a
unipotent automorphism of \If‘;“(ﬁ ). Using Corollary and the equality mg =
fw;(#)(—1), this implies that W}"(F) belongs to Perv(Xo/C* k). O

Remark 9.3.7. — In the setting of Proposition suppose .Z € Pervex (XX, k)
has the property that W (.#) admits a filtration whose subquotients are C*-
equivariant perverse sheaves on Xo. Then ¥ (%) lies in D2(X, /C*,k), and then
Corollary implies that m# is unipotent, i.e. that W4 (F) = V(7).

If the preceding condition holds for all # € Pervex (X, k), then the monodromy
operators mg are unipotent for all & € D(‘EX’C(XX ,k). In this case, we may write

U =Wy DRy (X%, k) = DP(XoJC* k).

9.4. Nearby cycles over a two-dimensional base

In this section we present a theory of “unipotent nearby cycles over C2,” following
Gaitsgory [G2]. This theory should not be considered as fully satisfactory and appli-
cable in all situations, but rather as an ad-hoc construction which is sufficient for our
purposes in the setting of the construction of central sheaves.

Remark 9.4.1. — After a first version of this book was made public, and at the
request of R. Bezrukavnikov and M. Finkelberg who needed a version of these con-
structions for higher dimensional bases, we studied an extension of the theory ex-
plained in the present section in [ARS3]. This paper contains variants of most of the
results considered below, sometimes with slightly different proofs, which we believe
might clarify their meaning. We also took this opportunity to explain in detail how
to translate the construction of the line bundles .%, from §9.2.2]in the setting of étale
sheaves, cf. and see [AR3] §2.6].

On this occasion, A. Salmon also wrote a companion paper that makes a precise
connection between these constructions and the general theory of nearby cycles over
general bases of [I2], see [Sall.
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9.4.1. Definition. — We will take Proposition [9.2.1] as the motivation for our con-
struction. Given a separated scheme of finite type X over C2, with structure morphism
f:X — C? welet X** and X% denote the preimages of C* x C* and of (0,0),
respectively, and let j : X** < X and i : X°° < X be the inclusion maps. Let
[ i=foj: X** = C* x C*. For F a perverse sheaf on X** we will say that
T (F) is well defined if
1. the object
DAH(T E () (L B L))

does not depend on a,b (in the sense that the morphisms

DA (T © () (La VL)) = PH G (F & (fX) (L B L))

induced by (9.2.6)) are isomorphisms for a < a’ and b < V') for a,b > 0;
2. for n # —2, for any a,b > 0 there exist ' > a and b’ > b such that the morphism

L L
PAT§ (T @ () (LB L)) = PH T (F @ (f7) (Lo B L))
induced by (9.2.6]) vanishes.
If these conditions are satisfied the object Po# ~2i*j.(F ® f*(£, K .%4)) for a,b > 0
will be denoted Y (7).

The following lemma shows that in condition above, only the cases n = —1 and
n = 0 need to be considered.

Lemma 9.4.2. — For all & in Perv(X**,k) and all a,b > 0 we have

L
A" (1" (F @ [F(LaRL))) =0
unless n is one of —2, —1, or 0.

Proof. — We begin with the following general observation: if h: U — Y is an affine
open embedding, and if k : Z — Y is the complementary closed embedding, then
if 4 is any perverse sheaf on Y, we have P (k*¥) = 0 unless n € {0,—1}. This
claim follows from the long exact sequence in perverse cohomology associated with
the distinguished triangle

) = 9 — kg s

coupled with the fact that h is t-exact (see [Ac3| Corollary 3.5.9]). More generally, by
the same considerations, if ¢ is a complex that satisfies P22 (4) = O unless a < n < b,
then P77 (k*9) = 0 unless a — 1 <n < b.

For brevity, let #' = .7 @ f*(£, K.%,), and note that .#’ is perverse. The map
j is an affine open embedding, so j..%' is perverse. Consider the maps

i9: X% 5 X% and X% 5 X

obtained by base change from the obvious embeddings {(0,0)} — {0} x C and {0} x
C — C?, so that i = i} 0. Both 7} and i3 are closed embeddings complementary
to affine open embeddings, so by the previous paragraph, P22 ((i}])*j«%') = 0 unless
—1 < n <0, and then P52 ((i9)*(i})*j+Z') = 0 unless —2 < n < 0, which implies
our claim. O



9.4. NEARBY CYCLES OVER A TWO-DIMENSIONAL BASE 337

9.4.2. Compatibility with proper pushforward and smooth pullback. —
The following proposition shows that the construction of the functor T; considered
above behaves reasonably with respect to proper pushforward and smooth pullback,
as for ordinary nearby cycles (see Proposition [9.1.4).

Proposition 9.4.3. — Let X,Y be separated C-schemes of finite type, and let f :
X > C?andg:Y — X be algebraic maps.
1. Assume that g is proper, and let F € Perv(Y ** k). Suppose that (g)y=x)«F
is perverse, that Yoq(F) and Y((gyy == )«F) are well defined, and that the
complex (g)yo0)« Y pog(F) is also perverse. Then there is a natural map

(91v00)x Y pog(F) = T ((gjy <= )«F).

2. Assume that g is smooth of relative dimension r. Let F € Perv(X** k), and
suppose that Y ¢(F) is well defined. Then Y jou((g)y=x)*F[r]) is well defined,
and there is a natural isomorphism

(gyoo) T (F) ] = L pog((g)y )" F [r]).

As with Proposition the proof of Proposition [9.4.3] is an easy application
of proper or smooth base change. We omit further details. Of course, in favorable
situations, one expects the map in part (1)) to be an isomorphism. See Corollary [0.4.9]
below for an example of such a situation.

9.4.3. Comparison with iterated nearby cycles. — We continue with our sep-
arated C-scheme X of finite type, and our algebraic map f : X — C2. Consider the
diagram

C* x C* —— C x C~ {0} x C~
| | l
C* x C —— C2~{(0,0)} {0} xC
C* x {0} —— C x {0} c? {(0,0)}

where all maps are the obvious embeddings. We define a number of subsets of X and
inclusion maps between them by pulling back the diagram above along f, as shown
in the diagram below:

XXX I xrex i1 X 0x
jzl jgl JJ’S
(9.4.1) xxe I yo N2 X0
iﬁ jlxx y Pg
xx0 I x0 T Ty

2
The top row and the right-hand column of this diagram are both settings where we can
apply ordinary nearby cycles. Explicitly, let pry,pry : C2 — C be the two projection
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maps, and let f; = pry o fix.x : X** — C and fa = pry o fixo- : X% — C. Also let
= fioj1 and f; = fa0j9. If Z is a perverse sheaf on X ** then we can consider
the “iterated (unipotent) nearby cycles”

UP(F) = VOV
In view of (9.2.7)), for a,b > 0 we have
L L
VD (F) = 2ot (1) 39, (PH (551 (F @ (F7)" L)) & () %))

The functors j9, and (—) ®@F (f5)*.%, are both t-exact for the perverse t-structure,
so we can rewrite this formula as

UP(F) = 2 (i) (38, i (F ()" 2) 8 (5 %)),

Lemma 9.4.4. — Let F be a perverse sheaf of X**, and assume either that k is
artinian, or that V3 (F) = Wy (F) and Uy, o Uy, (F) = Ul o Uy (F).

1. For a,b> 0 there is a natural isomorphism
L
VP (F) =0 (W) BT F B () (La B 25))).
On the other hand, forn € Z ~ {—2 —1,0}, for any a,b > 0 we have
R ((9)* 18,1151+ (F & (F) (Zu B 2))) = 0

and if n € {=1,0}, given a,b > 0 there exist a’ > a and b/ > b such that the
natural morphism

PA (1) I 151 (F & (FX) (L B.%)))
> R 1 (F & () (L B L))

vanishes.
2. If Y (F) is well defined, there is a natural transformation

Ti(F) = V(7).
Proof. — Let £ = (fix+x)* (kX .%,). We have (f;*)* %, = zlf*x
(I5j10(F & (F1)"20)) & (£ 2 2 0501 (F & (£1)720) & 27).

Next, observe that (by adjunction) there is a natural map

(T & (fX)22) & L7 = j1u(F & () Lo ® (L7 xxx).

In fact, since %, is an extension of copies of the constant local system, this map is an
isomorphism. Combining the remarks above with the observation that (f;)*.%, @
(L7 ) x 0 =2 (%) (L K .Z), we conclude that for r, s € Z we have

(0.4:2) 2o ()P (19, (1111 (F & (])" %) & (J5)"-4)))
= DA ()P ((8,1751(F S () (La B 4))).



9.4. NEARBY CYCLES OVER A TWO-DIMENSIONAL BASE 339

The arguments in the proof of Lemma show that the complex 59,47 j1.(F @
(f**)* (%, X %)) is concentrated in perverse degrees —1 and 0. We therefore have
a truncation triangle

PAN G5 (F B (P (L BB = 11571.(F & (FX)" (2 B .%))
PO, 1. (F B (P (£ R %)) D

Applying the functor (i9)* (which, again as in the proof of Lemma sends perverse
sheaves to objects concentrated in perverse degrees —1 and 0) and taking the long
exact sequence in perverse cohomology, we deduce that

PA()° it (F & () (Za B 2)) = 0

unless n € {—2,—1,0}, and that we have isomorphisms
L
PA T ((i3) Jox i1 i1 (F @ () (Za W £))) =

DA ()P A (GO (1 (F S (1) 2) & (£5)" ),

L
PAO((19)" Jonitii(F @ (F7)" (L B.4))) =
P 0//;0\*p 070 /(% - L X\ * L X\ *
A (1) P A (G (1514 (F @ (F17)" Za) ® (15)" 1)),
and a short exact sequence of perverse sheaves
P 0//;0\*p =170 (% L X\ * L X\ *
(i)™ P (Jou(i1514(F © (f1)" Za) © (f2)" )
L
= P ((13)" 2. 111 (F @ ()" (Za B.4)))
L L
= P T (1) PA° (3. (11714 (F @ (F1)" L) @ (f5)"4)))-
Using these, is a consequence of Proposition
For , we observe that the adjunction map id — 41,4 gives rise to a natural
transformation
e 24 = R 2 T 2 (18)" 35
Applying this natural transformation to .# @ (f**)*(%, X %) for a,b > 0 and
using (I}, we obtain the desired natural map Y (%) — \11502)(9’). O

Remark 9.4.5. — Let us note the following fact for later use. Consider the natural
distinguished triangle
1
gt = id = iyt S
A minor variation on the calculation at the end of the preceding proof shows that for
any perverse sheaf # on X **, there is a natural distinguished triangle

ok X - ke 0\* 0 % - [1]
55T = T — (19) 59,0151 F —> .
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9.4.4. Iterated-clean perverse sheaves. — We will now give a condition that
guarantees both that Y (%) is well defined and that the map Y (%) — \I';z)(ﬁ) of
Lemma [9.4.4f[2) is an isomorphism.

By adjunction and base change, there exists a canonical morphism of functors
(9.4.3) Judex = Ja.du-

We claim that this morphism is an isomorphism. In fact, by base change it is an
isomorphism over X ** and over X**. Since those two open sets cover X°, this
proves the claim. Applying the natural transformation hy — h,, we get a natural
map

(9.4.4) JideF = jainF
for any complex .# on X**. The cone of this morphism identifies with i.i*j j11-7.

Definition 9.4.6. — A complex . in DP(X** k) is said to be iterated-clean if
the map (9.4.4)) is an isomorphism, or in other words if

For examples of iterated-clean objects, see Lemma below.
The following lemma is an elementary exercise in using the smooth and proper
base change theorems. Its proof will be omitted.

Lemma 9.4.7. — Let X and Y be separated C-schemes of finite type, and let f :
X - C?and g:Y — X be algebraic maps.
1. Assume that g is proper. If F € DP(Y** k) is iterated-clean (with respect to
fog), then so is (gyxx)«F (with respect to f).
2. Assume that g is smooth. If F € DP(X** k) is iterated-clean (with respect to
f), then so is (gjyxx)*F (with respect to fog).
3. Assume that g is smooth and surjective. For .F € D2(X** k), we have that F
is iterated-clean if and only if (g)yxx)*F is iterated-clean.

The following proposition states that iterated-cleanness is the condition we were
looking for.

Proposition 9.4.8. — Let F be a perverse sheaf on X**, and assume either that
k is artinian, or that V' (F) = Uy, (F) and Vg, 0 Wy (F) = Wil o Wy (F). If F is
iterated-clean, then Y (%) is well defined, and the natural map Y ;(F) — \IISCQ)(ﬂ)

from Lemma[9.].]] is an isomorphism.

Proof. — Observe first that .7 @F (f**)*(%, X .%4,) is iterated-clean for all a and
b. This claim holds by assumption when a = b = 1; the general case follows by
induction on a and b. Applying the distinguished triangle from Remark to
F @ (f**)*(Z, K %), we obtain a natural isomorphism

L ~ 0\x 0 % - L *
o (F @ () (La B L)) = (i9) fsuitire(F @ () (Lu B L))
The result then follows from Lemma [9.4.4 O
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Corollary 9.4.9. — Let X and Y be separated C-schemes of finite type, and let
f: X —C?andg:Y — X be algebraic maps, with g proper. Let F € Perv(Y ** k).
Assume that .F is iterated-clean, and that (g|yxx )« is perverse. Assume also either
that k is artinian, or that Vit \ (F) = ¥ (rog), (F) and V(sog), © V(o) (F) =
Wiog)s © Yisog): (F). Then Yyog(F) and Yy((gyxx)«F) are well defined, and the
natural map

(91y0)+T rog(F) = Tr((g)yxx)«F)

from Proposition[9.7.3 is an isomorphism.

Proof. — Before proving the claim, let us first check that both uses of T are defined.

For Yfo4(.#), this is immediate from our assumptions and Proposition For
07)

Y;((g)y=x)«F), note first that (gyxx ). is also iterated-clean (by Lemma .
If k is artinian, we are done. Otherwise, consider the objects
s, ((g)y 2 )«F) = (g1x0% )+ ¥ (fog), (F),
W, 0 Wy ((g)yxx)«F) = (9y00)« ¥ (fog), © ¥(sog), (F),

where both isomorphisms come from Proposition[0.1.4] These isomorphisms are com-
patible with the monodromy automorphisms, so the monodromy of both left-hand
sides must be unipotent: we have

l}?((g|yxx )*9) = \Ilfl ((g|y><x )*9),
U oWy ((gyxx)sF) = Vg, 0 Wy ((gyxx)eF ).
Now Proposition tells us that Yr((gjyxx)«%) is defined. It is straightforward

to see that we have a commutative diagram

(G100 L fog(F) —— (gyo0) ¥ (F)

| !

T ((gjy)eF) — TP ((gy x)a ).

Here, the horizontal maps are isomorphisms by Proposition [0.4.8] and the right-hand
vertical map is an isomorphism by Proposition [0.2.3] We conclude that the left-hand
vertical map is an isomorphism as well. O

9.4.5. Comparison with diagonal nearby cycles. — We continue with our sep-
arated C-scheme X of finite type, and our algebraic map f : X — C2. Consider the
diagram

(C*xC*)NAC* —— C* x C* AC*
C2NAC —— C2{(0,0)} AC

N

C? «—— {(0,0)}
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where a symbol A means the diagonal copy, and all maps are the obvious embeddings.
We define a number of subsets of X and inclusion maps between them by pulling back
the diagram above along f, as shown in the diagram below:

Xxx U XX k XAx

ljl? jlzl J{JA
Xo u’ X° J XA
N 2
X 1 x%
The right-hand column of this diagram is a setting in which one can apply ordinary
nearby cycles. Explicitly, there is a unique map fa : X2 — C whose composition with
the diagonal embedding C = AC < C? coincides with fixa, and we set IX=/Ia 0j4.

We will need the following lemma on unipotent Z-representations. The last part
of this lemma involves the map p, : L, — k defined in Remark [0.2:2]

Lemma 9.4.10. — For a,b > 1, there is a natural map
L,®g Ly — Layp—1

with the following properties.

1. It intertwines T, @ Ty, with Tyip—1-

2. It is compatible with the inclusion maps from ,
3. Its image contains Lyax{a,b}-

4. The following diagram commutes:

Lo ®Ly —— Loyp—1

pa®pbl J{pa+b—l

kok —— k.

Of course, since the map in the lemma intertwines T, ® T, with T,45—1, it gives
rise to a map of local systems

L
ja ® gb — gaerfl

whose image contains £, ax{a,b}-

Proof. — Consider the ring of Laurent polynomials k[z, 27 !], i.e., the function algebra
of the multiplicative group Gy, over k. Let D be the distribution algebra of this group
scheme. This distribution algebra is described explicitly in [J1l, §1.7.8]: it is the (free)
k-submodule of Homy (k[z, 271], k) with basis

60,01, k[z, 27 ] = k given by 0r(2") = (Z)

(2)We use the convention that (7:) = %

product interpreted as 1.

for any n € Z and r € Z>(, with an empty
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The coalgebra structure on k[z,z7!] (which is given by A(z) = z ® 2) induces an
algebra structure on D, also described in [J1l, §1.7.8]:

min{r,s}

(9.4.5) 50s= > ( (rts—3)

3 O0rts—i-
— r—i)l(s—di)lil T

In particular, dq is the unit in this ring.

Let T : k[z,271] — k[z,27!] be the k-linear map given by T(z") = z"*!. This
is a coalgebra automorphism (but not a ring homomorphism). The induced ring
automorphism T : D — D (defined so that T'(f) = f o T for f € D) satisfies

T((Sr) = 6r + 57“—17

with the convention that d_; = 0. (To see this, observe that both sides applied to z™
yield ("11).)
Recall that L, = k[z]/(x®). Define a k-linear map

Lo—D by ' (=1)6a_i1 (i€{0,...,a—1}).

Since T,x* = x* — 2*T!, this map intertwines T, : L, — L, with T : D — D. Note
also that for any a < b the following diagram commutes, where the vertical arrow is
the map used in the definition of (9.2.6):

Lq
N
Ly —— D.

For the remainder of this proof, we identify L, with its image under this map:
L, = span{dp,...,0q—1}

It is immediate from (9.4.5) that the multiplication map D ®x D — D restricts to a
map

L, ®g Ly — Layp—1

that intertwines 7, ® T, with T,45—1, and that is compatible with the inclu-
sions . It sends §; ® dg to J; for any 4, so the image contains L,. By the same
reasoning, it also contains Ly, and hence Lyaxfa,b}-

Finally, consider the k-linear map p : D — k given by

0 ifr>1
5) = =5
p(dr) {1 if = 0.

In particular, the restriction of p to L, C D agrees with the map p, : L, — k defined
in Remark It follows from that the span of d1,0s,... is an ideal in D,
and hence that p : D — k is a ring homomorphism. (In fact, p is the restriction to
D of the augmentation map for the algebra dual to the Hopf algebra k[z, 271].) This
fact implies the commutativity of the diagram in part . O
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Remark 9.4.11. — 1If k is a field of characteristic 0, the map in Lemma [9.4.10| is
surjective, but it need not be surjective in general. For instance, if k is a field of
characteristic 2, the image of % ®@F % — L5 is just %.

Lemma 9.4.12. — Let . be a perverse sheaf on X** with the property that
k*F[—1] is a perverse sheaf on X2*. If Y;(F) is well defined, then there is a
natural morphism

Ty (F) = Vi (K F[-1]).
Proof. — Under our assumptions, for any a,b > 1, we have

(T S () (LR 4) 2k F 6 (f5) (26 4)
The adjunction map id — k,k* gives rise to a natural transformation
. — Ujukak® 2R OE" = (%) j2k".
Combining this with the map from Lemma we obtain a natural map
(B (P) (L B4) > (B) AT S ([5) Lasr)
Now apply Ps#~2 to this map. When o and b are sufficiently large, in view of Propo-
sition this yields our desired map Y ¢(F) — Vi (k" F[-1]). O

In the following statement we consider the constructions above for two different
schemes X and Y over C2. To distinguish the two cases, we write kx and ky for the
maps “k” in these two settings.

Proposition 9.4.13. — Let X and Y be separated C-schemes of finite type, and let
f: X =>C?andg:Y — X be algebraic maps.

1. Assume that g is proper, and let F € Perv(Y** k). Assume that .F is iterated-
clean, and that the complezes
Bl (gyo)e® and Ky(gy<)o 1]

are perverse. Assume also either that k is artinian, or that \I/‘(lj?og)l(ﬁ) =
VU irog) (F) and W tog), © Y(tog), (F) = Uifog) © W (og), (F). If the natural
map
Tfog(F) = ¥ifog) s (ky F[=1])
s an isomorphism, then
Ts((gyxx)eF) = Wi (kX (g)y o)« F [—1])

is as well.

2. Assume that g is smooth of relative dimension r. Let .F € Perv(X** k) be
such that k% F[—1] is perverse, and suppose that Y ;(F) is well defined. Then
ky-(gjy << )*F[r — 1] is perverse, and if the natural map

Ti(F) = UL (kx F[-1])
s an isomorphism, then

T pog((gjy )" Fr]) = UiFog)  (ky (g)y )" F [r = 1])
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1s as well. If g is surjective, the opposite implication also holds.

Proof. — Note that Tyog(:#) and Y;((gjyxx)«F) are well defined thanks to
Corollary We have a commutative diagram

(g‘YOO)*Tng(y) L) (glyoo)*\]??}log)A (k;‘g[i]‘])

i L
T ((gy o )eF) ——— WL (kX (g)y )« F).
Here, the left-hand vertical arrow comes from Corollary and the right-hand
vertical arrow from Proposition [9.2.3(|l) and the proper base change theorem. The
top horizontal arrow is an isomorphism by assumption, so the bottom one is as well.
Note that in this setting the complex Y o ((gy xx )*-#[r]) is well defined thanks
to Proposition [9.4.3|(2]). The first part of our assertion follows from a similar commu-

tative diagram to the one above, using Proposition and Proposition [9.2.3)(2).
The last part follows from the fact that if g is surjective, and if p is a morphism of

complexes on X% then (gjyoo)*p is an isomorphism if and only if p is. O

Remark 9.4.14. — In the setting of Proposition 9.4.13, if Wirog), (F) =
Wifog), (F) and W(sog), 0 W(pog), (F) = VI, 1 0 ¥(sog), (F) then we also have
W (gry << )«F) = Vi, ((gy = )«F)
and
Up, 0 W ((gryxx)e) = Wil o Wp ((g)yxx )« F).
Similarly, in the setting of Proposition |9.4.13([2)), if Wy, (#) = U§'(F) and ¥y, o
Uy (F) =V} oWy (F), then we also have
Uogy 9y <x)"F) = U (og), ((g)y << )" F)
and
U fog)s © U (fog), ((gyx=<)"F) = Vilfo0), © V(sog), ((gyxx)"F).
If g is surjective, then the converse implication holds.
9.4.6. Products. — In this subsection, we assume that
X =Y x Yo,

where Y(;) and Y{y) are separated C-schemes of finite type. We also suppose that we
are given algebraic maps f(1) : Y(1) = C and f(3) : Y(5) = C, and we set

f = f(l) X f(g) X — C2.
Fori=1,2, we let
uy Y5 = Y, 86 Yo = Y
be the inclusion maps. Here, of course, we set Y(ZX) = f(;)l (C*) and Y(3),0 = f(;)l (0).

Lemma 9.4.15. — Let 9(1),92) be perverse sheaves on Y(1y,Y(2), respectively. If
Y0) XL (2 1s perverse, then it is iterated-clean.
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Proof. — By [Ac3], Propositions 1.4.21 and 2.9.1], both j}ij2.(¥1) XL 9(2)) and
Jad11 (G0 XL “(9)) can be identified with uy%(1) XL u(2)x%(2). We then have

L L
Fjzdn(@) W9 2) = (uap@n)iva,o ¥ (w@%2)1ve o =0
since the left-hand term in the tensor product vanishes. O

In this setting iterated nearby cycles can be easily computed, as shown in the
following lemma, where we denote by p(1) : Y(1) x ¥(2) — ¥(1) and p?2) :Yay,0x Yo —
Y(2) the projections.

Lemma 9.4.16. — Let 9y € DE(Y(T),H«) and 9z) € DE’(Y(g),k). Then there exists
a canonical isomorphism
I N I
U sy () B, (H2) = Y00, © Y rayopa (H1) B Y2))-

If 91y, Y2, and 91y XL “(9) are perverse, this isomorphism induces an isomorphism

L L
U3, () B (H2) = Ui, op0, © Yidora, (T B2)-

If moreover
Vs (@) = V5, (G0, Ve (@) = Vi, (%),
then in the notation of we have

L L
U, (90 B Y2) = Vi (YD) Y 0)),

L L
Vg, 0 Wy, (F0) BG9)) = V3, 0 Vg, (Y1) B G))-

Proof. — This follows from Lemma [9.1.8 O

In the notation of this lemma shows that if ¥(1), 49) are perverse sheaves
on Y1), Y(2), respectively, such that ¢y, XL 9(2) is perverse, then we have
(9.4.6) O (G B Y ) = T (G1)) BT ()

S f (1) (2)) = *fy \FQ) Foy\F(2))-
Remark 9.4.17. — Combining (9.4.6) with Proposition and Lemma [9.4.15

we see that if 4(1), ¥2) are perverse sheaves on Y(1), Y(s), respectively, such that
Y0) XL 9 (2) is perverse, and if either k is artinian or

Uso, (@) = V50, (9), Yo (@) = VT (Y2),

then Y (91 XL %)) is well defined, and moreover there is a natural isomorphism

L L
Tf(g(l) X g(g)) — \Iﬂ;i) (54(1)) X \IJ?Z) (g(g)).
Here is an alternative description of this map, in the spirit of Remark Let
Dab : Lqg ® Ly — k be the linear map given by
0 ifi<a—1lorj<b-—1,

a i®j:
Pap(t’ @ 27) {1 ifi—a—Tandj—b—1.
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This corresponds to a map of local systems exp* %, K= exp* 4, — kc2 on C2. Next,
let exp® = eXPy,,, X €XPy, Y(T) X Y(;) — XXX We obtain an induced map

exp(Q)*((g(l) &L g@)) ®L (fxx)*(ga gL gb)) — eXp(Q)*(g(l) &L g(2)>, and then, by
adjunction, we have a natural map
L L X X\ * L (2) (2)* L
(%1) X g(z)) ® (f ) (fa X .iﬂb) — eXPx = exp (54(1) X g(z)).

Now apply P ~2(i*j.(—)) to this map. When a and b are large enough, the left-
hand side is identified with Y (%) L %9)). On the other hand, as explained in
Remark [9.1.7) the right-hand side is identified with W, (41)) K" U, (42)).

Proposition 9.4.18. — Let 91,92y be perverse sheaves on Y(1),Y (2, respectively.
Assume that the complexes

L L
g(l) X g(g), and k* (%(1) X g(g))[*l]
are perverse, and that
fo @) = Y50, (@), Vi (Fe) = Vi, (D)
Then Y ¢ (1) XL Y(9)) is well defined, we have

L L
Vsa (K7 (F0) B G9))[-1]) = Vi (K" () K G))[-1]),
and the natural map
L L
T (%) WY o)) = Vi (K (G0) BY2)[-1])
from Lemma[9].19 is an isomorphism.

Proof. — As explained in Remark(9.4.17, the complex Y y(%(1) @Lfﬁ(g)) is well defined,
and moreover we have an identification

L L
T(G0) WY 2)) = UT (G00)) BT, (F2))-

Under our assumptions, the right-hand side is W, ({4(1))®L\I/f(2) (%2)), and by Propo-

sition |9.1.6{[3) this complex identifies with ¥, (k*(%1) ®" %2))[—1]). Since all these
identifications are compatible with the monodromy automorphisms in the natural
way, we deduce that

Wrn (K (90 5 Y2))[-1]) = Ui (K" (Y, X Y2))[—1])-

One checks that this identification of Y (1) K" %5)) with WY (k* (1) K" %(2))[-1])
coincides with the morphism of Lemma which is therefore an isomorphism. [

9.5. Nearby cycles for étale sheaves

In this section we briefly recall the analogues of the constructions above in the
setting of étale sheaves, see [Dell, I1].
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9.5.1. Definition. — Let A be a henselian discrete valuation ring, with field of
fractions K and residue field k, whose characteristic exponent is denoted p. Set
S := Spec(A), so that S is a henselian trait with closed point s := Spec(k) and generic
point 7 := Spec(K). Denote by K a separable closure of K, and set 7 := Spec(K).
Let also A be the normalization of A in K; then A is an absolutely integrally closed
henselian valuation ring, with fraction field K and residue field a separable closure k
of k. We set S := Spec(4), 5 := Spec(k).
Let X be a separated S-scheme of finite type. We then consider the diagram

X, 1o X+ X,

| b

n S S

in which both squares are cartesian. We also set Xz := X Xg S, and consider the
following diagram, where again all squares are cartesian:

Xy —— Xg +— Xz

L

7 S 3.

The morphism 77 — 7 induces a morphism p : Xz — X,,.

Now, let ¢ be a prime number invertible in k (i.e. £ # p), and consider a finite
commutative ring k annihilated by ¢ for some n € Z>;. Then we can consider the
bounded étale derived category of k-sheaves on X, X, Xz, X5, or X5. Of particular
interest are the constructible derived categories of sheaves on X, and Xz, which will be
denoted DP?(X,,k) and DP(Xs,k) respectively. The nearby cycles functor associated
with f is then the functor

Uy : DY(X,,k) = D2 (Xs,k) defined by Uy(F) :=7"7,p" F[1].

(In [Del] this functor is denoted RV¥,[—1].) Here the fact that the result is a con-
structible complex follows from [HS| Corollary 4.2]; more specifically, this reference
proves that the functor 7*7, sends constructible complexes to constructible complexes,
and it is clear from definitions that p* also has this property. (See also [De2|
Théoreme 3.2] for an earlier result of this sort.) It is known also that ¥y is ex-
act with respect to the perverse t-structures, see e.g. [BBDG|, Appendix A] or [HS]
Lemma 6.3].

In practice we will consider this construction in the following setting. We start
with a field & which is either finite or algebraically closed, a smooth k-curve C' (in
fact, equal to A} ), a k-point ¢ of C' (usually 0), and a separated k-scheme X of finite
type endowed with a map f: X — C. We will then chose for A the henselization of
the local ring of C at ¢ (which has residue field k), and apply the above construction
for the fiber product X = X x¢ Spec(A) and the map f:X— Spec(A) induced by
f. The projection X — X induces a morphism Xn — XX = f71(C < {c}), and we
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will denote by
(9.5.1) W : DP(X k) — D2(X x¢ Spec(k), k)
the composition of the pullback under this map with ¥ - (Here, the fiber product on

the right-hand side is defined with respect to the composition Spec(k) — Spec(k) <
C.)

In this setting, using the usual constructions (see e.g. [BBDG] §2.2]) one can allow
more general coefficients; in addition to the case considered above, one can allow k
to be one of the following:

— a finite extension of Qy;

— the ring of integers in a finite extension of Qy;
— an algebraic closure of Qy;

— or an algebraic closure of IFg

In each of these cases one obtains a functor (9.5.1)), which is t-exact with respect to
the perverse t-structures.

9.5.2. Monodromy action. — As in the complex setting, the objects W;(.%) for
Z in D2(X,,k) or D2(X* k) come with some extra structure gathered under the
name “monodromy.”

We have a surjective morphism

(9.5.2) Gal(K/K) — Gal(k/k),
whose kernel is denoted I, and a canonical surjective morphism

t: I — Z(p/)(l),
where Z,(1) is the Tate module, i.e. the inverse limit over integers n prime to p of
the groups of n-th roots of unity in k. The latter group identifies with the product
over all primes r # p of the r-adic Tate groups Z,(1), i.e. the inverse limits of the
groups of r™-th roots of unity in k (a free Z,-module of rank 1). In particular, we will
denote by

te: I — Zy(1)

the composition of ¢ with projection on Z,(1).

The group Z(1), with the natural action of Gal(k/k), defines a Z,-sheaf on Spec(k);
if k is one of the rings considered in we will denote by k(1) the k-sheaf obtained
from this by extension of scalars. For n € Z, taking the n-th tensor power of this
sheaf we obtain an invertible sheaf k(n) on Spec(k). Then, for any k-scheme X we
can consider the operation of tensoring with the pullback to X of the latter sheaf; it
is called the n-th Tate twist, and denoted # +— & (n). In practice, we will consider

Tate sheaves only when £ is finite and k = Qy; in this case one can choose a square
root of Q,(1), which will be denoted Q,(3).

(3)This case is perhaps less familiar than the other ones. Here one can simply define the constructible
derived category as the category whose objects are pairs (%,ko) where ko is a finite subfield of k
and % a complex in DY(X, ko), and where the space of morphisms from (Z,ko) to (Z' kj) is
k ®k6’ HomDB(X,u«g)(]kg ®ky F, K ®]k6 F') where k{ is a finite subfield of k containing ko and k.



350 CHAPTER 9. REVIEW OF THE MAIN PROPERTIES OF NEARBY CYCLES

As explained in [Del], the functor W, factors through an appropriate derived
category of k-sheaves on the 2-fibered product of topoi X x 7. (See in particular [Dell,
Construction 1.2.4] for a “concrete” description of sheaves on this topos, in terms of a
continuous action of Gal(K /K) compatible with the action of Gal(k/k) on Xz.) For
us, this fact will have two consequences:

1. For any .Z in D2(X,,,k) or D?(X* k), the complex ¥ ;(.%) is endowed with a
canonical action of I, which will be called the monodromy action.

2. Assume that k is a finite field. After chosing (once and for all) a preimage of
the Frobenius morphism under , we obtain that W, factors through the
category of pairs consisting of a complex and a “Weil structure” as in [BBDG]|,
§5.1]. If .7 is perverse, this structure defines a “lift” of the perverse sheaf ¥ ;(.%)
to Xs by [BBDGI, Proposition 5.1.2 and Remarque following it]. (Note that,
even in case k is an extension of Qp, ¥ (.#) comes with an integral structure,
so that the lift indeed exists.) In this way one obtains an exact functor

(9.5.3) 7 Perv(X ™ k) — Perv(Xj, k).

In fact, we will only consider this construction in the case k = Qy; then we
will twist the “natural” lift of W by Q,(—1) so that the resulting functor g
commutes with Verdier duality.

With these constructions at hand, the results and constructions considered in Sec-
tions and have natural analogues in the étale setting. See e.g. [Del] for
the analogue of Proposition [I1, §4] for the analogue of Proposition (see
also [BBl Lemma 5.1.1]), [Bei2] for the analogue of Proposition

The counterpart of Section is treated in the next subsection.

Remark 9.5.1. — Our construction of the functor is non canonical, since it
requires a choice of lift of the Frobenius morphism. Some of the results stated below
and involving this functor can be formulated in a way that does not require such
a choice, but we believe this presentation (suggested by the constructions in [GH]
or [G1l Footnote 4 on p. 263]) might be easier to understand for nonspecialists.

9.5.3. Monodromic étale sheaves. — In this subsection, we briefly discuss the
theory of monodromic sheaves in the étale setting, following [Ve|. This theory neces-
sarily looks rather different from its counterpart in Section|9.3] as there is no “expo-
nential map” in the étale setting.

Let k& be an algebraically closed field, of characteristic exponent p, and consider a
principal Gy,-bundle Y. We also fix a prime number ¢ invertible in k, and a coefficient
ring k as in Recall that the étale maps z ++ 2™ (for n prime to p) define a
continuous surjective morphism of pro-finite groups

(G, 1) = Zpy(1)
(where Z, (1) is as in §9.5.2)), and that a local system on Gy, is called tame if the

corresponding representation of 7$*(Gy,, 1) factors through this quotient. Following
Verdier [Ve], a constructible étale k-sheaf on Y is called monodromic if its pullback
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along each morphism

Gm—Y, t—y-t
(with y € Y) is a tame local system. One then says that a complex % € DP(Y,k) is
monodromic if (%) is a monodromic sheaf for each i € Z. Given a monodromic
complex .# on Y, Verdier constructs in [Vel, §5] a canonical group homomorphism

W - Z(p/)(l) — Aut(ﬁ)

Consider now a k-scheme Z of finite type endowed with a morphism f: Z — A}.
One can then set Y := Z x Gy, considered as a principal G,,-bundle for the action
on the second factor, and consider the function g : Y — A} defined by g(z,t) =
t- f(z). We have g~1(0) = Zy x Gy, where Zg = f~1(0). The following result is [Ve),
Proposition 7.1(a)]. (Here the nearby cycles functor is as in (9.5.1))).

Proposition 9.5.2. — For any Z in D2(f~ (AL~ {0}),k), the complex ¥ ,(F K"
kg, ) is monodromic. Moreover, the monodromy action of I = Gal(K /K) on this com-
plex coming from the nearby cycles construction factors through an action of Z, (1),
which is given by o — ,uq,g(ﬂngGm)(afl),

We will apply this statement in the following context, following [ABI §5.2]. Given
a k-scheme X' of finite type endowed with a Gp-action, the action map ax : Gy x
X' — X' is Gy-equivariant if G, acts on G, x X’ via multiplication on the first
factor, and we will say that a perverse sheaf .% on X' is monodromic if its pullback
a’,(F) is monodromic in the sense above. In this case we have the monodromy
morphism Haz,, (F)- Since the pullback functor a%, is fully faithful on perverse sheaves
by [BBDG| §§4.2.5-4.2.6] (because ax: is smooth with connected fibers), from this
morphism we obtain a canonical morphism

(9.5.4) pz Ly (1) = Aut(F).
We now assume given a k-scheme X of finite type endowed with a Gy,-action, and
a Gm-equivariant morphism f : X — A} (for the obvious action of G, on A}). As

usual we set X* = f~1(Al \ {0}), and we consider the nearby cycles functor ¥y as
in (9.5.1). Note that the G,,-action preserves X, = f~1(0).

Corollary 9.5.3. — If & belongs to Pervg, (X k), then the perverse sheaf U s(
on Xo is monodromic. Moreover, the monodromy action of I = Gal(K/K) on W ¢(
coming from the nearby cycles construction factors through an action of Zy (1),
which is given by a — g, z)(a™").

2
7)

Proof. — Since # is Gp-equivariant we have a% .7 = kg XY .Z. Using Proposi-
tion we deduce that ¥, (a%.#) is monodromic with the expected property of
monodromy, where g = f o ax. Now by compatibility of nearby cycles with smooth
pullback (see Proposition [9.1.4([2))) we have W¥,(a%#) = a% V;(F), so that this
claim exactly translates into the desired statement. O

Corollary can be used as a substitute for Proposition [9.3.6] in the étale set-
ting. (Here we have to assume that .# is perverse, but this will be the case in the
applications considered in this book.)
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9.5.4. The case k = Q;. — The monodromy action on complexes ¥ (%) has been
studied extensively in the case k = Q,, see e.g. [GHL §5] for a detailed overview. In
particular it is known in this case (due to results of Grothendieck, see e.g. [I3]) that
the action of I on each U,(.%) is quasi-unipotent, i.e. that there exists a subgroup
I’ C I of finite index such that each element of I’ acts by a unipotent automorphism.
One can deduce that there exists a unique nilpoten morphism

ng : Up(F) = Up(F)(-1)

such that each 4" € I" acts on Us(F) as exp(t¢(y') - n#). This morphism is called
the “logarithm of (the unipotent part of) the monodromy.” (In the cases that occur
for central sheaves one in fact has I’ = I; see in particular Remark [5.3.1])

Now we specialize our setting to that of . More precisely we consider a finite
field k£, and assume that our henselian ring A, is the henselization of the local ring
at a k-point s, of a smooth k-curve C,. Then, setting S, := Spec(4,), we have a
natural map S, — C, sending the closed point of S, to s,, and the generic point 7, of
So in U, := Cy \ So. Given a C,-scheme X, of finite type, with structure morphism
f:Xo — C,, following the discussion in Item in we have a functor

WS Perv(Xo X, Us,Qy) — Perv(X, xc, 80, Qy).

In this setting, we have a notion of mizred perverse sheaves on X, x¢, U, and
Xo Xc, So, see [BBDGI §5.1.5]. The following result is due to Deligne, see [De3|
Théoreme 6.1.13]. (See also [GH. §10] for closely related results.)

Theorem 9.5.4. — The functor WS sends mized perverse sheaves to mized perverse
sheaves.

Consider now the scheme X := X, Xgpec(x) Spec(k) over C := C, X Spec(k) Spec(k),
where as usual k is a separable closure of k. The morphism X — C induced by f
will still be denoted f. Then one can play the same game as above by considering
S = Spec(A) with A the henselization of the local ring at the k-point s of C' obtained
from s,, the associated nearby cycles functor, and the induced functor

lI/f : DICD(X XCUa@Z) — D]CD(X XCSa@Z)
where U = Spec(k) Xgpec(k) Uo = C' N\ 5.

Lemma 9.5.5. — The following diagram commutes up to an isomorphism of func-
tors, where the vertical arrows are the pullback functors associated with the morphisms
X xcU — X, XCo U, and X Xo s = Xo XC, 8o’

_ O _
Perv(X, x¢, Us, Q) ——— Perv(X, x¢, 50, Q)

%l l%

D2(X xc U,Qy) - D2(X x¢ 5,Qy).

(4)Here, when writing “nilpotent” we mean that ng(—n)o---o ng(—1)ong =0 for some n € Zxq.
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Proof. — To define W5, resp. ¥, we need to choose a separable closure K, of the

fraction field K, of A, resp. a separable closure K of the fraction field K of A. By the
universal property of the henselization we have a canonical morphism A, — A, and
an associated “base change” morphism for nearby cycles functors, see [Dell, (2.1.7.5)].
More specifically, the morphism A, — A induces an embedding K, — K. We can
then assume that K, embeds in K, so that the normalization A, of A, in K, is a
subring in the normalization A of A in K. The fact that our base change morphism
is an isomorphism then follows from [De2l Proposition 3.7]. O

We conclude this chapter with a deep result of Gabber, see [BB| §5.1]. This
statement compares, in the setting considered above, and for .%, a pure perverse sheaf
of weight 0 on X, x¢, Us, the weight filtration of the mixed perverse sheaf U$(%;)
(for which we refer to [BBDGI, Théoreme 5.3.5]), and the Jacobson—Morozov-Deligne
filtration associated with the logarithm of monodromy, which we now review. Given a
Q-perverse sheaf .# on X x¢ s and a morphism N : . — .Z(—1) that is “nilpotent”
in the sense considered above, the Jacobson—Morozov—Deligne filtration associated to
N is the unique increasing filtration (F;(%));cz of # such that F;(%#) = 0 for i < 0,
Fi(#) =% fori>0, N(Fi(%)) C F;_2(%)(—1) for any 4, and such that for ¢ > 0
the i-th power N? induces an isomorphism

gty (F) = grl(F)(—0).
The existence and uniqueness of this filtration are proved in [De3l Proposition 1.6.1]

(which treats more generally an object of an abelian category equipped with a nilpo-
tent endomorphism).

Theorem 9.5.6. — If Z, is a pure perverse sheaf of weight 0, then the Jacobson—
Morozov-Deligne filtration of Wy (3(%,)) associated with n,.(z,) is the image under
s of the weight filtration on the mized perverse sheaf W% (Fs).

Remark 9.5.7. — In the setting above, n,(#.) is in fact the image under s of
a “nilpotent” endomorphism ng, of %, so that the associated Jacobson—Morozov—
Deligne filtration of Wy (5¢(.%5)) is the image under 5 of a filtration of ¥$(F,). What is
proved in [BB]J is that, in the setting of Theorem the latter filtration coincides
with the weight filtration of this perverse sheaf. In practice we will only need the
consequence of this fact that is stated in the theorem.






CHAPTER 10

EQUIVARIANT DERIVED CATEGORIES IN FAMILIES

If G is a complex algebraic group and X is a G-variety, there is a well known theory
of G-equivariant sheaves on X and of the G-equivariant derived category D (X, k),
following Bernstein—Lunts [BL]. In this chapter, we develop an analogous theory
“relative to a curve.” That is: given a smooth connected complex affine curve C, a
smooth group scheme G over C', and a scheme X of finite type over C' equipped with
a G-action (over ('), we explain how to define the “G-equivariant derived category of
X.” denoted by DB(X k). We will also treat a minor generalization, in which C, G,
and X all carry compatible actions of a complex algebraic group K.

A key technical tool in this chapter, as in [BL], is the notion of “acyclic G-
resolutions of X,” to be defined in Section As a prerequisite to defining Dg (X, k),
one must show that every scheme X as above admits a rich enough family of acyclic
resolutions. In [BLJ, this problem is solved in two steps: (i) if G = GL,,, then one
can use Stiefel manifolds to construct enough acyclic resolutions; and (ii) for general
G, one can reduce to the previous case by choosing a closed embedding G — GL,,.
It turns out that both steps go through over a curve C as well: step (i) is essen-
tially covered by [LMB| Lemma 18.7.5], and step (ii) follows from a comment in
unpublished notes of Milne [Mi2]. In Section we will review the steps of this
construction carefully, and we will include full details of proofs whenever they differ
from the corresponding proofs in [BLJ.

In Section we give the actual definition of Dg(X,k) (as well as its K-
equivariant variant). This section also discusses how to define equivariant sheaf
functors, and it contains fundamental results such as the quotient and induction
equivalences. Lastly, Section [10.3| contains a discussion of the nearby cycles functor
and monodromy automorphisms in a G-equivariant context.

10.1. Acyclic bundles

In this section we fix a coefficient ring k which is (as usual) noetherian, commuta-
tive, of finite global dimension.
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10.1.1. Acyclic morphisms. — The following definition is the starting point for
this section.

Definition 10.1.1. — Let n € Z>(, and X, Z be separated C-schemes of finite type.
A morphism of C-schemes f : X — Z is said to be n-acyclic if the following condition
holds: for any morphism of C-schemes g : Y — Z (with Y separated of finite type),
and for any sheaf .% of k-modules on Y, if f' : Y xz X — Y is the morphism induced
by f then the natural map
F = Hf(f)F)
is an isomorphism, and moreover
(L) F)=0 fori=1,...,n.
The morphism f: X — Z is said to be co-acyclic if it is n-acyclic for all n.

Remark 10.1.2. — 1. For smooth maps, m-acyclicity can be checked “fiber-
wise”: according to [BL, Criterion 1.9.4] a sufficient condition for a smooth
map f: X — Z to be n-acyclic is as follows: for any point z € Z, we have

H(p™'(2); 2) = Z,
Hi(p~'(2);Z) =0 fori=1,...,n,
H™" " (p~1(2); Z) is torsion-free.

2. It is easily seen that a composition of n-acyclic morphisms is n-acyclic, and that
the base change of an n-acyclic morphism is n-acyclic. We also have a partial
converse to this statement: given a cartesian square

x J .y
Lk

X —Y
where 7 is smooth and surjective, if f is n-acyclic then f’ is n-acyclic. (This
can be checked by noticing that a morphism in the derived category is invertible

iff the induced morphism on each stalk is invertible, and then using the smooth
base change theorem; see e.g. [Wel Proposition 2.12].)

10.1.2. Stiefel and Grassmannian schemes. — In this subsection, C' can be any
affine scheme. Let V be a locally free ¢(C)-module of finite rank. Let GL(V) be the
smooth group scheme over C defined as follows: for any &(C)-algebra R, we set

GL(V)(R) = { R-module automorphisms of V ®4(c) R}.

For any integer k > 0, the Grassmannian scheme of V, denoted by G(k,V), is the
functor sending an €(C)-algebra R to

Gk, V)(R) = {

isomorphism classes of surjective maps V ®¢(c) R — Q, }
where Q is a locally free R-module of rank & ’

(Note that a smooth morphism of algebraic varieties is “fibered” in the sense of [BL] §1.4.7],
e.g. by [Ac3| §1.4.7].
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It is well known that G(k,V) is represented by a projective (and hence separated)
scheme over C. (In fact, it suffices to treat the case when V is free; in this setting,
the representability in the case C' = Spec(Z) is treated in [SPL Tag 089T], and the
general case follows by base change. See also [GW], §8.4].)

Next, let V' be another locally free &(C)-module of finite rank. The Stiefel scheme
St(V,V’) is the functor sending an &(C)-algebra R to

injective R-module homomorphisms ¥V ®g(cy R = V' ®¢(c) R }
whose cokernel is locally free ’

StV,V')(R) = {

Once again, this functor is represented by a scheme, which is moreover smooth and
quasi-affine (in particular, of finite type) over C'. (Here also one can assume that
V and V' are free, and then that C' = Spec(Z); then the Stiefel scheme is the open
subscheme in the space of (rk(V’) x rk(V))-matrices defined by the invertibility of
some minor of size rk(V).) There is an obvious action of GL(V) on St(V,V’) by
precomposition with automorphisms of V ®¢4(c) R.

Suppose now that V has rank k, and V' has rank k + n. There is an obvious map

StV V') = G(n, V')

given by (V 2, V)= (V' — cok ¢). The following lemma can be proved by a minor
variation on the proof that G(n,V’) is representable.

Lemma 10.1.8. — The map St(V, V') — G(n,V’) makes St(V,V’) into a Zariski
locally trivial principal GL(V)-bundle over G(n,V’).

Remark 10.1.4. — If K is an affine group scheme acting on C, and if V and
V' have the structure of K-equivariant locally free &(C)-modules, then there is an
obvious action of K on St(V,V’) and on G(n,V’), and the map St(V,V’) — G(n,V’)
considered above is K-equivariant.

In the following lemma we assume that C' is an affine C-scheme of finite type.

Lemma 10.1.5. — Let V be a locally free 0(C)-module of rank k. For anyn € Zxo,
the structure map St(V,V & 0(C)®") — C is 2n-acyclic.

Proof — Let M be the space of injective linear maps C* — CF*+". This is a smooth
complex variety, and as a topological space, it is homotopy-equivalent to the tradi-
tional complex Stiefel manifold of k-frames in a Hermitian (k+n)-space, see e.g. [Hat]
Example 4.53]. Now it is well known that the integral cohomology of the latter man-
ifold is an exterior algebra, with generators in degrees 2n + 1,...,2(k+n) — 1. In
particular, this cohomology satisfies the conditions in Remark , and so the
same holds for M.

To deduce the lemma, we can replace C by an open subset over which V is trivial,
and fix a trivialization V = ¢(C)®*. Then St(V, V@ 0(C)®") is isomorphic to C x M,
and the desired claim follows from Remark . O
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10.1.3. Embedding a group scheme in a general linear group. — In this
subsection, let C' be an smooth connected complex affine curve, and let G be a flat
affine group scheme of finite type over C. Our goal is to prove that G is isomorphic to
a closed subgroup scheme of GL(V) for some vector bundle V over C'. The argument
is based on a sketch of a proof in [Mi2] Chap. VIII, Aside 9.4] (see also [BT}, §1.4.5]).

In fact, our argument will also apply in the presence of supplemental action of
an affine group scheme K of finite type over C. In more detail: suppose K acts
on C, and suppose it acts on G in such a way that the structure morphism G —
C' and the multiplication map G X¢ G — G are K-equivariant. In the following
statements, “K x G-representation” should be understood to mean a G-representation
(i.e., an 0(C)-module that is also an €(G)-comodule in a compatible way) M that
is equipped with an action of the group scheme K such that the multiplication and
comultiplication maps

OC)®cM — M and M — M®ﬁ(c) 0(9)

are K-equivariant. (The notation “K x G” is a convenient shorthand, but the reader
should beware that there is no literal algebro-geometric object called K x G.)

On a first reading, the reader may wish to assume that K is trivial; however, some
applications of this theory in the main part of the book require nontrivial K.

Lemma 10.1.6. — Let M be a K X G-representation, and let Vo C M be a finite-
dimensional K-subrepresentation. Then there exists a K x G-subrepresentation V. C
M that contains Vy and is finitely generated over 0(C).

(The following proof actually goes through when C' is any affine C-scheme, not just
for smooth affine curves, but we will not need this generality.)

Proof. — Choose a basis vy, ..., v for V, and write their coproducts as

Av;) = Zvij ®aij € M ®g(cy O(9).

J

Let Vi be the C-span of the elements vy, ...,v; together with all the v;;’s; then
there exists a finite-dimensional K-subrepresentation V{ of M containing V1, see [J1]
1.2.13(3)]. Let V't C M be the ¢(C)-submodule generated by V. Note that V' is a
K-submodule of M, and that it is finitely generated over &(C).

Since 0(G) is flat over &(C), we can identify VT ®g(cy €(G) with a subset of
M ®ﬁ(C) ﬁ(g) Let

V={veM|A@®) eV @guc) OG)}

According to [Sel §1.4, Proposition 3], V' is a G-subrepresentation of M contained in
V*. In particular, it is finitely generated over &'(C'). It also clearly contains Vj.

It remains to check that V' is a K-subrepresentation. However V' is the kernel of
the composition of the maps

M 25 M ®pc) 0(G) — (M/V*) @6(0) O(G).

Both maps here are K-equivariant, so V' is indeed a K-subrepresentation. O
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Lemma 10.1.7. — There exist a K-equivariant locally free 0(C)-module V and a
K -equivariant closed embedding of group schemes G < GL(V) over C.

Proof. — Since G is of finite type, again by [JI1 1.2.13(3)] there exists a finite-
dimensional subspace Vy C €(G) that is K-stable and that generates €(G) as an
0 (C)-algebra. Applying Lemma to M = €(G) (i.e., to the regular represen-
tation) we find a K x G-subrepresentation V C ¢(G) which is finitely generated over
0 (C) and contains Vj.

Since €(G) is a flat 0(C)-module, it is torsion-free, and hence its submodule V
is also torsion-free. Since C' is a connected smooth affine curve, its coordinate ring
0(C) is a Dedekind domain: see [SP| Tag 09IG|. By [SPl Tag 0AUW], a finitely
generated torsion-free module over a Dedekind domain is automatically locally free.
We conclude that V is locally free (and of finite rank).

We can then consider the C-group scheme GL(V) as in §10.1.2] The K-action on V
gives rise to a K-action on the group scheme GL(V) — C, and of course the G-action
on V gives rise to a K-equivariant map G — GL(V).

It remains to show that our map G — GL(V) is a closed embedding, i.e. that the
associated morphism of &(C)-algebras €(GL(V)) — €(G) is surjective. (The K-
action plays no role in this assertion, and we will ignore it for the rest of the proof.)
By [Mi2| Chap. VII, Proposition 2.3], it is enough to check this Zariski-locally over
C; so, we can assume that V is free over 0(C). Let eq, ..., e, be an 0(C)-basis for
V, and write their coproducts as

Ale)) =) e;®a; €V O(G).
J
According to [Mi2| Chap. VIII, Corollary 6.9], the image of the map &(GL(V)) —
0(G) contains the elements a;;. Next, using the counit € : 0(G) — &(C), we have

ei = ((e®id) o A)(es) =Y elej)as;.

This calculation shows that the image of the &'(C)-algebra morphism ¢(GL(V)) —
0(G) contains V. Since by construction V generates €(G) as an €(C')-algebra, this
morphism is surjective, as desired. O

The rest of this subsection is devoted to the proof of a refined version of
Lemma (see Proposition . This version is not used in this chapter, but
is required to solve some representability questions in Chapter The proofs are
adapted from those in [PRJ, §1.b] and [PZ] §11].

Lemma 10.1.8. — Let H C G be a K-stable closed subgroup scheme that is itself
flat over C. There exists a K x G-representation V that is locally free of finite rank
over O(C), along with a direct summand V' C V that is locally free of rank 1, and
such that the normalizer of V' in G is H.

In this statement, the normalizer of V' is the subgroup functor Ng(V’) C G defined
as follows: for any €/(C)-algebra R, let Vi = R ®4(c) V', and set

Ng(V)(R) ={g€G(R) | g- Vi CVp}.
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It follows from [Mi2| Chap. V, Theorem 6.9] that Ng(V') is represented by a closed
subgroup scheme of G.

Proof. — Note that H is automatically affine and of finite type over C. Let J C 0(G)
be the defining ideal of H. Then J is K-stable and finitely generated as an ideal in
0(G), so it contains a finite-dimensional K-stable subspace J that generates J as
an ideal. By Lemma we can find a K X G-subrepresentation V; C &(G) that
contains J and is finitely generated over (C'). As in the proof of Lemma Vi
is locally free of finite rank over &(C). Now consider the commutative diagram of
short exact sequences

04)])1(7.7 Vl Vl/(Vlﬁj)HO
0 J 0@G) —— O(H) ——— 0

in which the vertical maps are all injective. Since H is flat over C, &(H) is torsion-
free, and (again as in the proof of Lemma [10.1.7), V1 /(V1 N J) is locally free, and
hence projective, so the top short exact sequence splits. We conclude that V; N 7 is
a direct summand of Vi, and hence also locally free.

Let d be the rank of V; N J. Set V := A%V, and set V' := AY(V; N J). Then
both V and V'’ are locally free; V' is a direct summand of V; and the rank of V' is 1.
It is easy to see that the normalizer Ng(V') of V' in V coincides with the normalizer
Ng(Vl ﬁj) of ViNJ in V.

To finish the proof, we must show that Ng(V1 NJ) = H. It is clear that H C
Ng(V1 N J). Conversely, since V1 N J generates J as an ideal (because it contains
J), the normalizer of V; N J must normalize all of J (because G acts on €(G) by ring
automorphisms). That is, Ng(V1 N J) C Ng(J), and the latter normalizer is easily
seen to coincide with H. O

Proposition 10.1.9. — There exist a K-equivariant locally free O(C)-module V
and a K-equivariant closed immersion of group schemes G — GL(V) over C such
that the quotient fppf sheaf GL(V)/G is represented by a quasi-affine scheme over C.

Proof. — Apply Lemma to obtain a K-equivariant closed embedding ¢ : G <
GL(V1). Then apply Lemmal[10.1.8to the pair G C GL(V1) to obtain a representation
p : GL(V1) — GL(V2) where Vs is locally free of finite rank, along with a direct
summand V5 C Vs of rank 1 whose normalizer is G. Restricting p, we obtain a
morphism ¢ : G — GL(V}). Combining these, we obtain a morphism of group schemes

(L,(b) : g — GL(Vl) X GL(V&),

which is a closed immersion by [SP) |Tag 07RK]|. By [An| Théoréme 4.C], the fppf
quotient (GL(Vy) x¢ GL(VS))/G is represented by a scheme over C'.

We will now show that (GL(V1) x¢ GL(V5))/G is quasi-affine over C. Since this
property is Zariski-local (see e.g. [SPl |Tag 01SM]), we may replace C' by a Zariski-
open subscheme and assume that V;, Vs, and V) are free. Let GL(V;) xo GL(V%) act


https://stacks.math.columbia.edu/tag/07RK
https://stacks.math.columbia.edu/tag/01SM

10.1. ACYCLIC BUNDLES 361

on Vs ®e(0) Vi by

(9.h) - (z@y) = plg)(x) ® K™ "y.
Next, choose an &(C')-basis vector v for V5, and consider the vector v®v € Vo®g (0 V5.
We can see V2 ® () V5 as a scheme over C' (an affine space), and v®wv as a C-point of
this scheme. The stabilizer of this point is G, so the quotient (GL(V;) x¢ GL(V5))/G
is identified with the image of the action map

f:GLOV) x¢ GL(Vy) = Ve @p(cy Vs given by  (g,h) = p(9)(v) @gcy h™ o

A routine argument (cf. [Bri2] Proposition 2.1.10]) shows that the image of f is open
in its closure, and hence quasi-affine.
Finally we set V :=V; & V), and consider the obvious closed immersion

GLO) xe GL(VS) <5 GL(V).
As above the fppf quotient GL(V)/G is a scheme, and we have a natural morphism
GL(V)/G — GL(V)/GL(V1) x¢ GL(V3),

which is quasi-affine since it is an fppf locally trivial fibration with fiber the quasi-
affine scheme (GL(V;) x¢ GL(V5))/G, and the property of being quasi-affine is fpqc
local on the base (see [SPl Tag 02L7]). On the other hand, GL(V)/GL(V1) xc GL(V))
is affine over C since it is Zariski locally a base change of an affine scheme GL(n +
m, C)/(GL(n,C)x GL(m, C)). Hence GL(V)/G is quasi-affine over C, which concludes
the proof. O

10.1.4. Equivariant acyclic resolutions. — We continue with the assumptions
of C is a connected smooth complex affine curve, G is a flat affine C-group
scheme of finite type, and K is a complex affine group scheme acting compatibly on C'
and G. In the following definition, a “K-equivariant principal G-bundle” is a principal
G-bundle in which the source and target are both equipped with actions of K, and
the associated map is K-equivariant. A “K x G-equivariant map” is just a map that
is both K- and G-equivariant. (Recall that there is no scheme called K x G.)

Definition 10.1.10. — Let X be a separated C-scheme of finite type endowed
with a morphism of C-schemes X — C' and of compatible actions of G and K. A
K -equivariant G-resolution of X is a triple

(P,q: P— P,p: P— X)
where

— P is a separated C-scheme of finite type endowed with an action of K and a
K-equivariant morphism P — C;

— ¢q: P — P is a K-equivariant principal G-bundle over P;

— p: P— X is a K x G-equivariant map.

Note that in this setting, the scheme P is automatically separated and of finite
type by Remark and the fact that an affine morphism is separated (see [SP|
Tag 01S7]), so that it will make sense to consider sheaves on X, P and P. Note also
that since C' is separated of finite type, given a morphism of C-schemes f : Y — C,
Y is separated and of finite type over C iff f is separated and of finite type (see [SP],
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Tag 01KV] and [GW], Proposition 10.7]). For brevity, we often simply write the last
component p : P — X of a resolution.

Proposition 10.1.11. — Let X — C be as above, and assume that X admits a
G-equivariant line bundle which is relatively ample for the map X — C. Then for any
n >0, X admits an n-acyclic K -equivariant G-resolution (P,q: P — P,p: P — X)
in which the map p is smooth and quasi-affine.

Proof. — By Lemma [10.1.7] there exists a K-equivariant locally free &(C)-module
V together with a K-equivariant closed embedding G — GL(V). We then set

P=StV, V@ 0(C)®") x¢c X.

The K-actions on St(V,V @ ¢(C)®") and on X induce a K-action on P, such that
the projection P — X is K-equivariant. This projection is smooth and quasi-affine
as a base change of a smooth and quasi-affine morphism (see , and it follows
from (the proof of) Lemma that it is 2n-acyclic.

It remains to construct the scheme P and the morphism ¢ : P — P. Before
doing this, we will first construct a separated, finite-type C-scheme T equipped with
a K-action and a K-equivariant morphism

(10.1.1) StV, Ve o(C)®") =T

of schemes over C' that makes St(V,V & &(C)®™) into a principal G-module over T
(The scheme T plays the role of P in the special case where X = (C.) We define
T as the fppf sheafification of the functor sending a C-algebra R to the quotient
St(V,V & 0(C)®")(R)/G(R). Then T is an fppf sheaf, with a natural K-action
(obtained by functoriality of the sheafification process). To establish the desired
properties of T, we will make use of the following facts:
1. By [Anl Théoreme 4.C], the fppf sheafification of the functor sending R to
GL(V)(R)/G(R) is a scheme, which will be denoted GL(V)/G.
2. This property being known, the morphism GL(V) — GL(V)/G is faithfully flat
and of finite presentation by [DGI, 111, §3, Proposition 2.5]. Since moreover we
have an isomorphism

GL(V) xcrw)/g GL(V) = GL(V) x¢ ¢

(see the proof of [DG] III, §3, Proposition 2.5]), by Remark we deduce
that GL(V) — GL(V)/G is a principal G-bundle over GL(V)/G.
3. The quotient GL(V)/G is separated over C; in fact we have a cartesian diagram

GL(V) x¢ G —— GL(V) x¢ GL(V)

| |

GL(V)/G —— GL(V)/G xc GL(V)/G

where the upper arrow is defined by (g, h) — (g, gh), the bottom arrow is the
diagonal embedding, and the other arrows are the obvious maps. Here the upper
arrow is a closed immersion since G is a closed subgroup of GL(V). Since the
property of being a closed immersion is fpgc local on the base, see [SPl Tag
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02L6|, we deduce that the diagonal embedding of GL(V)/G (over C) is a closed
immersion, i.e. that this scheme is separated.

4. The quotient GL(V)/G is of finite type; in fact, this follows from [EGA4.4,
Lemme 17.7.5(iii)] applied to the diagram

) — L GLV)/S

\/

where the upper arrow is faithfully flat and of finite presentation by .

Consider the morphism of functors T — G(n,V & €0(C)®") induced by the map
StWV, V& 0(C)%™) — G(n,V & 0(C)¥™). Since the latter map is a Zariski locally
trivial principal GL(V)-bundle (see Lemma [10.1.3)), there exists a (Zariski) covering
of G(n,V® 0(C)®") by open subsets U over which St(V,V & 0(C)®") identifies with
U x ¢ GL(V). Over such an open subset, T identifies with the product U x o GL(V)/G,
and hence is a scheme by above. By [GW| Theorem 8.9], we conclude that T is
a scheme. (The K-action on T as a functor now defines a K-action on T as a scheme
by full faithfulness of the assignment X — hx, see )

The map T' — G(n,V @ 0(C)®") is separated by the “local” description of T" and
property (B3 above. Since G(n, V& €(C)®") is separated (see §10.1.2)), it follows that
T is separated. Similar reasoning using property shows that T is of finite type.

Finally, the claim that the morphism St(V,V & &(C)®") — T is a principal G-
bundle over T can be checked (Zariski) locally over T, and hence follows from prop-
erty above. This finishes the proof of the desired properties of T

We return to the problem of constructing g : P — P. Using the principal bun-
dle and our assumption on the existence of a suitable line bundle on X, we
can invoke Proposition and set P := St(V,V @ 0(C)®") x¥¢, X. (Note that
the K-action on P automatically descends to a K-action on P by fpqc descent; see

g. [GW] §14.17].) By construction, this scheme fits into a cartesian square

p—* . p

! |

St(V,V @ 6(C)e") —— T.

Since the properties of being separated or of finite type are local in the fpqc topology
(see [SP [Tag 02KU, Tag 02KZ|) and since the left vertical arrow is separated and of
finite type (because X — C' has those properties), we deduce that P — T is separated
and of finite type, and that hence that P is separated and of finite type. O

10.2. Definition of the equivariant derived category

In this section, we let C' be a connected smooth complex affine curve, and we let
G be a smooth affine C-group scheme. We also let K be a smooth (and in particular,
finite type) affine group scheme over C, and we assume that C' and G are equipped
with actions of K that make the structure map G — C and the multiplication map


https://stacks.math.columbia.edu/tag/02L6
https://stacks.math.columbia.edu/tag/02L6
https://stacks.math.columbia.edu/tag/02KU
https://stacks.math.columbia.edu/tag/02KZ
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G x¢ G — G both K-equivariant. (Compared to the settings of §§10.1.3H10.1.4} we

are now imposing the additional requirement that G and K be smooth.)
A C-scheme X will be called a K x G-variety if it satisfies the following conditions:
— it is separated and of finite type (over C, or equivalently over C);
— it is equipped with an action of G over C
— it is equipped with an action of K such that the structure map X — C and the
action map G X¢ X — X are both K-equivariant;
— it admits a G-equivariant line bundle that is relatively ample for the structure

map X — C (so that Proposition [10.1.11] applies).

Let X be a K x G-variety. The goal of this section is to explain (following the
strategy of [BLL §2]) the definition and basic properties of the “K x G-equivariant
derived category of X,” to be denoted D‘;WQ(X, k). When K is trivial, this notation
can be simplified to just DB (X, k). We reiterate that the notation K xG is a convenient
shorthand that does not refer to any algebro-geometric object.

Note that if Y is any separated, finite-type C-scheme equipped with a K-action,
the equivariant derived category D% (Y, k) is already available thanks to [BL].

10.2.1. Categories associated with resolutions. — Let X be a K x G-variety.
Following [BL, §2.1.3], given a K-equivariant G-resolution p : P — X, we define the
additive category
D g(X, P,k)

as follows. Its objects are triples (Zx,.#,3) where Zx € D% (X,k) and .F ¢
DY (P,k), and where 3 : p*Fx ~ ¢*.% is an isomorphism in D% (P,k). A mor-
phism o : & — ¥ in D‘;ﬂ(g(X, P,k) is a pair a = (ax : Fx — bx,a:.F — 9) such
that By op*ax = ¢*@oB%. For integers a < b, let D%’:]Q(X, P, k) be the full additive
subcategory of D}"’(,XQ(X7 P, k) consisting of objects (Fx, .7, 3) with #(Fx) =0 if
t<aort>b.

Remark 10.2.1. — We have defined DY, (X, P,k) in terms of the K-equivariant
derived categories of X, P, and P. Those latter categories are, of course, defined
in [BL] in terms of K-resolutions of various spaces. One could unwrap that construc-
tion as well, and give an alternative definition of D% ¢(X, P,k) directly in terms of
ordinary constructible complexes on spaces that carry compatible free actions of both
K and G. We will not go further in this direction.

It should be noted that D}’(Kg(X , P,k) is not a triangulated category in general.
(The issue is that when one tries to form the cone of a morphism, the isomorphism
“B” is not well-defined in general.)

The following lemma is the analogue in our present setting of [BL, Lemma 2.3.2].

Lemma 10.2.2. — Let p: P — X be an n-acyclic resolution. Then if n > b — a,
the functor

D(X, Pk) — D(P k)
sending (Fx,F, ) to F is fully faithful, and its essential image consists of complexes
whose pullback to P belongs to the essential image of p*.
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Proof. — Since p is an n-acyclic resolution, one checks as in [BL, Proposition 1.9.2]

that the pullback functor D[I‘;’b] (X,k) — D[I‘;’b] (P, k) is fully faithful. Hence a triple

(Zx,.F,[) as in the definition of D[;(Lﬁ]g (X, P,k) is entirely determined by the object

Z, and a complex in D[I?’b] (P,k) can be completed to such a triple iff its pullback to

P belongs to the essential image of p*. O

The following lemma is the analogue in our present setting of [BLL Proposi-
tion 2.2.1].

Lemma 10.2.3. — Let P — X be an n-acyclic resolution, and assume that X is a
K -equivariant principal G-bundle over some base Z. Then if n > b— a, the canonical
functor
a,b a,b
D[K ](Z> - D[le]g(X7P7k)

is an equivalence of categories.

Proof. — Since the morphism X — Z is smooth by our assumption on G, the
morphism P — Z induced by our morphism P — X is also n-acyclic, see Re-
mark . As in [BLL Proposition 1.9.2], this implies that the pullback functor
D[I‘é’b](Z) — D[;;’b] (P, k) is fully faithful. Similarly, the pullback functor D%’b] (X) —
D[I?’b] (P,k) is fully faithful. Moreover, since the morphism P — P is smooth, one
checks using the same considerations as for Remark (see also [BLL §A.3])
that a complex in D%’b] (P, k) belongs to the essential image of the former functor iff its
pullback to P belongs to the essential image of the latter. This implies that the cate-

gory D[Ig’b] (Z) identifies with the category of complexes in D%’b] (P, k) whose pullback

to P belongs to the essential image of the pullback functor D%’b] (X) — D%’b](P, k).
This finishes the proof, in view of Lemma [10.2.2 O

The following lemma is our replacement for the discussion in [BLL §2.2.3].

Lemma 10.2.4. — For fized a < b, the category D[I?’;)]Q(X, P,k) does not depend

(up to canonical equivalence) on the choice of n-acyclic K-equivariant G-resolution
P — X suchn>b—a.

Sketch of proof. — We will show that if p; : P, — X and py : P, — X are two
n-acyclic K-equivariant G-resolutions and if py is quasi-affine, then the categories
D[I‘;’:]g (X, P, k) and D[I?:}g (X, Py,k) are canonically equivalent. This will imply the
claim in view of Proposition
As in [BL] we will consider the scheme
P = P1 X x P2

and the natural map p : P — X. The first observation is that P is again an n-
acyclic K-equivariant G-resolution (for the diagonal K- and G-actions). Here, using
in particular Remark , the only thing which is not immediate is that P is
a principal G-bundle over some base which is separated and of finite type. However
by assumption ps is quasi-affine, so the morphism P — P is quasi-affine. As in the
proof of Proposition we can therefore apply descent (more specifically, [SGAT]
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Exp. VIII, Corollaire 7.9]) to obtain the scheme P and the principal G-bundle P — P
over P. Moreover, since py is separated and of finite type, so is P — P;. We then
deduce (using [SP), Tag 01KV] and [GW], Proposition 10.7], as in Remark
that the morphism P — P; is also separated and of finite type, and hence that P is
separated and of finite type over C.

Since P is now known to be a §G-resolution, we can consider the category

D[I?’:]g (X, P,k), and we have canonical functors
DI (X, P k) — Dl (X, P k) « Diglo(X, Pak)

induced by pullback under the morphisms P — P; and P — P, respectively; so to
conclude it suffices to prove that each of these functors is an equivalence of categories.
The two cases are similar, and for notational simplicity we assume that ¢ = 1.

By definition, an object of D[I?’:]Q(X7 Py,k) is a triple (ﬁx,§7ﬁ_) where 3 is an
isomorphism between the pullbacks to Fx (a complex on X) and .# (a complex on
Py) to P,. Applying Lemma to the resolution P — Pj, we see that the datum
of .7 is equivalent to the datum of a triple (¥p,,%,~) where 7 is an isomorphism
between the pullbacks of ¥p, (a complex on P;) and ¢ (a complex on P) to P. Here
B identifies ¥p, with the pullback of Fx, so these data are equivalent to the datum
of Zx, 9, and an isomorphism between their pullbacks to P. Such data are exactly

the objects of the category D[I?;)]g (X, P, k), which finishes the proof. O

10.2.2. Definition of the equivariant derived category. — Let X be a K x G-
variety. For any integers a < b, we define
a,b a,b
Dg{x]g(Xak) = D[Kx]g(X’ P’k)

where p : P — X is any n-acyclic K-equivariant G-resolution, with n > b — a. (By
Lemma this category does not depend on the choice of P up to canonical
equivalence.) If @’ < a <b < ¥, there is a natural fully faithful functor

a,b a’ b’
DI (X, k) — D" (X k).
We then define
. a,b
Djy(X, k) = lim D¢yl (X, k).
[a,b]

We define a distinguished triangle in D%KQ(X, k) to be a triangle of the form
F1 = Fo = F3 — F1[1] where, for some choice of a < b, the objects F#;, Fa, F3
and .#1[1] belong to D%’:]Q(X, k)= D[I?’:]g (X, P,k) (here P is a resolution as above),
and the triangle #; — % — F3 — F1[1] is distinguished as a triangle in D[I‘;’b] (P,k),
see Lemma One can check as in [BL] (see also [Ac3l Theorem 6.4.10]) that
this collection of triangles endows the category D%KQ(X ,k) with the structure of a
triangulated category.

We also have a natural “forgetful functor”

(10.2.1) For? : D%, g(X,k) — D% (X, k)
that sends a triple (Fx, Z, B) to Fx. This functor is easily seen to be triangulated.
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Note that if X has the structure of a K-equivariant principal G-bundle over some
base X which is separated and of finite type, then the map id : X — X is an oo-acyclic
resolution of X. As a consequence, we obtain an equivalence of categories

DII)(MQ(Xak) = D?((Xak)

10.2.3. Basic properties. — We now prove a few properties of equivariant derived
categories, mainly with respect to change of groups.

Suppose we have a K-stable smooth closed subgroup scheme H C G. Recall that
our assumptions on C' allow us to invoke [Anl Theorem 4.C], which guarantees that
the fppf sheafification of the functor R — G(R)/H(R) is represented by a C-scheme,
which we will denote by G/H. As in the proof of Proposition the K-action
on G induces a K-action on G/H.

Lemma 10.2.5. — The quotient morphism G — G/H is a K-equivariant princi-
pal H-bundle over G/H, and the scheme G/H is smooth and of finite type over C.
Moreover, if H is a normal subgroup scheme of G, then G/H is an affine C-group
scheme.

Proof. — The first assertion follows from the generalities recalled in the proof of
Proposition By Remark this implies that this map is smooth, and
then (using [SP| |Tag 02K5|) that G/H is smooth over C. By [SGA3.1l Exp. VI,
Propositions 9.2(x) and 9.2(xiii)], this scheme is separated and of finite type over C.

If ‘H is normal, this C-scheme has a natural structure of a group scheme. Then we
note that, if  is the generic point of C, by [SGAS3.1l Exp. VI, Proposition 9.2(v)]
we have

(G/H)n = Gn/Hy,
where the subscript 7 means the fiber at 7, and the right-hand side denotes the fppf
sheafification of the natural quotient presheaf. This quotient is an affine group scheme
by [SGAS3.1l, Exp. VI, Théoréme 11.17]. In view of [An, Proposition 2.3.1], this
implies that G/H is affine over C. O

Proposition 10.2.6 (Quotient equivalence). — Assume that H C G is a K-
stable normal subgroup scheme. Let X be a K x G-variety, and let Y be a K x (G/H)-
variety. Suppose we have a commutative diagram

x— 71 Ly
C

where f s equivariant with respect to the projection G — G/H, and which makes
X into a K-equivariant principal HOP-bundle over Y (for the right action of HCP
deduced from the left action of G via the embedding H — G ). Then there is a canonical
equivalence of triangulated categories

Dy (X, K) = Dy 30 (Yo K).


https://stacks.math.columbia.edu/tag/02K5
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(From the definition of a K x G-variety, we see that the preceding proposition
assumes that X and Y both admit suitable equivariant line bundles. In fact, we
need only assume this for Y: the pullback of a G/H-equivariant relatively ample line
bundle on Y is a G-equivariant relatively ample line bundle on X because f is affine
by Remark ; see [GW], Proposition 13.83].)

Proof. — In view of the definitions of D%KQ(X, k) and D?{x(g/n) (Y, k), as in [BLL
§2.6.2], to prove the proposition it suffices to prove that if p: P — X is a resolution,
then there exists a C-scheme @ and morphisms P — @ — P which make P a
principal H-bundle over @ and @ a principal G/H-bundle over P. (Indeed, if p is n-
acyclic for some n, the morphism Q — Y provided by Remark will be n-acyclic
by Remark .

We construct the scheme Q as the associated bundle P x¥, (G/H), which is possible
thanks to Remark . We then have canonical smooth morphisms

P=Px¢{G—-Q—P

induced by the smooth morphisms G — G/H — C. The fact that the first (resp. sec-
ond) of these morphisms is a principal H-bundle over @, resp. a principal G/H-bundle
over P, follows from the compatibility of associated bundles with fiber products,
see and the fact that G — G/H is a principal H-bundle over G/H. O

The following statement is given only for completeness. (It will not be used in the
rest of the book.) Let H C G be a K-stable closed subgroup scheme, and let X be a
K x H-variety. (In particular, X admits a relatively ample H-equivariant line bundle
Z.) Then we can apply Proposition to the principal H-bundle G — G/H and
to X to obtain an “induced” scheme G xZ X, such that the map G xg X > G/H
is separated and of finite type by Remark as a consequence, G xg X itself is
separated and of finite type over C.

This scheme is not quite a K x G-variety, because we are (potentially) missing
the equivariant relatively ample line bundle. But this line bundle is required only
to construct sufficiently many acyclic resolutions with the property that the mor-
phism to the given scheme is quasi-affine (as in Proposition , see the proof of
Lemma In the present setting, the required resolutions can be constructed as
follows. Consider an n-acyclic resolution Px as in Proposition for the action
of H on X. Since the morphism Px — X is quasi-affine, the pullback of .Z to Px is
relatively ample for the morphism Px — C by [GW| Proposition 13.83]. As above
we can therefore consider the quotient G xg Px. The morphism G xg Px — G xg X
is quasi-affine and n-acyclic by descent, and it is not difficult to check that the natural
map G Xé“ Px — Px is a principal G-bundle. From these considerations we obtain
that the category D%, (G x# X k) is well defined.

Proposition 10.2.7 (Induction equivalence). — In the setting described above,
there is a canonical equivalence of triangulated categories

D?{xg(g ><ﬁ’,C-’L X’k) = D?(x?—l(X,k)'
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Sketch of proof. — We consider the scheme G x¢ X, with the action of G x¢o H
determined by (g,h) - (a,2) = (gah™', h - x). Applying Proposition to the
projection G x¢ X — X (and the normal subgroup G C G x¢ H) we obtain an
equivalence of categories

Dy oy (X, k) = D?{x(gxcﬂ)(g xc X, k).

Then, applying the same proposition to the projection map G x¢ X — G xg X and
the subgroup H C G x¢ H we obtain an equivalence

Dl (gw o) (9 X0 X,K) 2 Diyeg(G <& X, K).
Combining these two equivalences we obtain the desired claim. O
The following statement is a variant of [BL, Theorem 3.7.3].

Proposition 10.2.8. — Let H C G be a K-stable closed normal subgroup scheme
with the property that for any closed point x € C, the fiber H, is unipotent. Then,
for any K x (G/H)-variety X, there is an equivalence of triangulated categories

Dl (g/m) (X, k) = Dy (X, K),

where in the right-hand side X is regarded as a G-scheme via the quotient morphism

G—G/H.

Proof. — Recall that G/H is a smooth affine group scheme of finite type over C
by Lemma Let (P,q: P — P,p: P — X) be an n-acyclic K-equivariant
G-resolution of X. Then as in the proof of Proposition [I0.2.6] we can consider the
“associated bundle” @ = P xg (G/H) and the K-equivariant principal G/H-bundle
@ — P. By Remark the quotient map G — G/H is oo-acyclic (since a
complex unipotent algebraic group is contractible as a topological space), and using
Remark we deduce that the natural map b: P — @ is also oo-acyclic.
If p’ : @ — X is the morphism induced by p, then since b is oo-acyclic, for a sheaf

& on X, we have

PL(p) T = pLbbT(p)' T = pup .
Hence from the fact that p is n-acyclic we deduce that p’ is n-acyclic as well. Thus,
(P,Q — P,p' : Q — X) is an n-acyclic K-equivariant G/H-resolution of X. Using
Lemma on both sides, we obtain an equivalence

DY) 6 12 (X, Q) = DYV (X, P k)
whenever b — a < n. The result follows. O

The following lemma only has nontrivial content for group schemes over C'; it does
not have an analogue purely in the context of algebraic groups.

Lemma 10.2.9. — Let C' C C be either a single point, or an affine open subset,
and let G' =G xc C'. If X is a K X G-variety whose structure map X — C' factors
through the inclusion C' — C, then there is a canonical equivalence of triangulated
categories
b ~ pb
Dleg’(X7k) = DK><Q<X7k)7
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where in the left-hand side X is regarded as a C'-scheme.

Proof. — This follows from the observation that any n-acyclic G-resolution of X seen
as a scheme over C' is, in fact, an n-acyclic G’-resolution of X seen as a scheme over
. O
10.2.4. Sheaf functors. — Let us briefly comment on how to construct pushfor-

ward and pullback functors associated with equivariant morphisms of schemes.

Let X, Y be K x G-varieties, and let f : X — Y be a K x G-equivariant map
of C-schemes. Also let . F# ¢ D‘;ﬂ(g(X, k), and choose a < b such that % lies in
D[I?’:]Q(X, k), and such that f.For?(.%) and fiFor?(.#) lie in D[I‘;’b] (Y, k), where For?
is as in . Choose n > b — a, and an n-acyclic resolution py : P — Y such
that py is smooth and P’ := P Xy X is a principal g—bundl (e.g. a resolution
constructed as in the proof of Proposition . Let P and P’ be the quotients of
P and P’, and consider the commutative diagram

X pPx P/ ax p/
b
Y Py P qy ]5
where both squares are cartesian. Here, the horizontal maps are all smooth. Write
F as a triple (Zx,.Z,8) € D%’:]Q(X, P’ k). We then set

f*‘g:(f*yX7f*§7f*ﬁ)7 f'y:(f'yXa.f"g?7f'ﬁ)

Here, f*ﬁ : f*p}f = f*q}j can be regarded as an isomorphism p3, f,.# = qi}ﬂﬁ
by smooth base change. Similarly, by (ordinary) base change ng can be regarded as an
isomorphism p¥ /.7 = ¢ fiZ. (In this case, the smoothness of py is not required
in this construction.) It is obvious from the construction that the functors f., fi
commute with ForY.

The construction of the functors f* and f' is similar: given a complex ¢ €
D%’ﬁ]g(Y, k), we choose the same data as above; then ¥ is represented by a triple

(% ,9,8) € D%’:]Q(Y, P,k), and we set

f*g:(f*gY7f*gaf*6)7 f'y:(f|yX7fj7f|6>
Here f*B can be seen as an isomorphism P "% = ¢ f*9 by compatibility of
pullback functo~rs with composition (we do not need the smoothness assumption on
py here), and f'B can be seen as an isomorphism p% f'% — ¢% f'9 by smoothness

of gx and px (see [BL §1.8]).
For further details on the traditional “six operations,” see [BLL §3] or [Ac3l §6.5].

(21n the setting of group schemes over a field, one can check that the analogous condition is automatic
in case Y is quasi-projective, using the fact that a torsor under a smooth affine group scheme over
a field is locally isotrivial, see [Ral, Lemme XIV.1.4]. We do not know if a statement of this sort is
true over a curve.
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10.3. Equivariant nearby cycles and monodromy

Suppose we have a map f: X — Aé, where X is a separated scheme of finite type
over C. Let X* = f~1(Al \ {0}), and let X¢ = f~1(0). As in Section we have
a nearby cycles functor

(10.3.1) W D2(X k) — D2(Xo, k).

In this section, we consider the problem of upgrading this to a functor between equiv-
ariant derived categories, in the setting where an algebraic group (or group scheme)
acts on X.

10.3.1. The case of algebraic groups acting trivially on A'. — Consider first
the “classical” situation: let G be an algebraic group (i.e. an affine C-group scheme of
finite type, which is automatically smooth) acting on X. Assume also that f : X — Al
is G-equivariant, where G acts trivially on A'. Then X* and X, are both G-stable,
and the method from [BL §3] can be used to define a functor

(10.3.2) U D2(X*, k) — D2(Xo,k).

The reason that we require G to act trivially on A' is this: given a G-resolution
(P,P — P,P — X) of X, the definition of involves the nonequivariant
nearby cycles functor for P—but there is no induced map P — A! unless the G-
action on the latter is trivial.

If G acts nontrivially on Al there is in general no notion of “G-equivariant nearby
cycles.” However, there is an exception coming from Proposition if G =Gy
acts on A! by the natural dilation action, then we have functors

(10.3.3) Uy D (X k) = D@ pon (X, K),
(10.3.4) WP s Pervex (X, k) — Perv(X JC* k).
10.3.2. The case of group schemes. — Now suppose we have a smooth affine

group scheme G — A! of finite type. Let
gx ::ngl (Al\{O}), go ::ngl {O}

If there is an action of the multiplicative group C* on G compatible with the natural
dilation action of C* on A, then we have explained in Section how to define the
equivariant derived category D}C’X Kg(X ,k), where X is a C* x G-variety.

On the other hand, following the construction of [BL] we have the equivariant de-
rived category D(}EX " Go (Xo,k). It is also possible to consider monodromic categories,
as in Section but keeping the Gp-equivariance condition. In this way one obtains

the C*-monodromic Gy-equivariant derived category of Xy, denoted by
b
D¢, cx mon(Xo, k).

Similarly,

D§ (X0 JC*,k) C Dg, cx Xo,k)

—ITlOIl(
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is defined to be the full triangulated subcategory generated by the image of the
forgetful functor from D, wgo (X0, k). The “monodromy” construction also works in
the setting, providing a canonical group morphism

U X* (T) — AuthO (Xo,k) (9)

1y Db
for any F in D¢ cx_pon(Xo, k).
The following statement summarizes the circumstances under which it makes sense
to work with G-equivariant nearby cycles.

Proposition 10.3.1. — Let G — A' be a smooth affine group scheme of finite
type, and let X be a G-variety. In particular, X is equipped with a structure map
f:X — AL
1. There is a t-exact functor
Uy DG (X*,k) = Dg,(Xo,k)
that corresponds to the “traditional” nearby cycles functor (10.3.1) under the

appropriate forgetful functors. Moreover, this functor admits an automorphism
mg that is mapped to the monodromy automorphism of §9.1.3 under the forgetful
functor For.

2. Suppose there is an action of C* on G such that G — Al is equivariant with
respect to the natural dilation action of C* on A', and suppose that X has the
structure of a C* x G-variety. Then there is a t-exact functor

Us: DR ygx (XX, K) = DG, cxmon(Xo,K)

which corresponds to (10.3.3) under the appropriate forgetful functors, along
with a left exact functor

T s Pervex gx (X, k) — Pervg, (Xo /C*, k).
Moreover, for both of these, we have

Mgz = py () (—1).
3. In the setting of part , suppose that \I/;n(ﬂ) = Uy (F) for all F €

Pervex wgx (X*, k). Then Ui extends to a t-ezact triangulated functor

U™ = Ws 1 Deu g (X*, k) = DG (Xo JC*, k).

The proof consists in carrying out a construction that follows the pattern explained
at the end of the preceding section, or in [BL, §3]. (For part we have to consider
the C*-monodromic G-equivariant derived category of X; this category is defined
to be DE‘;MQ(X, k), where the latter is defined as in Section but using the

(évx—equivariant derived categories of C* x G-resolutions of X, rather than their C*-
equivariant derived categories.) We omit further details.
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