TALK 8: SEMI-INFINITE ORBITS

SIMON RICHE

”

In these notes we explain what are the “semi-infinite orbits,” some very important locally-closed
sub-ind-schemes of the affine Grassmannian. We also explain a proof of the dimension estimates for
intersections of semi-infinite orbits with spherical orbits (Proposition 4.5) different from the original
proof of Mirkovié-Vilonen [MV07], due to Fargues-Scholze [FS21]. (For some details about the
original proof of Mirkovié¢—Vilonen, see [BR18, §1.5].) This statement will be used crucially in later
talks, in particular to show that (an appropriate renormalization of) the constant term functor sends
perverse sheaves to perverse sheaves.

The “dynamical” approach to semi-infinite orbits that we follow here was present in [MV07] in
some way, but was made more rigorous in [HR18, HR18b].

1. PRELIMINARIES

1.1. Complements on ind-schemes.

1.1.1. Definition. We follow the conventions on ind-schemes developed in [Ril9]. Therefore, we
denote by AffSch the category of affine schemes, which identifies with the opposite of the category
Rings of unital commutative rings. Any scheme X defines a functor AffSch®® — Sets via

T — Hom(T, X),

and this assignment defines a fully faithful functor from the category of schemes to the category of
functors AffSch®® — Sets; we will often identify the category of schemes with its image under this
functor. As usual, when T' = Spec(R) for some R € Rings we write X (R) = Hom(Spec(R), X).

An ind-scheme is a functor

X : AffSch°? — Sets

such that there exists a filtered poset (I, <) and an inductive system (X; : i € I) of schemes such
that!

X = COhHlZ‘e]X,' s

and moreover each transition morphism X; — X is a closed immersion (for ¢, j € I with ¢ < j). We
denote by IndSch the full subcategory of the category of functors AffSch®® — Sets whose objects are
ind-schemes. We will call an isomorphism X = colim;c; X; a presentation of X; whenever we write
an ind-scheme in this way, we implicity assume that the X;’s form an inductive system of schemes
with closed immersions as transition morphisms, as above. As explained in [Ril9, Lemma 1.10],
IndSch is closed under fiber products.?

Of course, each scheme defines an ind-scheme, and this assignment defines a fully faithful functor
from the category of schemes to IndSch. Note that if X is a scheme and Y = colim;e;Y; is an
ind-scheme, then the canonical map

(1.1) colim;efHom(X,Y;) - Hom(X,Y)

IHere, recall that colimits of functors can be computed termwise: if (F; : 4 € I) is an inductive system of functors
AffSchP — Sets, then its colimit satisfies (colim; F;)(T") = colim; F;(T') for all T' € AffSch.
2Here again, fiber products of functors can be computed termise, see [StP, Tag 0022].
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is injective, but not necessarily surjective. It is surjective (hence an isomorphism) if X is quasi-
compact, though; see [Ril9, Ex. 1.26].2

We will also consider ind-schemes over a fixed base scheme S. Such a datum consists of an ind-
scheme X together with a morphism X — S. We will denote by IndSchg the category whose objects
are ind-schemes over S and whose morphisms are morphisms of ind-schemes compatible with the
given morphisms to S. In fact, if we denote by AffSchg the category of affine schemes T endowed
with a morphism 7" — S, then the category of schemes over S embeds fully faithfully in the category
of functors AffSch’ — Sets, and IndSchg identifies with the category of functors AffSchy® — Sets
isomorphic to colim;e; X; where (X; : i € I) is a filtered inductive system of schemes over S such that
the transition morphisms X; — X, are closed immersions (over S). Of course, in case S = Spec(R)
for some R € Rings, then the category AffSchg identifies with the opposite of the category Algp of
unital commutative R-algebras.

1.1.2. Immersions. Recall that if X, Y are ind-schemes and f : X — Y is a morphism, then we say
that f is representable by schemes® if for any scheme Z and any morphism Z — Y the fiber product
X Xy Z is a scheme. Similarly, we say that f is representable by a locally closed, resp. closed,
resp. open, immersion if for any scheme Z and any morphism Z — Y the fiber product X xy Z
is a scheme and the induced morphism X xy Z — Z is a locally closed, resp. closed, resp. open,
immersion of schemes. (In fact, by [Ril6, Lemma 1.7] it suffices to check these properties when Z
is affine. This turns out to be very useful since (1.1) is an isomorphism in this case.)

1.1.3. Underlying topological space and connected components. If X is an ind-scheme, then its un-
derlying topological space | X| is defined as the colimit over the sets X (K) where K runs over fields,
with an appropriate topology; see [Ril9, Definition 1.11]. In fact, if X = colim;X; is a presentation,
then we have a canonical identification

| X| = colim;| X;|

where the right-hand side is equipped with the colimit topology.®

For any scheme X, any connected component of the underlying topological space | X| admits a
canonical scheme structure, which is characterized by the property that the corresponding embed-
ding is a flat closed immersion, see [StP, Tag 04PX]. If X is an ind-scheme and X = colim;X; is
a presentation, the connected components of | X| are increasing unions of connected components of
the spaces | X;|. Hence they admit a canonical ind-scheme structure.

It is not clear to me how this structure behaves in a general setting (e.g., if the inclusion of
a connected component is representable by a closed immersion), but under appropriate technical
conditions that will be satisfied in all the cases we want to consider it is well behaved, as we
now explain. Consider an ind-scheme X with a presentation X = colim;X; such that each X; is
Noetherian and each transition morphism X; — X; induces an injection on connected components.

Lemma 1.1. Under the assumptions above, for any connected component Y of X the natural
morphism Y — X is representable by an open and closed immersion.

Proof. Our assumptions imply in particular that X; has a finite number of connected components
for any ¢ (see [StP, Tag 0052]); in particular, these connected components are open and closed. As
explained above, if Y is a connected component of X we have a presentation Y = colim;Y; where Y;
is a connected component of X; for any ¢, and the closed immersion X; — X restricts to a closed

3Idea of the proof: if X = Spec(R) is affine, then a morphism Spec(R) — Y is the same as an element of Y (R),
hence factors through some Y by definition. In general, a quasi-compact scheme is a finite union of affine opens; on
each such open the morphism must factor through some Yj;, and then one can use the assumption that I is filtered
to see that one can choose j which works for all opens at the same time.

4One sometimes also finds the terminology “f is schematic.”

5Concretely, this means that a subset of |X| is open, resp. closed, iff its intersection with each |X;| is open,
resp. closed.
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immersion Y; — Y; for any ¢ < j. Consider now an affine scheme Z and a morphism Z — X. There
exists ¢ such that this morphism factors through X;, and then we have

Y xx Z = colim;;Y; X X, Z.

Now, for any j > i we have

Yj ><X1 Z = (1/] XXj Xz) X X, Z.
The fact that the morphism X; — X, induces an injection on connected components means that
the underlying topological space of Y; x x, X; is Y;; since the natural morphism Y; x x, X; — X; is
a flat closed immersion (because so is Y; — Xj), it follows that Y; x x, X; = Y;; in particular,

YXXZ=}/1‘><X1.Z

is a scheme. Since Y; is open and closed in X;, we deduce that the morphism ¥ xx Z — Z is an
open and closed immersion, as desired. O

1.1.4. Additional properties. Recall that if XY are ind-schemes and f : X — Y is a morphism,
then f is said to be ind-affine if there exist presentations X = colim; X; and ¥ = colim;Y; such
that f is represented by a pro-ind-system of morphisms f; ; : X; — Y; which are affine.

If X is an ind-scheme over Spec(k) for some base field k, we will say that X is of ind-finite-type
if it admits a presentation X = colim;X; (over k) where each X; is of finite type over k.

Finally, we say that an ind-scheme X over a scheme S is separated if the diagonal morphism
X — X xg X is representable by a closed immersion. For this condition to hold, it suffices that X
admits a presentation X = colim;X; over S where each morphism X; — S is separated, see [Ril6,
Exercise 1.31]. In fact, if this property holds, given any presentation X = colim;X; over S, each
scheme X; is separated over S.°

1.1.5. Sheaves on ind-schemes. Let ¢ be a prime number, and let A be a finite ¢-torsion ring. Recall
that for any quasi-compact and quasi-separated scheme X on which ¢ is invertible one can consider
the derived category Dei (X, A) of étale sheaves of A-modules on X, cf. Talk 2 or Talk 8. Let X
be an ind-scheme which admits a presentation X = colim;X; where each X; is quasi-compact and
quasi-separated.” Then one defines the derived category of bounded® sheaves on X as

D (X, A)PY = colim; Dy (X3, A)

where X = colim; X is any presentation over S where each X; is quasi-compact and quasi-separated
and the transition functor De;(X;, A) — Desi (X, A) is given by pushforward along the closed im-
mersion X; — X for i < j 2 To justify that this definition makes sense, one needs to check that
the category does not depend on the choice of presentation, up to canonical equivalence. In fact, if
we are given another presentation X = colim;Y; where each Y} is quasi-compact, then the identity
morphism in
colim; X; = X = colim;Y}
is represented by pro-systems f = (fi)ier and g = (g;)jes in

lim colim;Hom(X;,Y;) and limcolim;Hom(Y}, X;)
i J

respectively such that go f =id and f o g = id. (Here we use our quasi-compactness assumption.)
Given ¢ € I, if j € J is such that f; is represented by a morphism f; ; : X; — Y} then we have a

canonical functor
(fij)s  Des(Xi, A) = Dege (Y5, A)

6To check this, one notes (by consideration of points over each affine scheme) that (X; xs X;) xxxgx X = X;
where the morphism X — X x g X is the diagonal morphism, and then one uses the definition.

If S is quasi-separated and X is a separated ind-scheme over S, given the comments in §1.1.4, here it suffices to
assume that X admits a presentation over S in which all schemes are quasi-compact.

8Here, “bounded” refers to the fact that the complexes are supported on a scheme Xj;; this is unrelated to the
notion of bounded complex of objects in a category.

9Note that this functor is fully faithful. One can therefore safely think of an object in Dg; (X, A)Pd as an object
in some category Dgt(X;, A), where ¢ can be replaced by a larger index whenever convenient.
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which defines a functor

(fi)s : Dat(X;, A) — colim; Dg (Y5, A)
independent of the choice of j above (by compatibility of #-pushforward with composition of mor-
phisms). Taken together, these functors define a functor

fa ¢ colim; D (X;, A) — colim,; Dg; (Y5, A)
(for the same reason). We similarly get a functor

gs : colim; D (Y, A) — colim; De (X, A).
The fact that g o f = id means that for fixed i € I, if f; is represented by some morphism f; ; :
X; — Y;, and if g; is represented by some morphism g;; : Y; — Xj, then g;; 0 f; ; : X; — X is the

closed immersion given in our inductive system. From this one sees that g4 o fx = id. One similarly
checks that f, o g4 = id, which finishes the verification of our claim.

1.2. Affine Grassmannians.

1.2.1. Definition. Let k be an algebraically closed field.'® Given a k-algebra R, we denote by
R[[z]] the k-algebra of power series in the indeterminate z with coefficients in R, and by R((z)) the
localization of R[[z]] with respect to z (i.e. the algebra of formal Laurent series in z with coefficients
in R). If R is a field, then R((z)) is the field of fractions of the integral ring R[[z]].

Recall that if G is a smooth affine group scheme over k, then the associated loop group LG is
the functor Alg, — Sets defined by

LG(R) = G(R(2)).
The positive loop group LG is the subfunctor defined by
LTG(R) = G(R[[2])-

It is a standard fact that LTG is represented by an affine group scheme over k, and that LG is
represented by an ind-affine group ind-scheme over k; see [Zh16, Proposition 1.3.2].
The affine Grassmannian Grg is the fpqc sheaf'! on the category Alg, associated with the functor

R+~ LG(R)/L*G(R).
It is known that Grg is represented by a separated ind-scheme of ind-finite type, see [Zh16, Theo-
rem 1.2.2 and Proposition 1.3.6] or [Ril9, Theorem 3.4 and Proposition 3.18]. The proof of this fact

in case G is reductive is reviewed in §1.2.4 below; the general case is not very different (see Talk 6
for details). We will denote by [0] € Grg(k) the base point.

1.2.2. Big cell. We will also consider the functor L=G : Alg;, — Sets defined by'?
L™ G(R) = G(R[z7']).

It is known that L~G is represented by an ind-affine group ind-scheme of ind-finite type over k;
see [Zh16, §2.3]. There exists a canonical morphism L~ G — G induced by the ring morphisms
R[27!'] — R sending 27! to 0; the kernel of this morphism is denoted L~~G. The following
statement is somewhat classical; a formal proof can be found in this generality in [HR18, Lemma 3.1].

Lemma 1.2. Let [0] € Grg(k) be the base point. Then the orbit morphism
L™™G - Grg, g~—g-[0]

s representable by an open immersion.

10The assumption that k is algebraically closed is unnecessary for most of the results below. It is made only
because the author of these notes feels safer in this setting.

HRecall that a fpqc sheaf on Alg; is a functor X : Alg; — Sets such that for any collection Ry,---, R, of
k-algebras the natural morphism X ([, R;) — [[; X (R;) is an isomorphism, and such that if R — R’ is faithfully flat
then the diagram X (R) — X(R') 3 X(R' ®g R’) is an equalizer.

121n this formula, z~! is treated as a formal variable; this element is not the inverse of anything.
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1.2.3. The case of GL,. Let us quickly review the description of Grgr, in terms of lattices, follow-
ing [Ril9, §2]. (For a formal definition of what we mean by a lattice, see [Ril9, Definition 2.1].)

Writing Ag g for the lattice R[[z]* < R(#)"™ (for any R € Alg;), we know that we have a
presentation Grgy,, = colim;>0Grgr, ; where Grgy,,, ; is the scheme whose set of R-points is the set
of R[[z]-lattices A ¢ R((z))™ with

ziAoﬁR cAc z_iAo’R.

For any k-vector space V, it is known that the functor Grass(V') sending a k-algebra R to the
set of R-submodules M < V ®;, R such that the quotient (V ®; R)/M is finite locally free is a
smooth projective scheme over k (see [GW, §8.4]); in fact it is a disjoint union of the Grassmannians
Grassy(V) of d-dimensional subspaces in V', and for any d we have a natural closed immersion
Grassq(V) — P(A“ V), see [GW, §8.10].

Writing M; := z_iA()’k/ziAO,k, we then have a closed embedding of schemes

Grgr,,; — Grass(M;)

which is defined on R-points by A — A/zAg g, hence a closed embedding Grgr,,, i < ||, P(A? M,).
For i > 0, since Grar,, ; and Grgr,, ,i+1 are proper, the natural morphism Grgr, ; — Grgr,,.i+1
is proper too, see [StP, Tag 01W6]. Since this morphism is a monomorphism, it must be a closed
immersion by [StP, Tag 04XV].
From these considerations we see that Grgr, admits a presentation in which all schemes that
appear are projective (in particular, of finite type) over k.

1.2.4. The case of reductive groups. Now, assume that G is a (connected) reductive group over k. A
choice of a faithful representation of G provides a closed immersion G — GL,, for some n, and the
quotient GL,,/G is automatically affine by the main result of [Ric]. By [Zh16, Proposition 1.2.6],
it follows that the induced morphism Grg — Grgr, is representable by a closed immersion. In
particular, if Grgr,, ; is as above and if we set

Grg,i := Grg XGre, GroL, i

then Grg,; is a scheme, and the natural morphism Grg; — Grgr, ; is a closed immersion. It is also
easily seen that

GI‘G = COlimizoGI‘GJ,
and that for any ¢ > 0 the natural morphism Grg,; — Grg,i+1 is a closed immersion. In particular,
as in the case of GL,,, Grg admits a presentation in which all schemes that appear are projective
over k.'3

1.2.5. Spherical orbits and Schubert varieties. We continue to assume that G is reductive, and fix
a Borel subgroup B < G and a maximal torus T < B. The choice of B determines a system of
positive roots for (G, T') (consisting of the nonzero T-weights in the Lie algebra of B), hence a notion
of dominant coweights in X, (7). By [Ric] again the quotient G/T is affine, so that the morphism
Grp — Grg is representable by a closed immersion (again by [Zh16, Proposition 1.2.6]).

Any A\ € X4 (T) determines a k-point z* € (LT)(k), namely the image under the morphism
LG,, — LT induced by X of z € (LG,,)(k) = (k(2)))*. The image of this point in Gry(k) will be
denoted [A]. We will also denote by z* and [A] the images of these points in LG(k) and Grg(k)
respectively.

Let us denote by X, (T)" < X, (T) the subset of dominant cocharacters. Consider a presentation
Grg = colim;Grg; as in §1.2.4, so that the LT G-action on Grg is induced by compatible actions on
each Grg 4, and that the action on Grg; factors through a quotient K; of L*G which is a smooth
group scheme of finite type over k. If € X, (T)", we can choose i such that [u] € Grg ;. Then
it makes sense to consider the K;-orbit Grg,, of [u], which is a reduced locally closed subscheme
of Grg. If Grg,<, is the closure of Grg,,, endowed with the reduced closed subscheme structure,
then Grg <, is a projective reduced scheme over k, and the natural morphism Grg , — Grg <, is

130ne must be aware that this property does not hold when G is not reductive.
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an open immersion, see [StP, Tag 03DQ)]. It is clear that this construction does not depend on i,
nor on the choice of presentation of Grg. It is a standard fact that for u,v € X, (T)*, we have
Grg,<u © Grg,<p iff p < v, where < is the order on X, (7') such that v < v/ iff v/ — v is a sum of
positive coroots. The varieties Grg,,,, resp. Grg,<u, are called spherical orbits, resp. Schubert cells.

1.2.6. Connected components. If G is as in §1.2.5, it is a standard fact that the connected com-
ponents of Grg are parametrized by X4 (T)/ZR", see e.g. [PR08, Theorem 0.1]. Given a coset
A e X, (T)/ZRY, the subscheme Grg, <, is contained in the component corresponding to A iff v € A.
We will call a coweight A minuscule'® if (\,a) € {0,1} for any positive root a. If we denote by
X (T)min © X« (T) the subset of minuscule coweights, then it is well known that the composition

is a bijection. Moreover, for any A € X, (T)/ZR", if Ao is the unique minuscule coweight in A we
have Ao < A for any A € A n X, (T)". As a consequence, for any such A\ we have Grg <y, < Grg, .
The Schubert varieties attached with minuscule coweights will also be called minuscule.

This property implies that the assumptions of Lemma 1.1 are satisfied in this case: given any
presentation Grg = colim;Grg ; such that the L™ G-action on Grg is induced by compatible actions
on the Grg ;’s which factor through an action of a smooth group scheme of finite type, the connected
components in Grg; are determined by the unique minuscule Schubert variety that they contain
(because they are closed and L*G-stable), so that the morphism Grg,; — Grg ; indeed induces an
injection on sets of connected components if ¢ < j. In particular, the embedding of any connected
component in Grg is representable by an open and closed immersion.

1.3. Attractors and repellers. Here we briefly recall the main constructions of Talk 5, and give
some complements that will be used below.

1.3.1. Definitions. Let us consider a base scheme S, and a scheme X over S. An action of G,, on
X is the datum of a morphism of S-schemes G, g xg X — X which satisfies the obvious axioms.'”

Recall from Talk 5 that we define the functor X° of G,,,-fixed points in X as sending T € AffSchg
to the set of morphisms T'— X xg T over T such that the diagram

G — G x7 (X x5 T)

| |

T— > XxgT

commutes, where the left vertical arrow is the structure morphism, the right vertical arrow is induced
by the action morphism G,, g xg X — X, and the horizontal morphisms are induced by the given
morphism T — X xg T. In other words, given T € AffSchg, X°(T) consists of the T-points of X
such that for any affine scheme 7" — T the induced morphism 7" — X xg T’ commutes with the
action of elements in G,,(T") (where the action on the left-hand side is trivial).

Similarly, we denote by (AL)", resp. (AL)~, the scheme A} with the natural action of G,
resp. the opposite of the natural action. Then we define X+ as the functor sending T € AffSchg to
the set of morphisms (AL)" — X xg T over T such that the diagram

Gm,T X (A%")Jr e Gm,T X7 (X X g T)

| |

(A%)‘F X XsT

14Note that our definition is more general than that given e.g. in Bourbaki. In particular, for us 0 is a minuscule
coweight.

15Here, Gm,s is the group scheme over S sending T' € AffSchg to (T)*. In practice, below S will be a k-scheme
for some algebraically closed field k. The datum of an action of G, on X is then equivalent to the datum of an action
on X seen as a k-scheme, such that the structure morphism X — S is G,,-equivariant for the trivial action on S.
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commutes, where the vertical arrows are the action morphisms and the horizontal morphisms are
induced by the given morphism (AL)"™ — X xgT. In other words, given T € AffSchg, X (T)
consists of the Al-points of X such that for any affine scheme 77 — T the induced morphism
AL, — X xg T’ commutes with the action of elements in G,,(T”). The functor X~ is defined
similarly, replacing (AL)" by (AL)~.

The natural morphisms relating the schemes 7', (AL)* and (AL)~ induce morphisms

X% - X, X0 Xt 5 X,

16

1.3.2. Local linearizability. If X is a scheme over S with an action of G,,, this action is said to be étale
(resp. Zariski) locally linearizable if there exists a G,,-equivariant covering family (U; — X : i e I)
where each U; is affine over S and the maps U; — X are étale (resp. open immersions). This
condition is interesting in this context since, thanks to [Ri16, Theorem 1.8], if the G,,-action is étale
locally linearizable then X% X T and X~ are representable by schemes.

1.3.3. Compatibility with closed immersions. We will need the following facts below.

Lemma 1.3. Let X be a scheme over S endowed with an étale locally linearizable action of Gy,. If
Y < X is a G,,-stable closed subscheme, then the G,,-action on' Y — S is étale locally linearizable,
and the natural morphisms Y° — X0 and Y+ — X* are closed immersions. More specifically, there
exist canonical isomorphisms

YO 5 Y xx XO, Y5 Y xy XE,

such that the morphisms Y° — X° and Y — X* are induced by the closed immersion Y — X,
and the morphisms Y - Y, YT Y and Yt — YV and induced by the similar morphisms for X.

Proof. If (U; — X :i € I) is an equivariant étale covering as above, then of course (U; xx Y — Y :
1 € I) is an equivariant étale covering of Y| and each U; x x Y is affine over S since it is a closed
subscheme of the affine scheme U;. Hence the G,,-action on Y is étale locally linearizable, so that
we can consider the schemes Y° and Y.

We will construct the isomorphism Y+ = Y xx X¥: the other assertions can be obtained
similarly. First, the natural morphisms Y+ — Y and Y+ — X induce a canonical morphism

(1.2) YT 5Y xx X*.

Now, assume that X — S is affine. Checking that (1.2) is an isomorphism can be done Zariski
locally over S, so that we can assume that .S (hence also X) is affine. In this case for T' € AffSchg, a
T-point of Y x x X is a certain morphism of T-schemes AlT — X whose restriction to G,, 1 takes
values in Y. It is clear that this morphism then factors uniquely through a morphism Al — Y,
which proves that (1.2) is an isomorphism in this case.

To treat the general case, consider an equivariant étale covering (U; — X : i € I) where each
U; — S is affine. Then we have an étale covering (U; xx Y — Y : i € I), hence étale coverings
(U - Xt :iel)and (Ui xxY)" — YT :iel) by [Ril6, Theorem 1.8], and from the affine case
treated above we see that for any ¢ we have a canonical identification

(Uz Xx Y)+ = (Uz Xx Y) XU; (U1>+ =Y Xx U;L.
This shows that (1.2) is an isomorphism étale locally over the target. Hence it is an isomorphism
by [StP, Tag 02L4]. O

Remark 1.4. Let ¢ be a prime number, and let A be a finite ¢-torsion ring. Assume that S is
quasi-compact and quasi-separated, and let X be a scheme over S such that the morphism X — S
is of finite presentation (or, in other words, locally of finite presentation, quasi-compact and quasi-
separated, see [StP, Tag 01TP]). Assume we are given an étale locally linearizable action of G,
on X — S, and assume that ¢ is invertible on X. Let also Y < X be a closed subscheme. (Note
that Y — S is again of finite presentation.) Recall that we denote by Dei (X, A)Cm ™% the full

16Here and below, we use the symbol + to mean either + or —.
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subcategory of Dgi(X,A) generated (as a triangulated category) by objects in D¢ (X, A) whose
pullback to G, s xg X under the action morphism and the projection are isomorphic, see [Ril6,
Definition 2.3]. We use similar notation for Y.

In this setting, the schemes X%, X*, Y and YT are quasi-compact and quasi separated over S
(see [Ril6, Theorem 1.8(iii)]), hence quasi-compact and quasi separated, and we can consider the
hyperbolic localization functors

Lx/s : Dee(X, M) — Dy (X, A), Ly st Det (Y, A)5 ™ — Dgy (YO, A),

see [Ril6, §2.1]. (Here we identify the canonically isomorphic functor L}; /g from [Ril6], and denote
them Ly g for simplicity.) From the base change theorem one sees that the pushforward functor
ix © Det(Y,A) — Deg (X, A) associated with the embedding ¢ : ¥ — X induces a functor from
Dy (Y, A)Bmmon 6 Dy (X, A)®m-mon | Lemma 1.3 shows that the squares of natural morphisms

Y <Yt — Y0

oLk

X~—Xt —» X0
are Cartesian. Using the base change theorem, one deduces a canonical isomorphism
Lx/s 0ix = (1% 0 Ly /s : Det (Y, )5 ™" — Dgi (X9, A).
1.3.4. Points over fields. Now we assume that S = Spec(k) for some field k.

Lemma 1.5. Let X be a proper k-scheme with an étale locally linearizable action of G,,. Then the
natural morphism X+ — X induces a bijection

XHK) > X(K)
for all field extension k — K. In particular, this morphism induces a bijection
[XF| = |X]|
on the underlying topological spaces.

Proof. Since X is separated, the morphism X* — X is a monomorphism by [Ril6, Remark 1.19(i)].
In particular, the map X (K) — X (K) is injective for any K. The surjectivity of this map follows
from the fact that any morphism G,, x — X ®x K can be extended to a morphism Ak — X ®; K
by properness, see [StP, Tag 0BXZ]. The final claim follows from the fact that the underlying
topological space of a scheme is the colimit of its points over all fields, see [StP, Tag 01J9]. (]

Remark 1.6. The map |X*| = |X]| is not a homeomorphism in general.

1.4. Attractors and repellers for ind-schemes. Now we explain how to adapt the constructions
of §1.3 to the setting of ind-schemes.

1.4.1. Definitions. We continue with our base scheme S, and now consider an ind-scheme X over
S. An action of G,, on X is the datum of a morphism of S-ind-schemes G, s xg X — X which
satisfies the obvious axioms. In practice, we will in fact assume that there exists a presentation
X = colim; X; by S-schemes such that the action morphism is defined by compatible actions of G,
on each X; (in the sense of schemes). (As explained in [RS20, Lemma A.5], this is always satisfied
if S is Noetherian and X is of ind-finite type over S.)

Given X — S as above, we will say that the G,,-action is étale (resp. Zariski) locally linearizable
if there exists a presentation X = colim; X; such that the action of G,, is induced by compatible
actions on the X;’s, and the action on X; — S is étale (resp. Zariski) locally linearizable for any i.
Given such a datum, when writing a presentation X = colim;X; we will always implicitly assume
that each X; is G,,-stable with an étale/Zariski locally linearizable action.
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1.4.2. Representability. The following theorem is an easy extension of the main result of [Ril6],
treated in [HR18, Theorem 2.1].

Theorem 1.7. Let X — S be an S-ind-scheme with an étale locally linearizable G,,-action, and
write a presentation X = colim; X; as above.

(1) The functor X° is an ind-scheme, and we have a presentation X° = colim;(X;)°. Moreover,
the natural morphism X° — X is representable by a closed immersion.

(2) The functor X* is an ind-scheme, and we have a presentation X+ = colim;(X;)*. More-
over, the natural morphism Xt — X is representable by schemes.

Proof. If X = colim; X; is a presentation such that each X; has an étale locally linearizable action,
then as functors we have X% = colim;(X;)? and X* = colim;(X;)*. Hence X° and X* are ind-
schemes by Lemma 1.3. To show that X° — X, resp. X* — X, is representable by a closed
immersion, resp. representable by schemes, one notices that if Z is an affine scheme and Z — X is
a morphism, then there exists ¢ such that this morphism is induced by a morphism Z — X;, and
then we have

(1.3) Zxx XY=7Zxx, (X;)? vresp. ZxxXT=2Zxx, (X;)F

(For instance, in the case of attractors, we have Z xx X+ = colim;>;Z xx, (X;)*, and for any
j =i we observe that Z xx, (X;)" = Z xx, (X; xx, (X;)*) = Z xx, (X;)* by Lemma 1.3.) O

1.4.3. Compatibility with immersions. We will also need the following property, which is more tech-
nical (in the “open” case); see [HR18, Corollary 2.3].

Proposition 1.8. Let X and Y be S-ind-schemes equipped with G,,-actions. Assume that the
action on X, resp. Y, is étale, resp. Zariski, locally linearizable, and that Y is separated. Let also
f: X =Y be a Gy, -equivariant morphism. If f is represented by a closed, resp. open, immersion,
then so are the morphisms X° - Y0 and X* — Y.

Remark 1.9. In [HR18, Corollary 2.3] it is assumed that S is affine and connected. However the
connectedness is not necessary for the arguments there to apply, and one can reduce to the case
where S is affine by considering an open affine cover.

1.4.4. Braden’s theorem. Now we assume that S is quasi-compact and quasi-separated, and we
consider an ind-scheme X — S with an action of G,, which admits a presentation X = colim; X,
over S where each X; — S is of finite presentation, and such that the action on X is induced by
compatible G,,-actions on the X;’s which are étale locally linearizable. We have defined the category
Dy (X, A)P4 in §1.1.5. We set

Det (X, A)Fmmmombd .= colim; Deg (X, A)Fm0",

where Dg;(X;, A)®m ™" is defined in Remark 1.4. We can also consider the category Dg;(X?, A)Pd,
which satisfies

Dei (X9 A)P4 .= colim, Dy ((X;)°, A).

The comments in Remark 1.4 show that the functors Ly, /s “glue” to define a triangulated functor

Lx)s : Deg(X, A)Fmmombd — D (X0, A)P9.

2. FIXED POINTS ON THE AFFINE GRASSMANNIAN

From now on we fix an algebraically closed field k, and consider a fixed connected reductive
algebraic group G over k. We also consider a cocharacter x : G,, — G. From the action of LT G on
Grg, and using the embedding G,,, € L*G,, (as constant loops) and the morphism Lty : LTG,, —
L*TG we obtain an action of G,,, on Grg.



2.1. Local linearizability. In order to start considering the formalism of §1.3, we need to check
that the action under consideration is locally linearizable.

Lemma 2.1. The G,,-action on Grg is Zariski locally linearizable.

Proof. First we consider the case G = GL,,. Recall the construction of §1.2.3; we use the notation
introduced there. The cocharacter x defines a G,-action on A}, hence on M;, on /\d M; and finally
on P(A% M;) (for any i and d), such that the closed embedding Gren,i — Ly P(A M) is G-

equivariant. Since the G,-action on P(A® M;) is easily checked to be Zariski locally linearizable
(see Talk 5), we deduce that so is the G,,-action on Grgy,, ;, which finishes the proof in this case.
To treat the case of a general reductive group G, we choose a closed embedding G — GL,
for some n as in §1.2.4. We then get a presentation Grg = colim;>¢Grg,; and closed immersions
Grg,; — Grgr, ;- The composition of x with the embedding G — GL,, provides a cocharacter x’
of GL,,. This cocharacter defines a G,,-action on each Grgr,, ;, such that the closed immersion
Grg,; — Grgr, ,; is equivariant. Since the action on Grgr, ; is Zariski locally linearizable by the
case treated above, the same is true for the action on Grg,; (see Lemma 1.3), which finishes the
proof. O

In view of Lemma 2.1 and Theorem 1.7, we can consider the ind-schemes (Grg)? and (Grg)®,
and the natural morphisms

(21) (Grg)o «— (GI‘G)i i GI‘G.
2.2. Description of fixed points, attractors and repellers.

2.2.1. Statement. The cocharacter x defines via conjugation a G,,-action on G. If we set
M:=G° Pt.=G", P =G
(with respect that this action), then it is known that P+ and P~ are parabolic subgroups of G, that
M is a Levi factor in P* and P, and that M = PT n P~ see [CGP, §2.1]. The natural maps
M« Pt -G

are the projection to the Levi quotient and the natural embeddings, respectively. We can consider
the affine Grassmannians Grys, Grpz+, and the induced morphisms

(2.2) Gry < Grp+ — Grg.
Theorem 2.2. There exist canonical isomorphisms

Gry = (Grg)?,  Grp: = (Grg)*
which identify the diagrams (2.1) and (2.2).

2.2.2. Study of the big cell. For the proof of Theorem 2.2 we will need the following preliminary.
Recall the ind-affine ind-scheme L™~ G, see §1.2. The G,,-action on G (via conjugation) induces an
action on L~ ~@, so that we can consider the (ind-affine) ind-schemes (L=~ G)® and (L=~ G)*. The
closed immersion M — G, resp. P* — G, induces a morphism L~=~M — L™~G, resp. L~ P* —
L~—@G.

Lemma 2.3. The morphisms above induce isomorphisms
LM > (LG, L™~ P* 5 (L7~ G)*.

Proof. 17 Tt suffices to prove the similar claims for L~ instead of L~~. We first consider L~ M and
(L~G)°. By definition, for R € Alg,, (L~ G)°(R) consists of the points g € G(R[27']) such that for
any R-algebra S and any A € S* we have

XN g x(N) =g

" This proof is a corrected version of that of [HR18, Proposition 3.4], which is slightly wrong.
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in G(S[271]). On the other hand, (L~ M)(R) = M(R[z']). Since M = G° for the G,,-action on
G, the set M (R[z7"]) consists of the elements g € G(R[z7']) such that for any S € Algg[,-17 and
A€ (S8)* we have

X(A) g x(N)7 =g
in G(S’). These two sets are subsets of G(R[27!]), and we will check that they coincide.

Given g € M(R[27!]), for any S € Algy and A € S* we can consider the R[z7!]-algebra S’ :=
S[z71] and the element A € S* < (S")*. From the description of M (R[27!]) given above we obtain
that x(\) - g- x(A\)7! = g in G(S') = G(S[27!]), so that g belongs to (L~G)°(R). In the other
direction, consider g € (L~G)°(R). Then if S’ is an R[z~!]-algebra, we can consider S’ as an
R-algebra, and the image of 27! defines an element s € S’. Since g belongs to (L~G)°(R), we have

(2.3) X(A) g x(N)7 =g

in G(S’[27!]). The element s € S’ defines an S’-algebra morphism S’[27!] — S’ hence a group
morphism G(S'[271]) — G(9’). Taking the image of the identity (2.3) in G(S’) we see that g
belongs to (L~ M)(R), which shows indeed that our two subsets coincide.

The proof of the isomorphisms involving P is similar. If R € Alg,, then (L~ G)*(R) is a subset
of (L=G)(R[t]) = G(R[27,t]) determined by an appropriate equivariance condition, where ¢ is
another indeterminate (such that AL = Spec(R[t])). Similarly we have (L~ P*)(R) = P*(R[271]),
which is a certain subset of G(R[271,¢]) determined by an a priori different equivariance condition.
The same considerations as above show that these conditions are in fact equivalent. O

2.2.3. Proof.

Proof of Theorem 2.2. The action of G,, is obtained by functoriality from an action on G. Since
the embedding M — G is G,,-equivariant for the trivial action on M, we deduce that the induced
morphism Gry; — Grg is also G,,-equivariant for the trivial action on Grj,, which shows that this
embedding factors through a morphism Grp; — (Grg)®. On the other hand, the conjugation action
on G stabilizes PT, and extends to an action of the monoid A} on this subgroup. It follows that
the induced action on Grp+ also extends to an action of A}v.ls For this action, we therefore have
Grp+ = (Grp+)T. We deduce that the morphism Grp+ — Grg factors through a morphism

Grp+ = (Grp+)t — (Grg)™.

We obtain similarly that the morphism Grp- — Grg factors through a morphism Grp- — (Grg)™.

(Note that in these considerations we have used the fact that Grg, Grp+, Grp- are separated, so that

the morphisms (Grg)* — Grg, (Grp:)* — Grp+ are monomorphisms, see [Ril6, Remark 1.19(i)].)
To conclude, it remains to prove that the morphisms

Gry — (GI‘G)O, Grp+ — (Grg)+, Grp- — (Grg)~

are isomorphisms. We will treat the case of the morphism Grp+ — (Grg)*; the case of the
morphism Grp- — (Grg)~ follows by applying the previous case to the cocharacter y !, and the
case of Grys — (Grg)? can treated similarly (with some simplifications).

We fix an embedding G — GL,,, and consider the presentation Grg = colim;Gr¢ ; as in the proof
of Lemma 2.1, so that each Grg ; is projective over k and G,,-stable. For any g € LM (k), it follows
from Lemma 1.2 that the morphism L~™~G — Grg defined by h — gh - [0] is representable by an
open immersion. Moreover these open subschemes form a covering of Grg, in the sense that for
any 4 they induce an open covering of Grg ;. (In fact, since these schemes are of finite type over k,
using [GW, Corollary 3.36] it suffices to prove that any k-point in some Grg ; belongs to such an open
subset, which follows e.g. from the Birkhoff decomposition; in fact it suffices to consider elements
in LT (k) where T is a maximal torus contained in M, see [Fal, Lemma 4].) By Proposition 1.8,
for any g € LM (k) we deduce a morphism (L~G)t — (Grg)* which is representable by an open
immersion, and by [Ril6, Theorem 1.8] these open sub-ind-schemes form a covering of (Grg)*.

183560 [HR18, p. 153] for an explicit description of this action in terms of a Rees construction.
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For fixed g € LM (k), by Lemma 2.3 our morphism Grp+ — (Grg)t induces an isomorphism
between an open sub-ind-scheme of Grp+ and the open sub-ind-scheme of (Grg)™* considered above.
We can therefore consider the inverse isomorphism, for any g € LM (k). Given two elements in
LM (k), these inverse isomorphisms (each defined on the corresponding open sub-ind-scheme of
(Grg)™) coincide on the intersection of these sub-ind-schemes; in fact since all the schemes considered
here are of finite type (see [GW, Example 3.45]), as above it suffices to prove that they coincide on k-
points, which follows from the fact that the morphism Grp+ (k) — Grg (k) is injective, since these sets
identify with P*(k((2)/P*(k[[z]]) and G(k(2))/G (k[ =]]) respectively, see [Ril9, Corollary 3.22].
These morphisms therefore glue to define a morphism (Grg)*™ — Grp+, which by construction is
an inverse to our given morphism Grp+ — (Grg)™. O

2.3. Some geometric consequences.

Proposition 2.4. (1) The natural morphism Grp: — Grys is ind-affine with geometrically
connected fibers.'? In particular, it induces a bijection between the sets of connected com-
ponents of Grp+ and Gryy,?° and for any connected component of Grp+ the embedding in
Grp+ is representable by an open and closed immersion.

(2) The natural morphism Grp: — Grg is bijective and restricts to a morphism representable
by a locally closed immersion on each connected component of Grp+.

Proof. (1) By Lemma 2.1, we can choose a presentation Grg = colim;Grg ; as considered in §1.4.1-
1.4.2. Then by Theorem 2.2 and Theorem 1.7 we have

Grp+ = colirni(Gr(;’i)i7 Gry = colimi(GrG7i)0,

and the morphism Grpz — Gry is induced by the canonical morphisms (Grg,;)* — (Grg.)°.
Each of these morphisms is affine by [Ri16, Corollary 1.12], proving that our morphism is ind-affine.
Regarding fibers, if K is a field, a morphism Spec(K) — Grps must factor through a morphism
Spec(K) — (Grg,;)? for some i. Then we have

Grp+ XGr,, Spec(K) = colimj;i(GrGJ)i X (Grg )0 Spec(K).

The underlying topological space of the right-hand side is an increasing union of connected spaces
by [Ril6, Corollary 1.12], with closed immersions as transition maps, hence is connected. The final
claim follows, since a continuous map of topological spaces with connected fibers and which admits
a section induces a bijection between connected components.

Finally, since each morphism (Grg ;)* — (Grg,;)? induces a bijection between sets of connected
components, and because (Grg,;)® — (Grg,;)° induces an injection between sets of connected com-
ponents for any i < j (by the identification in Theorem 2.2 and §1.2.6), the same property holds for
the morphism (Grg;)* — (Grg ), so that the embedding of each connected component in Grp+
is representable by an open and closed immersion by Lemma 1.1.

(2) Fix a presentation Grg = colim;Gr¢g ; as in the proof of Lemma 2.1; then we have a presen-
tation Grp: = colim;(Grg,;)*. By Lemma 1.5, for any i the map

[(Gre,i)*| — |Gra,il

is bijective. Passing to colimits we deduce that the morphism |Grp+| — |Grg| is bijective, as
claimed.
Let us now prove that for any ¢ the morphism

(GI‘Gﬂ')lL g GI‘GJ

restricts to a locally closed immersion on each connected component. In fact, using the notation of
the proof of Lemma 2.1 we have a G,-equivariant closed immersion Grg,; < | |, P( /\d M;) and an

19By this we mean that for any field K and any morphism Spec(K) — Grjs, the underlying topological space of
the ind-scheme Grp+ X gr,, Spec(K) is connected.

200\ ore specifically, this bijection sends a connected component of Grp+ to its image in Grjs, and a connected
component of Grjs to its inverse image in Grp+ .
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induced closed immersion (Grg,;)* < | |,(P( A M;))*, see Lemma 1.3. Any connected component
of (Grg,;)* embeds as a closed subscheme in a connected component of |_|d(IP(/\d M;))*. On the
other hand, for any action of G,, on a finite-dimensional vector space V', for the induced action
on P(V) the morphism P(V)* — P(V) restricts to a locally closed immersion on each connected
component, as can be seen explicitly (see Talk 5 for details). We deduce that the composition
(Grg)* — [, P( A M;) restricts to a locally closed immersion on each connected component,
see [StP, Tag 02V0]. Using [StP, Tag 07TRK] we deduce that (Grg ;)* — Grg,; restricts to a locally
closed immersion on each connected component.

Now, consider a connected component Y of Grp+. We can write Y = colim;Y; where Y; is a
connected component of (Grg;)* for any i. If Z is an affine scheme and Z — Grg is a morphism,
then this morphism factors through Grg ; for some 4, and we have

Y xarg Z = colim;»;Y; xarg; Z.
Now for any j = ¢ we have
Yj Xarg,; Z = (Yj Xara,; Grai) Xare, Z
= (Yj x(@ra+ (Gr )T Xara, Gr6.)) Xara: Z = (V) X(are)+ (Gr6,i)7) XGra, Z
by Lemma 1.3. Now, as seen in the proof of Lemma 1.1 we have Y; X (G )+ (Grg,i)t =Y, so that
Y xagrg £ =Y XGrg,; Z-

In particular this ind-scheme is a scheme, and the morphism Y xq;, Z — Z is an open and closed
immersion because so is the morphism Y; — Grg ;. O

2.4. Braden’s theorem. Let £ be a prime number invertible in k, and let A be a finite (-torsion
ring. The analysis in §2.1 shows that the G,,-action on Grg satisfies the conditions in §1.4.4. In
view of the identifications in §2.2, we therefore have a hyperbolic localization functor

LGTGOC : Dyt (Grg, A)(Gm,x)—mon,bd — Dy (GrI‘]\/[7 A)bd7

where we add y in the notation to emphasize the dependence on the choice of the cocharacter (and
suppress the indication of the base scheme Spec(k)).

3. THE RELATIVE CASE

Next, we need to discuss the analogue of the theory considered in Section 2 for affine Grassman-
nians over copies of curves. We continue with the setting of Section 2.

3.1. Beilinson—Drinfeld Grassmannians. We set X = IP,lc.Ql We consider a smooth affine group
scheme H over k. If Y is any scheme, we denote by £V the trivial right H-torsor over Y. (The
base scheme Y is not indicated in this notation, but it will be clear from the context.)
Recall that given a finite set I, we denote by Gry,; the functor on Alg,, sending R to the set of

isomorphism classes of triples (z, &, §) where:

e 1z is an R-point of X7, i.e. a collection (z; : i € I) of R-points of X parametrized by I;

e & is a (right) H-torsor on Xp := X ® R;

® [:&xpr, =5 EYIV g a trivialization (in other words, an isomorphism of torsors).
Here if © = (z; : i € I) € X'(R), then we set T'y = |J,.; ['s; where I';, © Xp is the graph of z;.%?
It is a standard fact that Grpy ; is a separated ind-scheme of ind-finite type over X’. (To prove
this claim, one uses a closed embedding H — GL,, such that the quotient GL,/H is quasi-affine
to reduce the claim to the case H = GL,, see [HR18b, Proposition 3.10]. In the latter case, one
checks the claim explicitly using the theory of Quot schemes; see [HR18b, Lemma 3.8].) In case H
is reductive, Gry,; admits a presentation Gry ; = colim;>oGrg,r; where each Gry 1 ; is projective
over X7,

21A11 the geometric story holds for more general curves; see Talk 7 for details.
225¢e [StP, Tag 0C4H] for the scheme structure on a finite union of closed subschemes.
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If R e Alg;, and € X!(R), then we can consider the formal completion f‘z of Xp along T,
which is an affine formal scheme, and denote by f‘; the spectrum of its algebra of functions (a
“true” affine scheme). It turns out that the natural morphism f‘m — Xpg uniquely extends to a
morphism of schemes f’m — Xpg; see [Zh16, §3.1] or [HR18b, §3.1.1] for details and references. Let
also f; = f‘; ~I';, which is again an affine scheme. We then define the functor L;H : Alg;, — Sets,
resp. L7 H : Alg;, — Sets sending R to the set of pairs (z,3) where x € X!(R) and 8 € H(f‘;),
resp. B € H(f‘g) The functor L} H is an affine group scheme over X', L;H is an ind-affine
group ind-scheme over X', and Grp s is the fpqc quotient L;H /LT H; see [Zh16, Proposition 3.1.9]
or [HR18b, Lemma 3.2 and Lemma 3.4].

For details on all of this, see Talk 7.

3.2. Local linearizability. Now we consider our reductive group G, and a cocharacter x : G,, —
G. This provides a (fiberwise) action of G,,, on L;G — X! by conjugation, and then on Grg ; — X1.

Lemma 3.1. The action of G, on Grgr — X! is Zariski locally linearizable.

The proof of this lemma (given in [HR18b, Lemma 3.16], where “étale” can be replaced by
“Zariski” in the special setting we consider here) is similar to that of Lemma 2.1: one uses a closed
embedding G — GL,, to reduce to the case G = GL,,, and then checks the claim explicitly in this
case (reducing to the case of the action on a Quot scheme).

In view of Lemma 3.1 and Theorem 1.7, we can consider the ind-schemes (Grg ;)° and (Grg 7)*
over X!, and the natural morphisms

(31) (GI‘G,I)O <« (GrG,I)i g GI‘G7].

3.3. Description of fixed points, attractors and repellers. As in §2.2, the conjugation action
of G,, on G via x defines parabolic subgroups P*, P~ of G, and a common Levi factor M. We can
then consider the Beilinson—Drinfeld Grassmannians Grp+ ; and Grps,; over X I and the natural
morphisms

M« P* - @
induce morphisms of ind-schemes
(3.2) Grar,r < Grps  — Grgr.
Theorem 3.2. There exist canonical isomorphisms
Grarr — (Grgr)?, Grps ;= (Grg)*
of ind-schemes over X1, which identify the diagrams (3.1) and (3.2).

The proof of this theorem is based on the same ideas as that of Theorem 2.2, but is more
technical. (In particular, the “fiberwise” identifications given by Theorem 2.2 are not sufficient to
conclude.) One also uses a “big cell” in this context; see [HR18b, §3.2]. More specifically, paving
P} by two copies of A} we reduce the question to the analogous claim for the version GrG,(Ai yr of

Grg over (At)!. Any R-point in (A})? defines an R-point in (P})?, which allows to define LG
k

as the functor sending R to the set of pairs consisting of an R-point x in (Al)! and an element in

G(PL \T',). Restriction to the point o € (P})(k) allows to define a morphism L ,,,,G — G, and

(ap)*
the kernel L(_A_l),G of this morphism. As explained in [HR18b, Lemma 3.15], L7, ., G identifies with
k
an open ind-scheme in GI‘G,(Ai)I.

Ap!
For details on the proof of Theorem 3.2, see [HR18b, Theorem 3.17].

3.4. Braden’s theorem. If £ and A are as in §2.4, then once again we can consider the categories
D(Grg g, A)(Emx)-mombd and D(Grpy.r, A)P4, and we have a hyperbolic localization functor

Larg - Dei (Grg g, A)(Cmnd-monbd L py(Grpy 7, A)PY.
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4. DIMENSION ESTIMATES

4.1. Semi-infinite orbits. Let B and T be as in §1.2.5. We consider the setting of Section 2,
assuming that x is a cocharacter of T which is dominant and regular. In this case we have G° = T,
GT = B, and G~ is the Borel subgroup of G opposite to B with respect to T.

Recall from Proposition 2.4(1) that the morphism Grp — Grp induces a bijection between the
connected components of Grg and Grp. It is a standard fact that |Grp| is discrete, with

Grr| = {[\] : A e X4 (T)).

Therefore, the map sending A € X4(T) to the connected component Gry containing [A] induces
a bijection between X, (T') and the set of connected components of Gry. For any A € X, (T) we
have Gry:(k) = {[\]} = |Gr}|. By Lemma 1.2 and commutativity of LT, the morphism L~—T —
Grr given by g — g - [A\] induces an isomorphism L~~T — Gr%, since it is representable by an
open immersion and a bijection on k-points. (A description of L~~T can be derived from [Ril9,
Example 2.8] or [PROS, §3.a].)

For any A € X,(T) we will denote by Sy the connected component of Grg corresponding to
Gr% under the bijection considered above; then we have a natural morphism Sy — Grg which is
representable by a locally closed immersion by Proposition 2.4(2). The setting considered in Section 2
can be made slightly more explicit in this case. Namely, choose a presentation Grg = colim;Grg ;
as in §1.2.4. Then for any i the scheme of finite type (Grg ;)? is discrete, hence the spectrum of
a finite-dimensional k-algebra, see [EGA1, Chap. I, Prop. 6.4.4]. Moreover this algebra is a finite
product of finite-dimensional local algebras (see [EGA1, Chap. I, §6.2]), hence (Grg ;) is the disjoint
union of the spectra of these local algebras, which are the connected components of (GI‘GJ')O. If 4
is large enough we have [A] € (Grg,;)?, and if we denote by (Grg,;)"* the connected component
of (Grg,i)o containing A, then (GrG’i)O’)‘ is the spectrum of a finite-dimension k-algebra. The fiber
product

Sxi = (Gra,i)t X (Grg.yo (Gra,i)™*
is an affine connected scheme of finite type over k by [Ril6, Theorem 1.8, Corollary 1.12]. For
j =i we have a closed immersion (Grg,;)%* — (Grg,;)%* induced by a surjection of the associated
finite-dimensional local k-algebras, and an induced closed immersion

(Grg,i)+ X(Grc,,y)o (GI‘G’Z')O’A = (Grg,i)+ X(Grcﬁj)o (GTG,Z')O’A — (GI‘Gﬂ*)ﬁ_ X(Grcyj)o (GrG’j)O’A.

Now the natural morphism (Grg,;)* — (Grg ;)7 is also a closed immersion (see Lemma 1.3), hence
induces a closed immersion

(GI‘GJ')Jr X(GrG,j)U (GI‘GJ)O’)\ i (GI‘GJ)+ X(GrG,j)O (GI‘GJ)O’)\.

Composing these immersions we obtain a closed immersion
Sxi = Saj
and we obtain a presentation
Sy = colim; Sy ;.

In particular, these considerations show that Sy is an ind-affine ind-scheme.
Note that this fact can also be seen in a different way, by remarking that the morphism

(4.1) L~"B— S,

defined by g ~— 2*g - [0]p is an isomorphism, since it is representable by an open immersion (see
Lemma 1.2) and a bijection on k-points.

We have
Grp(k) = B(k(2))/B(k[=]),
see [Ril6, Corollary 3.22]. Since B =~ T x U, denoting by [A]p the image of 2* in Grp we deduce

that
Grp(k) = || U®(2)- s,
XeXy (T)
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and
Sx(k) = U(k(2) - [M]s-
It follows from Proposition 2.4(2) that for any A € X, (T) the morphism S, — Grg is repre-
sentable by a locally closed immersion, and that these morphisms induce a bijection

| ] Sa(k) = Gra(k).
AeX(T)

By [Ril9, Corollary 3.22] once again we have Grg(k) = G(k(2)))/G(k[[#]]). These considerations

therefore show that
Gk(=) = || Uk(2)-2*-GL=D),
AeX 4 (T)
which provides a geometric proof of the Iwasawa decomposition in this setting.

Remark 4.1. For any A € X, (T), the action of z* induces an isomorphism of ind-schemes Sy — Sj.
This allows to reduces many questions about semi-infinite orbits to the case of Sy.

4.2. Affineness of intersections with spherical orbits. We will denote by W the Weyl group
of (G,T) and, for any A € X,(T), we will denote by At the unique dominant W-translate of A.
Given p e X, (T)1, we set

Ay ={e X (T) | AT <}
It is a standard fact that A, is finite, and coincides with the set of elements X\ € X, (7T') such that
[A] € Grg < (This set can also be described as the intersection of A + ZR" with the convex hull
of WA in R®z X4 (T).)

Proposition 4.2. For any A € X4(T) and p € X4(T)™, the intersection
Sy N Gra,<p = Sx Xarg Gra,<u
is a connected affine scheme of finite type over k, such that the natural morphism
Sy N Gra,<u — Gra,<u

is a locally closed immersion. This scheme is nonempty iff X € A, and the natural map

|_| Sx 0 Gra,<p — Gra.<u

AeA,

is a bijection on the underlying topological spaces.

Proof. ** Since the morphism Sy — Gr¢ is represented by a locally closed immersion, Sy N Gra,<p
is a locally closed subscheme of Grg <. Since the latter scheme is of finite type, so is Sx N Grg <y,
see [GW, Example 3.45].

To prove the remaining assertions we will make this scheme more explicit. Consider a presentation
Grg = colim;Grg; as in §4.1, and fix ¢ such that Grg; contains Grg <, and [A]. Then we have

S)\ XGrg GrG,éu = COliijiS)\J XGrG,j GrG,gu

where S) ; is as in §4.1. For j > i we have

Sxj = (Gra ;)™ X (g, (Gra, )"

b
hence
0.\ +
Sxj %are,; Gra,<p = (Gre, )™ X(arg )0 (Gre,i) ™ Xare,; Gra,<pu-

Now Grg <, — Grg.; is a closed immersion, hence using Lemma 1.3 we deduce that
G,<y G,j ) g
+ 0\
Sxj Xare,; Gra,<u = (Gra,<u)™ X(are )0 (Gra ;)

= (GI‘G,gH)Jr X(Gra,gu)o (GI‘G7<M)O X(GFGJ‘)D (GI‘G,]‘)O’A

23The proof of the corresponding statement in [FS21] is more complicated, using a reduction to GL, and then an
explicit proof in this case. The proof given here was explained to me by T. Richarz. It is closely related to the proof
of [AGLR, Lemma 5.5].
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Now (Grg,<p)° X (Gre ;)0 (Grg,;)%* is a closed subscheme of (Grg ;)% hence is either empty or

the spectrum of a finite-dimensional local k-algebra. More explicitly, if [A] ¢ Grg <, (e if A ¢ A,)
this scheme is empty (hence so his Sx Xare Gra,<u), and if [A] € Grg <, then (Gra,<u)? X(Grg ;)0
(Grg,;)** is the connected component (Grg <)% of (Grg,<,)® containing A. In particular, this
shows that

Sxj Xara,; Gra,<u = (Gra,<u)’ X (Grg, 0 (Gra,<u)*™.
The right-hand side is independent of j, which proves that

0.\

Sx Xare Gra,<u = (Gra,<p)™ X(Gro <0 (Gra,<p)

The morphism (Grg <,)™ — (Grg,<,)° is affine with connected fibers by [Ril6, Corollary 1.12].
Our considerations above show that (Grg,<,)?* is affine and connected; as e.g. in the proof of
Proposition 2.4(1), we deduce that Sy xar. Gre, <, is affine and connected too.

Finally, using the identification above, the fact that the natural morphism

|_| S)\ M GrG,SM — GI‘G7$“
AeA,

is a bijection on the underlying topological spaces follows from Lemma 1.5. O

Remark 4.3. The fact that Sy n Grg, <, is affine is not explicitly proved in [MV07]. The crucial
Proposition 4.5 below is derived in another way in this paper, using an embedding in an infinite-
dimensional projective space; see e.g. [Zh16, Comments after Corollary 5.3.8] for a discussion.

The choice of B determines a system of Coxeter generators in W; we will denote by w, the
longest element for this structure, i.e. the unique element which sends each dominant cocharacter
to an antidominant cocharacter. We will also need the following fact below.

Lemma 4.4. For any p € Xy(T)* we have |S,, () N Gra,<ul = {[wo(u)]}. In particular, we have
dim(Swo(#) M GI'G,SM) = 0.

Proof. 1t is well known that

(Swo() N Gra,<) (K) = Su, ) (k) 0 Gra,<u(k) = {[wo ()]}
see [Zh16, (5.3.11)] or [MVO07, (3.6)]. Since S, (,) N Grg <, is a scheme of finite type over k, its

k-points are dense (see e.g. [GW, Corollary 3.36]). We deduce that |S,, () N Gra,<u| = {[w.(1)]},
as desired. 0

4.3. Application to the dimension estimate. In this subsection we fix p € X4 (T)*. In the
following statement we denote by p € 2 X*(T') the halfsum of the positive roots of (G,T).

Proposition 4.5. For any A € Ay, the scheme Sy N Grg <, 15 equidimensional,®* of dimension
oy + A

The proof will require a number of (easy, or at least standard) preliminary results.

Lemma 4.6. (1) Let X be a noetherian topological space, and let U < X be an open subset.
The assignments Z — Z AU and Y — Y induce a bijection between the set of irreducible
components of X intersecting U and the set of irreducible components of U.

(2) If X is an irreducible scheme of finite type over k and U < X an open subscheme, then
dim(X) = dim(U).

Proof. The claim in (1) is classical; its proof is left to the reader. For (2), see [StP, Tag 0A21]. O

Lemma 4.7. Let X be a separated k-scheme of finite type, and let Z < X be a closed subscheme
such that X ~ Z is affine. Let X' = X be an irreducible component®® not contained in Z and such
that X' nZ # @&, and let Z' be an irreducible component of X' n Z. Then dim(Z') = dim(X’) — 1.

24By this we mean that all irreducible components have the same dimension.
25We will use the convention that irreducible components are always endowed with the reduced subscheme struc-
ture, as e.g. in [StP, Tag 0117Z].
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Proof. The scheme X’ \ (X' n Z) is a closed subscheme of X \ Z, hence is affine. Since X’ is
separated as a closed subscheme of a separated scheme (see e.g. [StP, Tag 01L7]) and Z’ is an
irreducible component in

X'nZ =X\ (X'\(X'nZ)),
we can use [StP, Tag 0BCV] and [StP, Tag 02IZ] to conclude that codim(Z’, X’) = 1. Now
codim(Z’, X') = dim(X’) — dim(Z’) by [GW, Proposition 5.30], which allows to conclude. O

For A e A, we set
Yill = (SA A Gergl‘)red’

a reduced locally closed subscheme of Grg <, and denote by Y ,, the closure of Yy ,, endowed with
the reduced closed subscheme structure. Then we have morphisms

o
YA,;L - YNH - Gergﬂ

where the first arrow is an open immersion and the second one a closed immersion, see [StP, Tag
03DQ)].

Lemma 4.8. Let A, N € Ay, If Y] Yy, # @, then A < N\

Proof. For any v € A,, using e.g. the isomorphism L™~ B — S, (see §4.1) and the fact that
S, N Grg <, is a quasi-compact scheme, one sees that for v € X (T) sufficiently dominant, we have
27 nyﬂ c Grg aty. Given weights A and A as in the statement, we can choose v such that this
condition holds both for A and X. Then we obtain that Grg,<i4~ contains a point in Grg xi-,
which implies that A + v < A + v (see §1.2.5), hence A < \. O

Note that the integers (2p, A\) for A € A, all have the same parity, namely that of (2p, 1y, and
vary between —(2p, iy and (2p, p). For d € {—(2p, 1), =2p, ) + 2, -+ ,{2p, )} we set

Xq:= U Y
AeA,
2pay<d
where the scheme structure on the union is as in [StP, Tag 0C4H]. Then each X, is a reduced closed
subscheme of Grg <, hence is projective and thus separated, see [StP, Tag 07RL] and [StP, Tag
01VX]. Using Proposition 4.2 and Lemma 4.4 we see that

{lwo (W]} = X—2py © Xc2pypr2 © - & Xegpp—2 & Xeopuy = Gra,<p

Moreover, Lemma 4.8 implies that for any d as above we have

(4.2) Xa~Xao= || WX,
AEA,
(2p, y=d
where the right-hand side is affine by Proposition 4.2, and its set of irreducible components is
the (disjoint) union of the sets of irreducible components of the schemes Yy , i.e. of the schemes
Sy N Grg,<u- These considerations and Lemma 4.6 show that Proposition 4.5 will follow once we
prove the following claim.

Lemma 4.9. For any d € {—2p, uy, —2p, py + 2, ,2p, >}, the scheme X4 is equidimensional
; s A+ 2o,y
of dimension 5

Proof. First we prove by descending induction on d that any irreducible component Z of X satisfies
dim(Z) > w. If d = (2p, 1) we have Z = Grg <y, hence the result is satisfied. Now if the
claim is known for d + 2, if Z is still an irreducible component of X5 then by induction we have
d+2+2 d+<{2
dim(7) > & + o) d+ o)
2 2
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Otherwise there exists an irreducible component Z’ of X445 containing Z strictly. By Lemma 4.7
applied to X 4.2 and its closed subscheme X; we then have

dim(Z) = dim(Z’) — 1,

from which we deduce the claim since dim(Z’) > &2+2e0

We now note that if d € {—(2p, ) + 2, ,{2p, uy}, no irreducible component of X, is contained
in X4\ X4_o. Indeed, otherwise this irreducible component would be affine (as a closed subscheme
in the affine scheme X4~ X4_2) and proper (as a closed subscheme of Grg <,,) hence finite (see [StP,
Tag 01WN]), hence of dimension 0, which would contradict the inequality we have just proved.

Finally we prove by (ascending) induction on d that for any irreducible component Z of X, we
have dim(Z) < %. If d = —(2p, vy then X is a point by Lemma 4.4, hence the claim is clear.
Assume the claim is known for d — 2, and let Z be an irreducible component of X4. If Z < X4_o,
then we conclude by induction. Otherwise we consider Z n X4_o, which is nonempty as explained
above. If Z’ is an irreducible component of this intersection, by Lemma 4.7 (applied to X4 and its
closed subscheme X;_2) we have dim(Z’) = dim(Z) — 1. On the other hand Z’ is contained in an
irreducible component of X;_o; using the induction hypothesis we deduce that

d—2+2p, )
2 )

hence that dim(Z) < %, as desired. O

dim(Z) — 1 = dim(Z’) <

Remark 4.10. The claim about the dimension of Sy n Grg <, in Proposition 4.5 is extremely
important in the proof of the Satake equivalence. On the other hand, the equidimensionality is not
used.

4.4. Comments. The arguments of §4.3 give a bit more than Proposition 4.5. In particular, since
the irreducible components of X; o have dimension strictly less than those of Xy, no irreducible
component of X; can be contained in Xy_o; this implies that X4~ X4_» is dense in X4. Moreover, in
view of Lemma 4.6(1) there exists a canonical bijection between the sets of irreducible components
of X4 and of X4\ X4_o, i.e. the union of the connected components of the schemes Sy N Grg, <,
where A runs over the set of weights in A, which satisfy (2p, \) = d.

Similarly, let Grg, <, be the complement of Grg ,, in Gre <, (endowed with the reduced subscheme
structure). Then we have a decomposition

S,\ N GI“G7<M = (S)\ N GI“G,M) LJ (S,\ ) GI“G7<M)

where the first term on the right-hand side is open and the second one is closed. Here Grg, <, is
the union of the varieties Grg <, where p runs over the dominant weights which satisfy p/ < p;
each irreducible component in Sy n Grg,<, therefore has dimension strictly smaller than that of
irreducible components of Sy N Grg,«,. It follows that all the irreducible components of Sy N Grg, <,
meet Sy N Grg,,. In conclusion, we have proved that Sy n Grg,, is equidimensional of dimension
{p, A+ wy, and that there exists a canonical bijection between the sets of irreducible components of
Sy N Grg,, and of Sy N Grg,<u-
Continuing on this topic, we have proved in Lemma 4.8 that for A € A, we have

DEWARN Y/\O’H c U Yo s
NeA,
N <
where the left hand side is endowed with the reduced subscheme structure. It seems reasonable
(though maybe optimistic?) to expect that this inclusion is an equality. The following weaker claim
is well known and easy to obtain.

Lemma 4.11. Consider a presentation Grg = colim;Grg; as in §4.1. If \, X € X, (T) are such
that N < A, then for any i there exists j > 1 such that

(S,\/ N Grcyi)red c SA N GI‘GJ.
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Proof. Tt suffices to prove the claim in case A = A — " for some simple root o. The construction
sketched above [BR18, (1.3.4)] or explained more precisely in [Zh16, Proof of Proposition 2.1.5(2)]
shows that for [ sufficiently large there exists a closed immersion Pi — Grg,; sending 0 to [A],
o to [A — aV], and such that the image of A}ﬂ is contained in S\ N Grg,;. In this case we have
[)\ — Oév] € S)\ N GrG,l-

Next, we consider the identification (4.1) for the weight A — o, and a presentation L=~ B =
colim,, L;~B. Via this identification, the morphism Sx_ov N Grg; — Sx_ov factors through a
morphism Sx_v N Grg,; — L; B for some n; in other words we have (Sx_qv N Grg,i)rea <
(L,,”B) - [A—«a"]. Then if j > max(,1) is such that (L, ~B) - (Sx n Grg,) < Grg,j, we have

(S)\fozv N GrG,i)red = S)\ N GrG,ja
as desired. m

Lemma 4.11 is often loosely stated as

Sx=1] Sx-

N<A
4.5. The case G = SLs.

4.5.1. Description on the tree. As explained in Talk 1, the k-points of the affine Grassmannian
Grpar, can be described as the vertices of a regular tree, where each vertex has a collection of
neighbors parametrized by P!(k). On this picture, the spherical orbits (which are parametrized by
X« (T)" = Zso) are spheres centered at the point corresponding to [0] (with respect to the distance
given by the length of paths from one point to another), and the corresponding Schubert variety is
the set of points in the associated ball at distance from the sphere an even integer.

On such a picture, the semi-infinite orbits can be described as “spheres centered at c0.” For a
graphical illustration, see [BR18, Fig. 1.5 in §1.3.2].

4.5.2. Description of k-points. Now we assume that G = SLo, with T the standard maximal torus
consisting of diagonal matrices and B the Borel subgroup of upper triangular matrices. In this case
X, (T) identifies naturally with 2Z, in such a way that 2¢ corresponds to the class of the matrix

i)
In these terms we have
su = { (5 9)- (5 %) -culD: Qe rta).

This set is in bijection with z/~1k[z71] via the assignment

P (Z(f ZPZ) - G(E[2]).

We now explain in which spherical orbit the point corresponding to P lies.
e If P =0, this point belongs to Grgr, 2/¢-
o If P#0, we write P = az™ +--- + bz withm </ —1and ae k. If { +m < 0, using
the identity

PAR 0 —2z"™mP\ _ 1 0 2" 0
0 ¢ : Q LA=m = Z—@—mQ 1) 0 L—m

where @ € k[[z] is the inverse of z~™ P we obtain that the point belongs to Grgy, - If
¢+ m > 0, using the equality

zZP_lzéP_zZO
0 z¢t) " \o 1) \o z*
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we see that the point belongs to Grgp, oj¢- So, in all cases the point belongs to the orbit
GrSLg,Q max(|€|,|m])-
From this analysis we deduce that for £ € Z and n € Z>( such that |¢| < n we have

t p
(Sgg N GrSLz,gn)(k‘) = Sgg(k) N GI‘SL2§7L(]<J) = {(zo Z€> :Pekz ™ DD ]{;221} .

This is in accordance with Proposition 4.5, which says that So; N Grgp,,<n is affine of dimension
n+ /.

Remark 4.12. It is likely that a refinement of the computation above can be used to construct an
isomorphism of schemes AZ” = Sa¢ N GrsL, <n-
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